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1 Introduction

The first chaper of Mark Kac’s deservedly famous book [5] explores in a fundamental way how
independence lurks in the binary representation of real numbers t in [0,1]. It was Borel who
researched the fundamental probabilistic aspects of pure number theory circa 1909 [2] and in so
doing came up with the concept of ”normal” numbers. In the context of the binary represen-
tation of numbers on [0,1] this means that there is an equal number of 0s and 1s in the binary
representation.

Kac’s book is like a finely crafted degustation menu - there are many delicious courses one could
consume, but for the purposes of this article I only want to focus on one issue which strikingly
exposes the independence angle. What Kac described can be summarised in part as follows. We
have that for any t in [0,1] there is a unique binary representation thus:

t =
ε1(t)

2
+
ε2(t)

22
+ . . . (1)

where εk(t) = 0 or 1 for all k

The εk(t) are step functions and ε1(t), for instance, is set out in Figure 1.

The introduction of the Rademacher functions rk(t), which are defined as follows, enables us to
develop some rather surprising relationships out of very little:

rk(t) = 1− 2εk(t) (2)

for k = 1, 2, 3, . . .

Actually, Rademacher defined his functions as −rk(t) ( see [8], page 130).
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Figure 1

Using (1) and (2) the following relationship exists:

1− 2t =

∞∑
k=1

rk(t)

2k
(3)

For each k the Rademacher functions are step functions which alternate between +1 and −1. .
For instance, r1(t) is set out in Fugure 2.
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There are various ways to represent rn(t). For instance one can define the functions as follows
for n = 1, 2, . . . :

r1(t) = 1 (0 ≤ t < 1

2
)

r1(t) = −1 (
1

2
≤ t < 1)

r1(t+ 1) = r1(t)

(4)

One can exploit the periodicity of these functions to write the nth function in terms of the first
as follows:

rn(t) = r1(2n−1t) (5)
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We could also give a formula for the general Rademacher function as follows:

rn(t) =

2n∑
k=1

(−1)
k−1X[ k−1

2n , k
2n )(t) (6)

where X[ k−1
2n , k

2n )(t) = 1 if t ∈ [k−1
2n , k2n ) and 0 if t /∈ [k−1

2n , k2n )

For instance, r1(t) = (+1)X[0, 12 )(t) + (−1)X[ 12 ,1)(t).

In what follows we stick with the basic graphical rerpresentation employed by Kac.

It is clear that the integral
∫ 1

0
rn(t) dt = 0 for all n. There is an even number of +1 steps and

and even number of −1 steps with equal bases hence the integral is zero. This generalises as
follows for i1 < i2 < · · · < in:

∫ 1

0

ri1(t) ri2(t) . . . rin(t) dt = 0 (7)

This is a problem in Kac’s book ( [2], page 11, Problem 3 ).

2 The dyadic case

An obvious starting point to establish is the dyadic case and then use induction or some other
technique to deal with the more general case. Zygmund in his famous work on trigonometric
series does not prove the general case but he deals with the dyadic case as follows ( [3], page
6). Because the rn(t) alternate between ±1 inside the intervals (0, 2−n−1), (2−n−1, 2 ·2−n−1),(2 ·
2−n−1, 3 · 2−n−1), . . . so that if m > n then the integral of rm(t) rn(t) over any of these intervals
is zero. Zygmund uses the periodicity rule:

rn(t) = r0(2nt) (8)

The proof of Zygmund’s claim is as follows. Note that Zygmund takes rn(t) to be defined with
r0(t) as the starting point ie:

r0(t) = 1 (0 ≤ t < 1

2
)

r0(t) = −1 (
1

2
≤ t < 1)

r0(t+ 1) = r0(t)

rn(t) = r0(2n t)

(9)
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Choose m > n. Then:

∫ 1

0

rm(t) rn(t) dt =

2m∑
k=1

∫ k
2m

k−1
2m

rm(t) rn(t) dt

=

2m∑
k=1

∫ k
2m

k−1
2m

(−1)k+1rn(t) dt

=

2m∑
k=1

∫ k
2m

k−1
2m

(−1)k+1r0(2nt) dt

=
1

2n

2m∑
k=1

∫ k

2m−n

k−1

2m−n

(−1)k+1r0(u) du since u = 2nt

=
1

2n

{ 2m−n−1∑
k=1

∫ k

2m−n

k−1

2m−n

(−1)k+1r0(u) du+

2m∑
k=2m−n−1+1

∫ k

2m−n

k−1

2m−n

(−1)k+1r0(u) du
}

=
1

2n

{ 2m−n−1∑
k=1

(−1)k+1 1

2m−n
+

2m∑
k=2m−n−1+1

(−1)k+1 −1

2m−n

}

=
1

2m

{ 2m−n−1∑
k=1

(−1)k+1 −
2m∑

k=2m−n−1+1

(−1)k+1
}

=
1

2m

{
0− 0

}
=0

(10)

The integrations are merely sums of rectangles of width 1
2m−n and because the domain of inte-

gration is broken up into [0, 1
2 ) and [ 1

2 , 1) in each sum there is an equal number of +1s and −1s
so the overall result is zero. The interchange of summation and integration works because we
are dealing with step functions.

A more succinct and less mechanical proof is as follows (see [6], pages 42 -42). We suppose m > n
and construct intervals Ik = [k−1

2n , k2n ) for k = 1, 2, . . . , 2n. Then:

∫ 1

0

rm(t)rn(t) dt =

2n∑
k=1

∫
Ik

rm(t)rn(t) dt (11)

Because for each Ik, rn(t) = (−1)k+1 we have the following relationship:

∫
Ik

rm(t)rn(t) dt = (−1)k+1

∫
Ik

rm(t) dt (12)

Now in each Ik there are 2m−n subintervals of width 1
2m in which rm(t) alternates in sign from

+1 to −1. Hence
∫
Ik
rm(t) dt = 0 for all k. Thus the RHS of (11) is zero.
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One can prove the dyadic case using a combinatorial style of approach. The function un(t) has
2n−1 ”-1” subintervals and 2n−1 ”+1” subintervals (ie the heights are ”-1” and ”+1”).
Case 1: Take the ”-1” subintervals of un(t) first. For each of these subintervals there are 2m−n

subintervals of um(t) each of which has width 1
2m . Half of these subintervals are ”-1”. Hence

the 2n−1 ”-1” subintervals of un(t) correspond to 2n−1 × 2m−n−1 = 2m−2 ”-1” subintervals of
um(t) which have width 1

2m . Similarly for our choice of ”-1” subintervals of un(t) there are
symmetrically 2m−2 ”+1” subintervals of um(t) which have width 1

2m .
Case 2: Symmetrically, the ”+1” subintervals of un(t) also give rise to the same logic and for
each of these subintervals we get the same number of +1 and −1 subintervals of um(t) of width
1

2m .

Thus in the integral of the product we simply have equal numbers of rectangles with common
width 1

2m having +1 and −1 heights so the integral is zero . This result generalises to an integral
of an arbitrary product. However, for reasons which will shortly become clearer it is better to
work with the behaviour of the ”epsilon” functions which, from a notational point of view, makes
the combinatorial angle quite clear.

Implicit in the above approach is that each rk(t) is viewed as a finite sum of indicator functions
of the form X[a,b)(t) so that the resultant product of terms ri1(t) ri2(t) . . . rin(t) gives rise to an
expression which depends essentially on the rule for the component terms:

XA∩B = XA XB (13)

Because of the intersection property, the smallest sub-interval (ie that with the highest index)
will govern the result. Intersections of disjoint subintervals are ”annihilated”. This can be seen
tediously if we write out the functions in detail, for example, as follows:

r1(t)× r2(t) =
{ 2∑
k=1

(−1)
k−1X[ k−1

2 , k2 )(t)
}
×
{ 4∑
k=1

(−1)
k−1X[ k−1

4 , k4 )(t)
}

=
{
X[0, 12 )(t)−X[ 12 ,1)(t)

}
×
{
X[0, 14 )(t)−X[ 14 ,

1
2 )(t) + X[ 12 ,

3
4 )(t)−X[ 34 ,1)(t)

}
= X[0, 12 )(t)X[0, 14 )(t)−X[0, 12 )(t)X[ 14 ,

1
2 )(t)+X[0, 12 )(t)X[ 12 ,

3
4 )(t)−X[0, 12 )(t)X[ 34 ,1)(t)−X[ 12 ,1)(t)X[0, 14 )(t)+

X[ 12 ,1)(t)X[ 14 ,
1
2 )(t)−X[ 12 ,1)(t)X[ 12 ,

3
4 )(t) + X[ 12 ,1)(t)X[ 34 ,1)(t)

= X[0, 14 )(t)−X[ 14 ,
1
2 )(t)−X[ 12 ,

3
4 )(t) + X[ 34 ,1)(t) (14)

It is easier to see this result if we use as the common ”base” for each step function that of r2(t)
ie an interval width of 1

4 and we write a ” + ” for +1 and a ”− ” for −1 on these intervals. The
product r1(t)× r2(t) then looks like this:

r1 + + - -
r2 + - + -
r1 r2 + - - +

Signs are multiplied in each column (because each column represents the common base interval
for which the function is either +1 or −1) and this result is the same as (14).
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Rademacher does not prove (7) in his orginal paper [8]. One proof relies upon the periodicty of
Rademacher functions ( see [3] , p.185) while others employ a basic integration argument. For
instance Kaczmarz and Steinhaus (Kac’s PhD supervisor) prove the result this way ( see [6],
pages 236-237). There is a typo in the original paper with the right hand interval point being
stated as r+1

2(l+1) and r = 0, 1, 2, . . . 2l+1 − 1 whereas the intervals should read ∆r ≡ ( r
2l ,

r+1
2l )

for r = 0, 1, 2, . . . , 2l. With this the intergal
∫ 1

0
rj(x)rk(x)rl(x)rm(x) dx where j < k < l < m

becomes:

∑
r

∫
∆r

rj(x)rk(x)rl(x)rm(x) dx =
∑
r

δr

∫
∆r

rm(x) dx (15)

because rj(x), rk(x) and rl(x) are constant on each interval ∆r and thus∫
∆r
rm(x) dx = 0 and, because m > l, the result follows.

Kaczmarz and Steinhaus produce a similar proof in ( [7], pages 125-126).

Interestingly, Kac demonstrates [5, p.9], without recourse to combinatorial techniques, that the
probability that in n independent tosses of a fair coin, exactly l heads will appear is (µ[.] represents
the measure of the set under consideration):

µ[r(t) + · · ·+ rn(t) = 2l − n] =
1

2π

∫ 2π

0

e−i(2l−n)x cosn x dx (16)

but leaves it a straightforward integration exercise (see the Appendix) to show that:

µ[r1(t) + · · ·+ rn(t) = 2l − n] =
1

2n

(
n

l

)
(17)

Of course, the RHS of (17) is immediate using a combinatorial approach but Kac wanted to show
how Rademacher functions underpinned the integral on the RHS of (16). Billingsley notes in his
probability textbook ( [1], page 7) that the orthogonality relationships ”stand on their own, in
no way depend on any probabilistic interpretation”. Gerald S. Goodman in his paper ([4], page

114) notes that because the binary coefficients εk(t) satisfy
∫ 1

0
εk(t) dt = 1

2 for all k = 1, 2, . . . it

follows that
∫ 1

0
rk(t) dt = 0 for all k = 1, 2, . . . . He then notes that the ”statistical independence

of the εk(t) implies that the rk(t) are also independent , and , since they have mean zero, they
satisfy the Multiplicativity Formula” (ie (7) ).Thus he is taking the statistical independence as
a previously established fact. However, as already noted above, there is a combinatorial angle
one can employ to get the independence result. Indeed, with a bit of a notational shift one can
get a result which is so clearly combinatorial that it screams the very statistical independence
that orginally caught the eye of Borel and which formed the basis of Kac’s book on statistical
indepedence.

3 The combinatorial approach

To prove (7) using the combinatorial approach it is easiest to work with the εk(t) since they are
0 or 1. Invoking the dot product notation we have the following:
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εk(t) =


0
1
...
0
1

 •


X[0, 1

2k
)(t)

X[ 1

2k
, 2

2k
)(t)

...
X

[ 2
k−2

2k
, 2

k−1

2k
)
(t)

X
[ 2

k−1

2k
, 2

k

2k
)
(t)


(18)

where XA(t) = 1 if t ∈ A and 0 if t /∈ A. In effect the εk(t) are sums of indicator functions over
the subintervals with coefficients 0 and 1 as appropriate.

Using this notation we can compactly express the εk(t) as follows:

εk(t) = εk •X k(t) (19)

Where εk =


0
1
...
0
1

 and X k(t) each have 2k rows. Thus equation (2) can be written as:

rk(t) = 1− 2 εk •X k(t) = 1− µk(t) (20)

where µk(t) = 2 εk •X k(t)
Let:

In =

∫ 1

0

ri1(t) ri2(t) . . . rin(t) dt =

∫ 1

0

Πn
k=1(1− µik(t) ) dt (21)

Clearly because we are working with step functions when we work out the integral of a term in
(21) which involves the integral of one of more terms µki(t) all we are doing is working out the
area of some rectangles of height 1 and a certain base. Multiples of step functions are just step
functions.The value of the integral is not affected by the jumps at the interval ends. Thus for
instance:

∫ 1

0

µki(t) dt = 2

∫ 1

0

εki •X ki(t) dt = 2× 2ki

2︸︷︷︸
number of rectangles of height 1

× 1

2ki︸︷︷︸
width of each rectangle

= 1

(22)

Clearly (22) holds generally.

From (21) we have:

In =

∫ 1

0

{
1−

n∑
i=1

uki(t) +

n∑
i<j

uki(t)ukj (t) + · · ·+ (−1)nuk1(t)uk2(t) . . . ukn(t)
}
dt (23)
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This expression essentially encodes the combinatorial character of In.

In fact the following classical binomial expansion holds:

In =

∫ 1

0

ri1(t) ri2(t) . . . rin(t) dt =

(
n

0

)
−
(
n

1

)
+

(
n

2

)
+ · · ·+ (−1)n

(
n

n

)
= (1− 1)n = 0

(24)
To prove (24) one can proceed inductively. Note that:∫ 1

0

∑n
i=1 uki(t) dt =

∑n
i=1

∫ 1

0
uki(t) dt =

∑n
i=1 1 =

(
n
1

)
and

∫ 1

0
dt = 1 =

(
n
0

)
. Of course the

integration and summations can be interchanged because we are dealing with step functions.
Now consider the more interesting case:

n∑
i<j

∫ 1

0

uki(t)ukj (t) dt (25)

There are 2ki−1 null (ie height zero) subintervals of uki(t) and to each of these there correspond
2kj−ki subintervals of ukj (t). Therefore there are 2ki−1 × 2kj−ki = 2kj−1 subintervals of ukj (t)
which are ”annihilated”. There are 2ki−1 ”+1” subintervals of uki(t) and to each of these there
correspond 2kj−ki subintervals of ukj (t) and of these subintervals there are 2kj−ki−1 which are null
subintervals. So in the product 2ki−1 × 2kj−ki−1 = 2kj−2 subintervals of ukj (t) are annihilated.
Therefore the number of ukj (t) ”+1” subintervals which remain is:

2kj − (2kj−1 + 2kj−2) = 2kj−2 (26)

Hence (bearing in mind the factor 2 in the definition of uk(t) in (20)):

n∑
i<j

∫ 1

0

uki(t)ukj (t) dt =

n∑
i<j

22 × 2kj−2 × 1

2kj
=

n∑
i<j

1 =

(
n

2

)
(27)

More generally,

∫ 1

0

uki1 (t)uki2 (t) . . . ukin (t) dt = 2n
2in−n

2in
= 1 (28)

The factor 2in−n is the number of +1 subintervals that remain in ukin (t). This can be established
inductively as follows. We need to show that:∫ 1

0

uki1 (t)uki2 (t) . . . ukin (t)ukin+1
(t) dt = 2n+1 2in+1−(n+1)

2in+1
= 1 (29)

We suppose that for all j ≤ n in the indices {kij} the number of ”+1” terms in vn(t) =
uki1 (t)uki2 (t) . . . ukin which contribute to the product uki1 (t)uki2 (t) . . . ukin (t)ukin+1

(t) is 2in−n.

By construction these are subintervals of uin(t). These 2in−n ”+1” subintervals correspond
to 2in+1−in subintervals of uin+1

(t) half of which are null subintervals ie 2in−n × 2in+1−in−1 =
2in+1−n−1 are null.
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The remaining 2in − 2in−n = 2in−n(2n − 1) null subintervals of uin(t) annihilate:

(2n − 1)2in−n × 2in+1−in = (2n − 1)2in+1−n subintervals of uin+1
(t).

Therefore the number of ”+1” subintervals of uin+1
(t) remaining in the product is:

2in+1 − [(2n − 1)2in+1−n + 2in+1−n−1] =2in+1 − [2in+1 − 2in+1−n + 2in+1−n−1]

=2in+1−n − 2in+1−n−1

=2in+1−n−1[2− 1]

=2in+1−(n+1)

(30)

Thus (29) holds generally. When we interchange integration and summation in (23) and apply
the rule in (28) we get:

In =

∫ 1

0

dt−
n∑
i=1

∫ 1

0

uki(t) dt+

∫ 1

0

n∑
i<j

uki(t)ukj (t) dt+ · · ·+ (−1)n
∫ 1

0

uk1(t)uk2(t) . . . ukn(t) dt

=

(
n

0

)
−
(
n

1

)
+

(
n

2

)
+ · · ·+ (−1)n

(
n

n

)
=(1− 1)n

=0

(31)

4 Appendix

4.1 Proof of(16)

1

2π

∫ 2π

0

e−i(2l−n)x cosn x dx =
1

2π

∫ 2π

0

e−i(2l−n)x
(eix + e−ix

2

)n
dx

=
1

2n
1

2π

∫ 2π

0

e−i(2l−n)x
n∑
k=0

(
n

k

)
eikx e−i(n−k)x dx

=
1

2n
1

2π

∫ 2π

0

n∑
k=0

(
n

k

)
e2i(k−l)x dx

=
1

2n

n∑
k=0

(
n

k

)
1

2π

∫ 2π

0

e2i(k−l)x dx

=
1

2n

(
n

l

)

(32)

since 1
2π

∫ 2π

0
e2i(k−l)x dx = 1 if k = l and 0 if k 6= l.

Extract from [7] pages 125-126.
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Extract from [6], pages 42-43
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