
Completing the square
An important application in probability theory

Completing the square in the context of Gaussian distributions
ü Background

I was tripping the light fantastic through Norbert Wiener's book "Nonlinear Problems in Random Theory",
John Wiley, 1958 and  on page 2 he has a derivation which uses the technique of completing the square which is
important to know in the context of Gaussian distributions.

He starts with a quantity x that has a Gaussian distribution ie the probability that x is between x1and x2 is:

Ÿx1
x2 1

2 ˛a
‰
-K

x2

2 a
O
„ x

He then composes two distributions via this joint distribution:

1

2 ˛a
‰
-K

x2

2 a
O
 1

2 ˛b
‰
-K

Hy-xL2

2 b
O

Next he is interested in this:
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This is the law of the composition of Gaussian distributions, but as you will see there is a typo in the formula.

The correct answer is „y 1
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Completing the square
In essence we have to perform this integration:

I = Ÿ-¶
¶ 1

2 ˛a
‰
-K

x2

2 a
O 1

2 ˛b
‰
-K

Hy-xL2

2 b
O
„ x =  1

2 ˛a
  1

2 ˛b
 Ÿ-¶

¶ ‰
-K

x2

2 a
O- K

Hy-xL2

2 b
O
„ x

Now   -J x
2

2 a
N -  Hy-xL

2

2 b
  = -bx

2 - aIy2 - 2 xy+ x2M
2 ab

=  -Ha+ bL x
2 - ay2 + 2 axy
2 ab

=   -Ha+ bL
2 ab

 B x2 -
2 ay
a+ b

x + a
a+ b

y2 F

=  -Ha+ bL
2 ab

B Ix -
ay
a+ b

M
2
- I

ay
a+ b

M
2
+ a

a+ b
y2 F

= -Ha+ bL
2 ab

: Ix -
ay
a+ b

M
2
-

A a2 y2 - Ha+ bL ay2E

Ha+bL2
>

=   -Ha+ bL
2 ab

:Ix -
ay
a+ b

M
2
+

aby2

Ha+bL2
>

=  -Ha+ bL
2 ab

Ix -
ay
a+ b

M
2
-

y2

2 Ha+bL

So the integral becomes:
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If you don't know how to work this out the standard trick is as follows:
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2+ v2M „u „v   where the integration is over the whole plane P.

Now you switch from rectangular to polar co-ordinates (ie u = r cos q and v = r sin q).  Thus u2 + v2 = r2 and du
dv = r dr dq.  More formally the integral Ÿ Ÿ
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So   J2 = ˛  hence J = ˛  as claimed.
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You will see the same approach in verifying that the bivariate normal distribution has the required characteristics.
Thus let the 2 dimensional random variable (X,Y) have the joint probabiity density function:

fX,Y Hx, yL = f Hx, yL = 1

2 p sX sY 1- r2
‰
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x - mX
sX

2
- 2 r
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+
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where the parameters are  the usual “suspects” of normal probability theory.

You have to show that I = Ÿ-¶
¶
Ÿ-¶
¶ f Hx, yL „ x „ y = 1

Start with the substitutions:

u  =  x- mX
sX

 so  that  „u  =  „x
sX

 

v = y- mY
sY

 so that „v = „y
sY
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Now let w = u- rv

1-r2
 so that „w = „u

1-r2

The double integral can now be written as the product of two integrals (that this can be done is proven rigourously
in Analysis courses) as follows:
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