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An inductive proof of a fundamental probability theorem

In Part 1 I referred to the following theorem from elementary probability theory as an example where induction is involved.
The formula at issue was :

P(EU E;U ..UE,) = X P(E) - Y
P(EIEJ) + Eni<j<k P(ElEjEk) + ...+ (—l)n_l P(E.E, ...E),)

This is a very important formula in probability theory and is worth proving in detail (but only once because the proof is
tediously mechanical without any deep insights!). Strangely enough I cannot recall ever reading an elementary probability
textbook in which the authors actually prove this result in detail. One finds it as an exercise or there is some glib reference
such as “it can easily be shown that..." It looks complicated but it has a systematic structure. Basically the authors are
saying “ It is a grind - I can't be bothered doing it”.

The probability of a union of n events is equal to the sum of the probabilities of the n individual events which is then
adjusted to reflect pairwise, triplewise etc probabilities. To understand the detailed proof there are several building blocks
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the first of which is the basic case of finding P(E| |J E3) . You might already know that the answer is P(E}) + P(E;) -
P(E| ) E2).

You have to subtract the probability of the intersection of the two events to avoid double counting as this diagram suggests
(note that B€is the complement of B ie the set of things not in B.

This is also written as B):

AU B¢ AU B

The formula P(E;) + P(E;) - P(E; () E,)is the “engine” for the proof and it is important to understand how it is derived.
Consider two events E and E ie the events E and not-E, the complementary event. Clearly P(E |J E) =P(Q) =1, since E |J
E is the sure event and must occur ie it has probability 1. But E and E are mutually exclusive events ie the sets are disjoint

and hence P(E |J E) =P(E) + P( E ) = 1. The modern approach to probability theory which is based on measure theory
starts out with a small number of axioms which are sufficient to generate the above result and much more. The modern
approach allows generalisations which form the basis of stochastic calculus and its applications to finance for instance. We
can write E; |J E; as the union of mutually disjoint sets as follows (see the above diagram):

E; UE2=(E1ﬂé2) UCE N EZ)U(E_I N Ey)

SoP(E, +E;)=P(E| E;) + P(E|Ey) + P(E| E;) where I have used addition and multiplication symbols to
replace union and intersection respectively. Now we massage things a bit:

peter.haggstrom@exemail.com.au
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P(E, +Ey)=P(E E») + P(E Es) +P(E, Ey) + P(E) Ey) - P(E, E») [adding and subtracting P( E, Es) does not
change anything]

=P (E, E_z + E E))+ P( E_] E, + E| E;) - P(E| E;) [ where I have used disjointness in the ‘reverse’ direction]

= P(E,)+P(E,) -P(E, E;) [THE BASIC FORMULA]

Note that P (E; E_2 + E| E5) is the probability of E; occurring either along with E; or with E_z and must be P (E7). Simi-

larly for P( E| E; + E; E;). Another way of seeing the result is via De Morgan's Laws (see Part 1 and the section titled
"Some things you really need to know" for more detail on De Morgan's Laws). Thus , using De Morgan's Laws
you get:

P (E, 1::2 + E| E) =P (F; (E_z +FE>)) =P (E; Q) =P (E;) where () is the “universe” under consideration.
Now let’s get into the proof being aware that it is easy to get lost and fudge the signs.

First some terminology. An expression such as Zf‘l P(E; E;, E,-3) , for instance means,

<iy<iy
P(E\E>E3) + P( EyEyEy) + P(E, E5Ey) + P(E; E5 E4) . The sum consists of Cf‘: 4 components. Before we embark on

the general problem, start with a simpler case to see how the pattern evolves. This is always a good way to start.

Let's start with P[ E; + E; + E3 + E4]. This is structurally of the form: P[A + E4] where A = E; + E; +Es.

So on the first iteration of the basic formula we get:
P[A +E;] = PJ[A] + P[Ey] - P [AE;] o (F)

We apply the basic formula again to P [A] and P[AE,]=P[(E, + E; + E3)E;]| = P[ E| E4+ E; E4+ E5 E4] where De
Morgan's Laws have been used in the second term.

P[A]=P[E + E; +E3] = P[E| + E;]+P[E3] -P[(E| + E;) E3]

=P[E ]| +P[E,] -P[E Ex] +P[E3] - P [E| E3+ E; E3]

P[E;] +P[E] -P[E| E;] +P[E3] - {P [E| E3] + P[ E; E3] - P[ E} E3 E; E3]}

PlE{] +P[E;] +P[E3] -P[E{Ey]- PlE| E5]-P[ E> E3] + P[ E| E> Es] Note that £} E5 E» E3 = E| E> E3

So we have P [A]. We now need P [AE4]
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P[AE4] = P[E; Es+ Ey E4 + E3 E4] )
(and we have already structurally worked this out in doing P[A] — justreplace E; with E; E4 etc

=P[E| Ej]l + P[ Ex Eq]l + P [E5 E4] -P[ Ey E4E5 E4] - P [Ey E4E3 Ey] - PIE> EqE3 Eq] + PIE) E4Ey Ey E5 Ey]
=P[E\ E4l + P[Ey, E4] + P [E3 E4] -P[ E\E> E4] - P [EE3 E4] - P[E>E3 E4] + PIE\E> E3 E4)

Now plugging the two components back into (*) you get:

P[E;+ E; +E; + E4] = P[E|] + P[E;] + P[E3] - P[E| E>] - P[E| Es] — P[E; E3] +

PIE\EyE3] + PlEs] -
{PE\E4]l + PIEyE4] + P[EsE4] —PlE| Ey E4] — PE| E3 E4] — P[E, E3 E4] + PE| Ey E3 E4])

= P[E] + P[Ey] + P[Es] + P[E4J -P[EE)] — P[E|E3] — PlE2E3]-PE Ey] — PEyE4] — P[Es E4]l+
PlE| EyE3] +P [E|Ey Ey] + PE| E3 E4] + PIEy Es Ey] - PIE| E)y E3 E4)

Thus finally we have something of right structure. Note that there are C; terms for i indices at a time as there should be.

Having done this, the general case should hold no horrors in principle. It is tedious but character building to do it. I will give
another proof that is much shorter and suggests an approach that has other applications

The inductive proof of the formula follows the standard approach but requires some discipline with the detail. Our inductive
hypothesis is:

PEU E,U .UE) = 3L P(E)- X PEE) + Y. PEEE) + ..+ (1) P(E\ E, ....E,)

Now consider P[ .:ﬁl E]1=P[ Z’;l E;+E,. ] sowestructurally have P[ A + B ] =P(A) + P(B) - P(AB).

P[5 Eil = PLYL Ej+ Ey 1] =PIYL, Ei 1+ PE,.1]-PlE, . Y., El

= YL PIE] - X} PlELE | + X .o PIE,EyEp|+ ..+ (=1)"'P|E;, E;, .E; )| + PLE, ] -
P[lelEiErHl] (**)

where the induction hypothesis has been used. Note that (— l)n_1 PIE\E, ....E,] =
(-1t Z;”l<l'2<l'} <i PIE; E, E; ... E,-n] since there is only 1 way of choosing n objects from n in the “natural” ascend-

ing index order.
Also note that P[E,, , 2:-1:1 E;l= P[Z,r":lEiEnH ] because of De Morgan's laws
LetE; E,.1 = C;

peter.haggstrom@exemail.com.au
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Then (**) = ZZ” PlE;] - ZZ«'ZP [, E;,)] + PlE; E;, ;] + ...+(—l)”_1P[E,~1 E;, ..E1-P[ Y., C]

i1 <iy<liy

_ Z’,’j PlE] - Z< PlEE ]+ 2114243 PlE, B B+ + (—1)"_1 PlE, B, B -1 )7 PlC]
DI (SR BV (X eAel F +(—1)"_2 D FlGiCon |+ (—1)"_1 PG, G, .Gy |1
We need to systematically expand this and pair appropriate components:

= s PLE ] - Z< P[Eil E ] + Z’,’I<i2<i3 P[Eil E, E,»3] T (—1)"_1 P[Eil E, E] - {Z;P[E,- E,,+1] -
Z:'1l<i2 P[Eil E i En+1 ] +

i cieiy PLE; Eiy By Epgy [+ 4 D" 25 i PIE; Ejy . E; | Eyy|t..+ (1" PE; Ej, ..E; Ey ]}

Let the bit in curly brackets {.....} = complex

where the substitution of E; E,,;1 = C; has been made and we ignore repeated occurrences of E,,;1 since £, E 41 = Eyqq

We now do some pairing as follows from the elements of "complex":

A -4 S PEE ]+ Y PlEEu| == 515 PLE, B

(B): Z:’l<i2<i3 PLE; E;, Ei}] + Z‘lz’?,<i2<i3 PLE;, Ej, Ei, Epr ] = Z;’l:ilq‘} PlE; E;, Ej,

X): =(=D"? PIE; E;, ..E;_, Eps1]

n—1

PIE; E;, ...E;, E"+1] * (_1)"71 P[Eil E;, ““Ein] = (_l)nil Z1"11<i2...<i

iy <iyenn<iy_q

+ (=1t Z’]<i2_“<in PIE, E;, ..E; | E,] Note the minus sign which is out the front of the brackets in “complex”

n—1

(Y): - (-1)""' P|E;, E;, ...E;, Eyu1| = (=1)" P|E;, E;, ....E;, Ey1| = (=1)" PlE\ E; ....E, E,q] - Note the minus sign out
the front of the brackets in "{complex}" and the fact that there is only one way of naturally ordering the n subscripts in that
term.

Now the first term on the RHS of (X) picks up all the terms  P[E; E;, ... E; | En+1] as the (n -1) subscripts run from 1 to n

so you would have E\ E; ....E, , E,  E,;1, E\E; ....E, 2 E,E,;, etc. Intotal there are n such terms in the sum.

The second term in the RHS of (X) catches one term namely E| E; ....E,_» E,_| E,. Thus there are n+1 terms in total when

the two are added together.
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Thus the sum can be written as: (-1)""' 3%}

PIE, E;, ...E; | E,»n] since it picks up all n+1 terms.
When all these pairings are done you get:

PE;U EsU .. UEy UEny) = S PE) - X2 (EiEj) + X2/ PEESEy) + o+ (=1)"P(Ey By ...y Eyi)

i<j<J
which establishes at last that the formula is true for n + 1 and hence true by induction.

Now that we have at last got that under our belt we can move to an application. But before we do so here is another proof
which is frequently favoured in the literature:

If an outcome occurs in at least one of the events E;, its probability is added exactly once by the left hand side of the
following equation.

PE\U E,U .UE,) = YL P(E) - Y P(EE) + S PEEE) + ..+ (1) P(E| E; ...E,)

It must be shown that it is added exactly once on the right hand side of the equation. Assume that the outcome w is in

exactly k of the sets. Then its probability is added k times in the first term, subtracted C’; times in the second, added Cé‘in
the third term and so forth. Thus the total number of times that it is added is C’f- C§+ C’; e (=D C’,z.

But0=(1 - 1)* = 5, Ci(-1)’=C- 5, C5 (1Y

Hence 1 = Cy = ¥, C (-1)/"!

If the outcome w is not in any of the events then it is not counted in either side of the equation. The reference to "so on" is
really an implicit reference to an inductive step which is glossed over in such a proof. There is, however, nothing wrong with
such a proof and it provides some deeper combinatorial insights than a purely mechanical inductive proof.

De Finetti notation

Bruno de Finetti was a famous Italian probability theorist who once remarked that "Probability does not exist"! He did
fundamental work on the subjective nature of probability and used expectation as the primitive concept for probability. In
order to assist this approach he used indicator functions and developed a suitable notation. If you want to learn more see his
books "Probability, Induction and Statistics", Wiley, 1972 and the "Theory of Probability", Wiley, 1974.

The indicator function is defined as follows:

I, = lifxeA
= 0 otherwise

De Finetti's approach to probability is based on the expectation function [E I 4rather than probabilities of events. I go into
more detail below.

peter.haggstrom@exemail.com.au
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De Finetti's notation makes a lot of set theoretic manipulations quite easy when they would otherwise be horrendously
difficult. Some basic relationships are as follows.

lya,(x) = Vi, (X) - where ‘\( "is the pointwise maximum or 'max' symbol
13 1

Ina, () =Ally (X)) = [T 0a (x) - where ‘\/ 'is the pointwise minimum or 'min' symbol and []; is the product symbol.
1 1

Because taking unions of sets gives rise to "bigger" (I am not being rigorous here) sets while taking intersections gives rise
to "smaller" sets, applying the indicator function to unions should correspond to the max function while its application to
intersections should correspond to the min function.

Let's take a basic example. Let A; = [0, %] and A, = (% 1]. Then for i=1to0 2, %) =1. Now V4 ( %) =
1

max{ls, (5). Ia, (3)}=max {10} =1

Also fori=1t02, Ina, (%) = 0 and Al ( %) = min {I, (3). Ia, ( %)}:min{l,O}:O.The multiplicative formula-

tion also holds because [T; 4, ( %) =1y, (%) x 4, ( %) =1x0=0

Complements are easily handled because they correspond to subtraction from 1 thus:
Ty (0 = 1-1, (x)
This can be verified by noting that if x € A thenlly (xX) =1 s0l,c (x) =0=1-14 (x)

The set theoretic difference A\B = A(\B¢ and the symmetric difference A A B = (A\B) | (B\A) can both be recast in terms
of indicator functions as follows:

Tap (%) =4 (), Up(x))" =max {0,014 (x) — Iz (x)}

Iaap X)) =04 (x) = Nz (x)|

The beauty of the indicator approach is that its output is binary - either a 1 or a 0 - so the veracity of a particular relationship
can be easily tested by determining the input combinations consistently give rise to a 1 or O as required.

1 ifx e A\B
0 ifx ¢ A\B
11 -0 =1 ifxe ANB
{0(1—0):0 ifxe ANB iexe A°UB

For example, lag (x) = { and since A\B = A(B, Ixag (X) =145 (X) =04 (X) xlge X) =04 X) [ 1 -5 (x)

max{0, 1 -0} =1 ifxe AN B

On the other hand max {0,014 (x) — Iz (x)} =
0L ~ &G {max{0,0—l}:O ifx ¢ ANB iexe AU B

As far as the relationship Ip o (X) = |4 (x) — g (x)] is concerned the LHS equal 1 when x is a member of exactly one of a
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and B ie when exactly one of I (x) and Ig (x ) equals 1. The RHS similarly equals 1 when x is in exactly one of A and
B.

Complicated set theoretic relationships can be recast in indicator functions to give more transparent relationships. For
instance with something like

(A|NA)A (B (1By)C (A A Ay) U (B A By)itis relatively hard to work out the validity of the relationship by using
straightforward approaches. However, the relationship can be translated into the following inequality:

| TP 0a,(x) - TFZ 1 lp,(x) | < max; ;< |14 (%) - I () |

When the RHS equals 1 the LHS can only be 1 or 0 and so the inequality is satisfied in that case. When the RHS takes the
value 0 then 15, (x) = . (x) foralli so that the LHS must be zero. The relationship must be "<" because the set inclusion is

" C" ie a subset or equality.
The problems of matches ("rencontres” ) and “derangements"

A standard probability problem which applies the above result is based on placing the first n integers in random order (ie all
the permutations are equally likely). A match occurs in the rth position if integer r is found to occupy that position. The
problem is to work out the probability of at least one match. This problem is also referred to as the problem of “rencontres"
(using the French word for ‘match"). What we are after is P(E; U E» U ... U E,) where

E; is the event that a match occurs in the ith position. All we need to do is work out the various components of the general

formula as follows:

P(E) = (";# forn=1,2,..n. Why? Because if a match occurs in the ith position there are (n-1)! ways of arranging the n-1

- . . O ) - .
remaining places. Since there are n! ways of arranging the n places the probability is % It is important to understand this

basic combinatorial argument and if it doesn't leap from the page consider a simple case of the integers 1,2,3. Suppose we
are looking for a match in position 1. Thus we can have 123 or 132. So having chosen the matched position there are 2!
ways of arranging the remaining 2 positions. Now there are C{ terms P(E;). Why ? Because there are C] ways of choosing

that one position out of n. We now apply this logic to the other terms:

(n=2)!
n!

P(E; E j) = for i < j, there being C5 such terms.

P(EE; Ek) = " fori <j <k, there being C such terms.

n!

P(EVE, ... ... E,) = % there being C} such terms

2)!
!

(n=3)!
nl

Hence our required probability is P(E; U E, U ... JE,) =C] (n;:)! -G, ("; +C; et (—1)'HCZ,:—!

peter.haggstrom@exemail.com.au
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_ (=1 _ n! (n-2)! n! (n—3)!_ gyl L
- n! (n-2)!'2! n! (n=-3)!3! n! +( 1) n!
- 1 1 n-11

=1- o + 3—' ~a T +( 1) n_'

_ (=11

T ok=l g

Now this looks familiar. If we let n - oo the probability approaches 1 - e¢~!. Can you see why this is the limit?

-\ 11
Let’s start with e* = lim,,_m(l + i) SO:

n

1 . 1 nn=D (12 am-D0-2) (1\3 | -1 (n-2) (1=3) (1)*
e’ = hmn_,m(l - ;) —hmn_m(l —no+ = (—) - 3 (—) + m —) -t

(=" Z—:(i)n + ) = 3o, EU

n n

i!

. 1 an-1) (1\2 am-D)0-2) (13  nn-1)@0-2)(n-3) (1\* ,,n!(l)" )
Nowhm,Hoo(l nioy () L) () + - () e (1) +

=lim, L (1 = 1+ 5 . (D) - +.)
=1 = (Igt 3 = g+ b (1) )
=1- (1-21—,+31—, - 41—,+ ..... +(=1)! %+...) (since (=)™ = (=13 (=11

Therefore e * ~1-P(E,U E;U ...UE),)
ieP(E;U EU ...UE)~ 1-e! ~063

Now Euler proved this a long time ago and if you want to see how he did it, there is a very good article on the subject which
you can access via this link: http://www.maa.org/editorial/euler/How%20Euler%20Did %201t%2011%?20Derangements.pdf

Ed Sandifer has catered for even the most obscure Eulerian passion on his website: http://www.maa.org/news/howeuler-
didit.html

What is a derangement?

A derangement of n different objects is a permutation with no fixed point ie so that none of the elements is in its original
position. For example, consider the permutations of {1,2,3}. Now 321 is a derangement, as is 231 but 132 is not because 1
is still in its place ie it is a fixed point. When we look at the structure of the problem above what we have done is find the
probability of at least one match which equals 1 minus the probability of no match: But the probability of at least ine match
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has been shown to be:

b e = b DL =1 5 S (checking this: 1- (1414 2 L4 CF) =
] n TR prial Zk:()T checking this: -( -1+ o §+...+ —)— - —+ —.+...+

n!

—1 n+1 1 1 -1 n—1
UV oty Ly 8

since (—1)"*'= (=12 (=1 =(=1""1)

(-
S0

ie 1- X, (_k—l')k =1l-nl| — =1 - probability of no match

Because a derangement is a permutation with no fixed point we can identify the number of derangements

. — 1) . . . . dy -1)*
d, with n!Y;_, % so that the probability of no fixed point (ie no match) is —= Yo %

1)k
!

. - v _ 1y
1ed,,:n!22':0(k z";smceel:z‘jj’:o( )

i!

[ . . . ! .
In fact % differs from d, ( an integer) by less than % so that d,, is the nearest integer to % How do you prove this? Look at

the difference:

n! (=D o (=1F
- 1= 10! g g -t B0

(=DF o (1F
=0t Zeco T - 2o |

(=1
=n!| 22— |
_ n' | (_1)n+l (_1)n+2 (_1)n+k (_l)zz+k+l |
- (n+1)! (n+2)! T (k) (nrk+ DT
(71)/x+l 1 1 (7l)k—l (71)k
=n!| —— -— + ...
: | (n+1)! ( 1 n+2 + (n+2) (n+3) (n+2) (n+3)... (n+k) (n+2) (n+ 3)...(n+k).. (n+k +1) + ) |

(GO (04

Now the basic insight is to notice that if we take the two general terms 0ot T e DD

we get

(- [ 1
(n+2) (n+ 3)...(n+k) (n+k +1)

] where the bit in square brackets is positive so the whole thing has a sign governed by (—1)¢~!.

1

. 1
Thus if you focus on - 2t e

you see that it equals -ﬁ( 1- # ) which is negative (n is assumed to be large of

course).

peter.haggstrom@exemail.com.au
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1 (G (-1

Thus you have that 1 - =25 + eyt G ae e T mD @3 ke TS I
1+ 1
Hence | d, -—|< RSy
(n+1) !
n!
T (1)
-
T n+l
% foralln =1

(S
KT e

. . d,
The probability of no match is then o= Yico

Now let’s look at how you might derive the formula for d,, using purely combinatorial techniques. A derangement moves

the element n to some element i < n. Clearly, the same number of derangements will arise for each value of i from 1 through
to n-1. Hence d, will (n-1) times the number of derangements that map n to i. If you don't follow this play around with a

low order case like {1,2,3,4}. There are 2 sub-cases we have to consider in relation to the maps from n to i.

(a) nandi are interchanged egtake 1 & 4in 1234 — 4321. After this interchange there are (n-2) derangements that can
be independently performed. So in this situation there are d,,_, derangements.

(b) n and i are not interchanged eg take 1 & 4 in 1234 — 2341. In this case there are d,,_; derangements. You can think
of "2341" as "23*" where "41" is conceived of as one item so that there are d3 derangements that can made from that
smaller group

Putting these two cases together: d,, = (n—1){ d,» +d,_1} [A] where d;=0 (because you can’t arrange one element
so that it is no longer in its original position ) while dy = 1(vacuously true)

Now [A] is not a particularly useful recurrence relation, however, let’s see if our formula for d,satisfies it.

(n = D) {dyoz + dyor) = (-D{-2)! T2 4 enyt 3 CF

= (n-1)(n-2)! Y- §<k‘,) + (1) (-1 3y S D4 (n-1y(n-1)! E2

(n=1)!

=@-D! (1+n-1) Y 2Er ” + (n-D)(=1)""!
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'ZZ_Z( 04 + (n 1)( l)n 1

This perhaps does not look very promising until you make a leap of faith and play with the (n-1)th and nth terms in

Zﬁ—o o D that you want (remembering that in the end we want this: n'ﬂ_o k'

(G D G D ol D (1 _ 1) _ (=hn!

(n—1)! n (n—1)! n n!

TV AR Wy G Vi (—1)") ‘o P (G0
Son-1)(-D"" = n.((n_l)! + = which gives us the last two terms inn!}}_, m )

Thus d, = n! Y,_ 0 . So formula [A] does work.

Another way of approaching this type of problem is to use the principle of inclusion - exclusion (PIE). This is an incredi-
bly powerful technique although it may not always provide computationally efficient solutions. Let's approach the derange-
ment problem by using the principle of inclusion-exclusion. The principle of inclusion-exclusion is unconsciously used in
the following type of problem. Suppose there are 100 students of whom 45 play Sudoku, 53 engage in the gentle art of
oriental basket weaving while 55 play Doom 3. Furthermore, 28 play Sudoku and oriental basket weaving; 32 play Sudoku
and Doom 3; 35 play oriental basket weaving and Doom 3 and 20 play all 3 of these past times. How many students don’t
play any game? You can solve this sort of problem with Venn diagrams (at least for small numbers of sets) by identifying
the numbers in each region as set out below:

Oriental Basket .
Weaving P -~ ey
|10 15
RS | 8
-~ B .;.- .-7"'-.._
/ {"'\__‘ 8 20
. ‘:Z'«rj’ 12} Doom 3
Sudoku 5,» 23

First, what is this principle? Let's take two sets A; = {1, 2} and A, = {2, 3}. What is the size
(called “cardinality” in set theory) of A; |U A, ? The cardinality of a set is usually written thus: |X]

The principle of inclusion - exclusion asserts that: |A; |J A,| =|A{| + |As] - |A; () Az| (look familiar?)

peter.haggstrom@exemail.com.au
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What this says is that to work out the size of X you sum the sizes of A; and A, and subtract the number of elements in the
intersection to correct for double counting. Thus |[A; |J As| =2 + 2 - 1 =3 and this makes sense because A; |J Ar ={1,2,3}

Principle of Inclusion - Exclusion (general case)

This can be generalised as follows: If we take X as our universe and A;(i=1,2,...,n) is a family of subsets of X ie A; C X
then the cardinality of the set of elements of X that are not in any of the Ais:

n
| X - U A [ =1X] - S A+ Sicicjen| AiAj| - et (D)"M2y A; where A; A; = A; () Ajete
i=1

The notation X - [ J' A; means { x: x € X and x ¢ [ J'A;}

i=1 i=1

The principle gets its name from the coefficients +1 and -1 in this sum. In the above example we have:

|OND|=35
0N S|=28
|ISOD|=32
ISNDNO|=20
|S| =45

|0 =53
ID|=55

| X =100

If you think of O=4;, D = A, andS = A; the general formula given above plays out this way:
| X| = 100

D'IA | =-53

D' Ay| = =55

(D' 431 = -45

(=1 4; 4] = 35

-1’ 1A A3 | =28

-1’ [Az Az ] = 32

(—1)° |4y 43 43 = =20

Summing up you get 100-53-55-45+35+28+32- =22
So how is this proved? Let’s define an indicator function 1, as follows:

1, = lifxeA

0 otherwise
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Thus the indicator function is like a counter. If x is in the set we get a 1 and if not we get zero. It seems it could be useful in
the context of the principle of inclusion - exclusion. Some basic properties of the indicator function are as follows:

() 1anp = 141
(2) 1Ac = l - lA
G Ilap =14 +1p = Iypp =14 + 1p— 141

How would you prove (1) for instance? If x € A(\B, then x is in both A and B so 14 13 =1 must be true since both
1, and 1 will equal 1. In the alternative x is in neither A nor B, in which case both 14 and 15 will be zero and 1, 15 =0.

To prove (2) assume first that x € A so that X ¢ A in which case 14 =0. Thus 1, =1 and 1-14=1-0= 1. Now assume
that x ¢ A° so that x € A.Hence 1, =0and 1-14 =1-1=0. This proves the equality.

The proof of (3) runs like this:
Using De Morgan’s Laws (see problems below) we know that A (| B =(A° |J B)°
Thus using (2) we have 1anp = Lse ey =1 - Lyeype

Now let E=A° and F = B°sothat A= E°and B = F° (taking complements twice gets you back to the original set). So we
have that lAﬂB = lEcﬂF” =1- IEUF

Rearranging and using (2) and (1):

Lyr =1 = lppp =1 = lgplp=1-(0-190 -1 =1 - (1 =1z - 1z + 1z1;)

Hence 1z yr =1g + 1 — 1g 1 which is what we wanted to prove. It should come as no surprise that the following
relation holds true:

1R YRS VEESD Y VIS VRETD 1SS Vib VIS VRE S + (=1)"""1y, 1, . 1y, where A = J'A;  [#]
i=1

This gives us another way of proving the basic probability theorem in relation to the union of n events. It goes like this.
First you define an expectation operator that has nice linear properties and which conforms with our basic intuition of what a
probability is. This if X = 0 then E(X) = 0, E(aX + bY) = aE(x) + bE(Y) where a and b are constants and E(1) = 1 ie the
expectation of the random variable which is always 1 is 1. The expectation operator acts on random variables (sets) so that
the probability of an event A is E(1,) . Suppose you partitioned some set () into subsets Ay, Ay, ... A, and you have a
random variable X which acts on elements of () to give you some real number, then you can define X as ", x;14, In other
words for each of the A;, the indicator function will pick out whether the x; is in the A; . The expectation E(X) then

n

becomes E(X) = >}, x; P(A;). If you have done Bernoulli theory you will know that is the probability of success ( 1, say) is

p and the probability of failure (0, say) is q = 1 - p, then the expectation of this random variable is just p.1 + q .0 =p Thus
the definition of the expectation operator is consistent with what you would do in practice.
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The probability of A; isP(A;)=E (I A[) where E is the expectation operator. The expectation operator has nice linear

properties and when you apply itto 14 = X 14 — ZL]-IAI_ 1y + Z;’<j<k1A,_ | DS DY + (=D*! 14,14, ... 14, you
will get the probability of the union. The expectation type approach to probability is encountered in quantum theory. We
can prove [*] inductively as follows. We assume [*] is true for any n.

Let Ut'4;=B=A U A4,.,

i=1

Ig =laya, =1a+ 1y, — 141,

SIETUIEED YIRS VRECD Y VIS VEESD YHRSPS VIS VIS VR S + (1) 1y 1y, Ay,

SR DY VEESD YIS VIS VEESD)SFSIS VIS VIS VI e + (=1)"""14, 14, ... 14, } 1a_, using the induction hypothesis
SIDYatS VREDYSES VI VRES YSrsrs VIS VIS VIR + (=D 1y, 1ay o da 1y

So [ * ] is true for n+1 and hence true for all n. What we want to do is to use [ * ] to get another proof of the PIE. We want
to find the number of elements that are in none of the sets A;. This means we want 1yac =14 ¢ 1y dy .

i=1

But 1qye = 1[ c=1-1 ;4 (using De Morgan's Laws and property (2) of the indicator function)
i=1 U’Ai] i=1
i=1
SLEROYE VEED Y VIS VRESD YRS VIS VIS VRE + (D" 1y 1y, A}
:1_2?:1 lA,- + 21<j1Ai lAj - Z:'l<j<k1A,- lA/ lAk+ ...... + (—l)nlAl 1A2 .lA” ....... [**]

This latter expression [ ** ] has the same structure as the general case of the PIE given above ie you start with the universe
and then subtract the cases for which the element is in an A; then you add back the cases where the element is in pairwise

intersections then subtract the number of 3-wise intersections etc. So if you apply [ ** ] to each element of X (which
contains 100 members) you will get:

100 -55-53-45+35+32+28-20=22 as before.

Going back to de Finetti notation we can write 1 -
{Z:-l:l lAi - Z?<j1Ai lAj + le<k1Ai lAi lAk - e + (_1)71—1 lAl 1A2 lAn} as 1 - l_Iisn( 1- Al) so that 1 - UisnAi =
I_Iisn( 1- A

What is the Mobius function?

The Mobius (pronounced “mer-bee-us") function arises in many contexts which have some surprising underlying structural
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similarities. For instance it crops up in number theory in the following form:

p(n) =0 if n is not square free

= (=1)* if n = product of k distinct primes
Its importance lay in the number theoretic Mobius Inversion Theorem which reads as follows:

If f,g:Z%- R satisfy f(n) = 2an8(d) foralln e Z* then g(n) = 2an #(n | d) f(d). In other words the Mobius function

enables you to extract the g from the f.

In the context of the combinatorial problem discussed above where we wanted to find out the number of derangements of a
finite set it takes the following form. This is proved in algebra classes.

u(U, V==YVl ifucv
=0 if U¢V

where V - U=V [ U’ ie the set of elements of V not in U and |V - U | is the cardinality (size) of that set. You can now see
why it is relevant to the PIE.

Motivation for the Mobius function
To better understand the motivation behind the Mébius function consider some fundamental problems.

Let f(n) and g(n) be functions defined from the set {0,1,2,...,n} to the real or complex numbers. Suppose that for every n = 0
we have that:

fln)=>I,g@() = >;<ng @) If we knew f(n) could we invert the formula to get a formula for g(n)? Let's have a go.

First f(0) = g(0). What is f(1)? The formula is valid for alln = 0 so (1) =g(1) + g(0) = g(1) + f(0). So g(1) =f(1) - f(0).
We have the makings of an inductive approach here so let's keep going for one more term:

f(2) = g(2) + g(1) + g(0)
= g(2) + (f(1) - f(0) ) + f(0) . Hence g(2) = f(2) - f(1).

Our guess would be that g(n) = f(n) - f(n-1) ifn>0
= 1(0) ifn=0

Note here that we have assumed nothing about the specific structure of f(n). We know that our guess is true for n = 0 since
g(0) = f(0). Assume that our guess is true alln <k.

fk+1) = Y4 g (i) = X g () + g(k+1)
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= f(k) + g(k+1) using the induction hypothesis
Hence g(k+1) = f(k +1) - f(k). Thus the guess is true for k+1 and hence true for all k.

If we were told that f(n) = n? we could then deduce that g(n) = f(n) - f(n-1)=n? — (n— 1)> =2n -1 for n > 0 and g(0) =0

Now suppose that X is a set and f(S) and g(S) are functions defined on every subset S X and that for every subset S the
following holds:

f(S) = >y cs g (U) where the sum is being done over all the subsets of S. If we are only given f (S) we would like to be able
to find g(S).

As above we follow the same approach starting from the ground and working our way up. We have that f(() = g((9). Now
starting with a single member set S = {a} we have that f(S) = g(S) + g(() = g(S) + f((). Therefore g(S) = g({a}) = f({a}) -
f(9).

If we let S = {a,b} then f(S) = g(S) + g({a}) + g({b}) + f(() (because our formula tells us to add across all subsets of S ie
S, {a}, {b}, and )

So f(S) = g(S) + (f({a}) - f(®)) + (f({b}- (D)) + f(®)
=g(S)+f({a}) + f( {b}) - f(D)
Finally, g ({a,b})=f({ab})-f({a})-f( {b})+f(®)

The above suggests the following: it can be shown that if X is a finite set and f and g are functions on the power set of X (ie
all the subsets of X) to real ( or complex) numbers and f(S) = Y}, sg(U) forevery S c X, then g(S) = Y5 (=D'VIf(U)

The proof of the form of the Mobius function would take us too far afield but it is possible to sketch the building blocks of
how it could be derived. Basically, we have something like:

2(y) = Yiesf(x) forally e S and we want to invert this. The set S is finite and partially ordered. A partially ordered set
xzy

(called a “poset” in the trade) has the following properties.

There is a relation (usually designated by “ =” or “ = ) on elements of the set that is reflexive, anti-symmetric and

transitive.
Reflexivity means a=a forallainS.
Anti-reflexivity means thata=b and b = aimply thata=b.

Transitivity means that a< b and b = ¢ imply that a =c.

S is totally ordered if, for every a,bin S,eithera=<b orb=a
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In the theory of posets it is proved that:

(@) g(x)=2y=,f(y) ifandonlyif f(z) = X, u(z, y) g(y) and
() gx)= X< f(y) ifandonlyif f(z) = X, u(y, 2) ()

It can be shown that a finite partially ordered set can be totally ordered. This means that if we have x;< x; in the original

ordering we must have i < j. One can then define a function
& S xS -7 as follows:

fxy)=lifx=sy
= 0 otherwise

Using this function, g(y) = > s f(x) forallyeS then looks like this:

g00) = X1 E(xi, x)) x)).

g(x1) E(x1, X1) E(Xp, X2) e E(xy, xp) \( f(x1)
I . gxo) [ ] &(xa, x1) €(X2, X2) e €(X2, Xn) || f(x2)
n matrix form you get =

g(xn) f(xm Xl) S(Xn: X2) ----- ‘f(xna Xn) f(Xn)

ie G =EF

Because &(x;, x;) =1 and if i > j we cannot have x; < x;s0 we must have that £&(x;, x;) = 0 for i > j. Fori < j you get &(x;, x;)

=1 . This means that the n x n matrix E is upper triangular and hence looks like this:

) 0 . =

o 1 . . 0o . . . . . .
E = =1 — NwhereN = and I is the identity matrix.

0 1 0 0

The asterisks in E represents the triangular space filled with 1s while in N the corresponding elements will be -1s. The
elements of N are n;; = 0 for i=j and n; ; = -&; fori <.

Thus if we could invert E would get F = E-' G = MG. LetM = (;1,»]-) then f(x;) = Zj':ly,-j g(xj). M.

would represent the Mobius function

How do we invert E and what is its inverse? The trick here is to notice that one can write (I-N) (I+N + N?+ ... +
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N"‘l) = [ — N" (just expand like you would in normal algebra).

Now if N” = 0 it would follow that (I-N) (I+ N + N?+ ...+ N"~') =1 and that means that I- N is invertible and that its
inverse is M = T+ N+ N%+ ...+ N"~'. A square matrix A is called nilpotent if there is a k > 0 such that A* = 0. If A is
nilpotent then it is true in general that I + A is invertible.

So what has to be shown is that for an n x n matrix of the form of N, N"=0. This in turn involves an inductive style of

proof.

o-1-1 . . -1
oo -1 . . -1
0 -1
Start with N =
o . .
.o 0 -1
oo . . 00O

Multiplying N by N causes the diagonal running from (1,2) to (n - 1,n) to be zeroed out:

oO-1-1 . . -1}y/0 -1 -1 . . -1 00 = K%

o0 -1 . .-1{f0 0 -1 . . -1 000 . %

N = o . 0 -1 . . 0o . 0 -1 10 00 . .
o . . B 00 =

. o-1ryf. . . . 0 -1 .o 00

oo . . o0O0)J)flOO . . 00 00 .00

* is a non-zero entry, not all equal - the structure of these entries is not important for what follows.

Doing the multiplication k times has the effect of making the diagonal from (1,1 + k ) - (n - k, n) to be zeroed out. In
general the upper diagonal running from (1,1 +k) - (n-k,n) in N**!is zeroed out. This holds for 1 = k = n-1 so that
N"=0.

To see this in more detail, consider the (i,j) element of N Zie Nij2 = LT. = e Mk ny;. You take the i row and multiply

that by the j column and dot product notation for thisis r,”. <

where r;=(0 0 . . 0 -1 . —1) therebeing i0’s and (n-1) -1s.. You can of course think of it as the usual product

of a (1 x n ) row vector and an (n x 1) column vector but the visual benefits of two column vectors will be apparent shortly.
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-1
-1
¢ = _'1 there being (j - 1) entries of -1.
0
0
0
0 -1
0 -1
r |- .
So r; =10 |l =1
-1 0
-1 0
-1 0

Since we are interested in cases where i runs from 1 ton -1 and j runs from 2 toniej=i+1 we have:

0 -1
0 -1
1 zeroes - 0 . _'1 «j-1=i+1-1=1i instances of -1
-1 0
-1 0
-1 0

T

So r;7.c;= Oforthesei,].

Thus the diagonal running from (1,2) to (n -1, n) is zeroed out after one multiplication. It is essentially an inductive

argument to show that further pre-multiplication by N will cause the zeroed out diagonals to advance into the top right of
the matrix.

One can establish this result by assuming as the inductive hypothesis that N* has the required form for any k. Thus N* is
assumed to look like this:
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3
'n.)
s

]
X<

-k e,

Now Nk+!' =N N¥ (ie premultiplication by N) and our aim is to show that the diagonal running from (1, k+1) to (n-k,n)
consists entirely of zeroes. The relevant entries are (i,j) where j =k+i, 1 <1 < n-k. Thus we are after (Nk+ ! )ij= (NkJr ! )

i, k+i
0 %
0 *
_ T - 3 . N .. *
I C oy~ dzeroes > | o « 1 instances of
1110
-1 0
-1 0

=0forl <i=nk. Notethat ¢, . isthe k+ i" column vector in NX so it has i instances of *.

This establishes that N¥*! has the required form and hence that N*= 0.

Finally, the Mobius function of the partially ordered set S to Z is then u(x;, x j) = u; j for all x;, x;.

Here is a practical demonstration of the overall effect. Take an 8 x 8 matrix (A) of the required type. According to the
theory above A% =0.
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0 -1 =1 -1 -1 -1 -1 -1 4
0 0 -1 -1 -1 -1 -1 -1
0 0 0 -1 -1 -1 -1 -1
0 0 0 0 -1 -1 -1 -1
A=lo 0 0 0 0 -1 -1 -1
00 0 0 0 0 -1 -1
o0 0 0 0 0 0 -1
lo o o 0o 0 0o 0 o |

MatrixPower[A, 8] // MatrixForm

F)

o O O O O O O
o o o o o O o O
o O O O O O O
o O O O O O O
O O O O O O O
o O O O O O O O
Lo B TR o Y o T - I e Y ]
[ T = R = N = RN = N o B = I = |

So finally f(y) =2, s # (¥, x) g (x). In the context of the original problem of working out the number of derangements of
the set {1,2......,n} remember that if one can invert g(T) = Y, f(U) to get f(U) in terms of g(T) we could then find  (()

which is the number of derangements of S since g(T) would simply be the number of permutations of 7’ whichis |7T”|!
As noted earlier it can be shown that:
u(U,V)==DVYl ifu cv

=0 ifUg¢V

The number of derangemnents is f(Q) = Y, P(S) w(®,U) g (U) where P(S) is the power set of S = {1,2,....,n} (ie all of its

subsets).

Yuepsi®U) g (U) = Sy (=Dl |U’ | ! (note that U’is the complement of U).

=30 (—1)"C:Z (n-1)! [ In general a subset of size i can be chosen in Cl’-' ways and the complement has size n-i and such a

set can be permuted in (n-i)! ways ]
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=n!Y, (_l# which is asymptotically equal (ie as n - o) to %' as we observed before.

Induction and the Jordan curve theorem

What on earth is the Jordan Curve Theorem? This is one of the most “obvious” theorems in the history of mathematics but
devilishly tricky to prove rigorously in all its generality. Why bother? There is a famous theorem called Green’s Theorem
proved by the19th century mathematician (and flour miller) George Green. If you ever study electromagnetic theory you will
come across Green’s Theorem because James Clerk Maxwell used it in the development of his astonishing equations which
unified electricity and magnetism. Einstein’s work stood on the shoulders of Maxwell’s work. A good biography of
Maxwell is Basil Mahon, ‘“The Man who Changed Everything - The Life of James Clerk Maxwell”’, Wiley, 2004

Green’s Theorem is based on this equation:

F(P(xy) dx + Q) dy)- [ (52 — %) dxdy

Now this won’t make any sense at this stage of your careers, but the left hand side is what is known as a line integral of the
particular integrand around a curve C. The right hand side is the integral of the integrand over a region in the plane.

The Jordan curve theorem is all about the curve C. If C is a simple (stairstep) closed curve in the plane then the comple-
ment of C can be written as the union of two disjoint open sets. One of them is bounded and one of them is unbounded. C is
the boundary of these two sets. Geometrically it looks like this (although I have drawn C so that it is not stair step). Now
you can see why it is “obvious".

This set is
unbounded

This set is
bounded

T
The
boundary
ie the
curve C

Don’t worry about open sets and boundaries. The issue is a step in the proof that involves the proposition that if two sub
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rectangles of the partition of the simple stair step curve have an edge in common, then they have opposite signs if that edge
is in C and the same sign if that edge is not in C. The rule for assigning a sign to each of the rectangles in the partition are as
follows. Consider the rectangles in the i "column" beginning at the bottom of the picture below. If a given rectangle is
marked with a + or -, mark the one just above it with the same sign if their common edge does not line in the stair step curve
C, and with opposite sign if this edge does lie in C. You then repeat this process for each column of rectangles. This
process is followed in columns 1, 3 and 6 in the picture. The heavy line represents the stair step curve.

— | - R
t — +
- — 1 —
+ - +
- — —
4 + +

Because of the rule for assigning signs the result holds by construction for the horizontal edges. It is necessary to show that
it holds for the vertical edges and this involves induction. The proposition is true for the lowest edges since none of them is
in C and they all have + sign. Basically you assume the proposition is true for rectangles in row j-1 and prove that it is true
for rectangles in row j. There are 16 cases to consider and 8 of them are as follows:

?
oy |+ Fo
: Q) (2)
AR J-’ + | 4

1N

7 7
- - + -
(5) ' (5) ! \‘[ () : (8) o -+—

I won’t develop the proof since all I wanted to do was to show that an inductive proof was pivotal to the overall proof of the

theorem.
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The Jordan curve theorem has been proved by a machine !

The Jordan Curve Theorem has actually been proved by computer in the context of the Mizar Project. For more informa-
tion on the Mizar Project in the context of the proof of the Jordan curve theorem go to http://web.cs.ualberta.ca/~piotr-

/Mizar/mirror/http/library/

To get an overview of the Mizar system go here and select the article by P Rudnicki, "An Overview of the Mizar Pro-
ject": http://web.cs.ualberta.ca/~piotr/Mizar/mirror/http/project/bibliography .html



