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Taylor’s Theorem is one of the most frequently used mathematical tools in physics. It is used extensively in classical

mechanics, quantum theory and much more. Indeed, the whole edifice of physics is based upon Taylor’s Theorem. Every

proof of a wave equation for a plucked string actually involves Taylor’s Theorem because it involves an approximation to a

more complicated problem - you throw away the pesky terms and hope that the first few terms generate results that make

physical sense - in essence one is making local linear approximations. In complex variable theory the concept of an analytic

function underpins the whole theory. Such functions have a Taylor expansion and thus locally (at an arbitrarily small level)

are linear. This means the angle between curves is preserved under such functions - this is the nub of conformal mapping

theory. Non-local qualities such as arc length and area are not preserved. (8..**9##.:;&4*+**<"%*0*;.%&=0)&":*"<*0*>0=.*
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If f is n+1 times differentiable on an open interval J , then fora,x !J

"# $UR( )+, $.X.&)0 (( 1*&#23.4.20'5/6#2/07



1 & Induction 05 December 2009 Part 2.nb

HSUO& & H(VE) MBI HOEL 11 | o bl R JE R 1S R 08 8E" &, 1RA0230048S&(45&(

60",-0850-78749&:(;<,-=.&:>0,-0/&#3>72>8&@&(..A/0&;, A&B4,38&(28<0(.28(2&(&9040-(<&<080<%&C&2,&.00&>,3&72&7.&A.0
250,-&7287.&74.2-A?278082,89,81(?B&2,&E7?>(-5&F0;4/(4=.&&"(/,A.&G>H&2>0.7.&748&3>7?>&>085080<,1058>7.808,2(2
74209-(<&(!!-,(?>8&2,&DA(42AI&2>0, - +&8&&], A&3T<<&2>04&(11-0?7(20&3>;8&& 7287 .&4,2&..,/085-;C&A.0<0..&!70?08&, "&74" -/
2(4&4,383(<B&,80-&2>08&.(/0&9- A45&(.&(8&J,10<&G-TK0&37447498&1>;.777.288&372>&;,A-&B4,3<05908&.,"&: (;<,-=&.&:>0,-0/+
37<<&4,2&A450-.2(458080-;2>749&74820-1.8.,"€2>081>;.7?.C&1A282>(2&7.84,2&2>08!, 742+&I1 A&?(4&902&2808."<(8,A-&,
(458>,10"A<<:&&; A&?(482(BO&(3(;&.,/0&74.79>2.82>(2&37<<&2(B0&; A&0804&" (-2>0-&("70<5&(.&:, A&T47?-0(.0&:,A-&B4,3<
| A-&2A-7,.72;&87.84,2&1TDA05&2>04&;, A& > A<5&.2,1&-0(57498&4,3+&

5, &A450-.2(45&3>(2&",<<,3.&@&37<<&.02&,A2&2>0&5080<,!/042&,"&2>0&(-9A/042L

M+&:>08&?,4?012&,"&(&3(80&"A4?27,48&(4582>080$10-7/042(<&1(?B9-,A45
N+&:>08?,42012&,"&(&!-,1(17<72;&(/'<72A50

O+&:>08&7,42012&,"&(&"A4227,4(<
P+&:>0&7,47012&,"&(48Q(?27,4Q8&(45&2>08&!-74?71<0&,"&<0(.2&(?27,4
R+&:>0&7,42012&,"&(4874209-(<&0DA(27,4
S+&T,3&:(;<,-U.&:>0,-0/&7.&A.05&2,&(!!-, $7/(20&(&!(-27?A<(-&74209-(<&0DA(27,4
V+&T,38&745A?27,487.&A.0582,&Q!7070Q&2,902>0-&2>0&3(80&"A4?27 4

@&>(808&7>,.0482>08!(-27?A<(-&0$2-(?2&"-,|&F0;4/(4=8.&2>0.7.&&10?(A.08728&7.8&2>0&" Ad5(27,4&" -&AA50-.2(457498&>
250,-:80$1<(74.83>:8&<79>2&(110(-.&2,82-(80<&74&.2-(79>2&<740.+&&WO&(<<&XB4,3Y&2>(28<79>2&2-(80<.874&.2-(79>
B4,382>(2830&7(4=2&.00&(-,A45&?,-40-.Z&T,3080-C&72&7.81;&84,8/0(4.8,187 A.&> 3&;, A&DS!I<(7482>08"(?282>(28<79>
2-(80<&748&.2-(79>28<740.8,470&;, A&AA450-.2(458>,382>081(.728&0<0/042.&,"&<T79>28#70&!>,2,4.%8&10>(80&(28&2>08&DA(
50"74720<;&&5,4=2&2-(80<&74&4770&.2-(79>28<740.&1A28>,3&5,&;,A&-0?,477<0&2>(28372>&2>0&,1.0-8(1<0&9-,..&10>(
IAKK<7498&2>749+

>08.2(-27498&!,7428" -&2>08.2-(490&3(;&!(-277<0.810>(80&7.&2>08\20-4*]0-<(?>&0$!0-7/0428&3>72>&0.2(1<7.>0582>0&D.
(A9A<(-&/,/042A1+8&:>08,2>0-80$10-7/042&7.&2>08&5,A1<0&.<72&&0$10-7/0428&372>&1>,2,4.+&&6,2>&0$10-7/042.&?>(<<04
2<(..77(<&8703&,"82>749.+&"&9, 5&0$!<(4(27,4&,"&2>08\20-4*]0-<(?>&0$!0-7/04287 1828 1O& ARSI 45
:>08",<<,3749&
57(9-(/&.02.8,A282>08&1(.7?&"0(2A-0.+&8\7<80-&(2,/.&08(!,-(20&"-,/&2>08&> 2&,804&(458(..&2>- A9>&2>0&.<72.&(45&2>04
/(9402.83>0-082>0-087.8&(&.2- 49&8(-7(27,4&7482>08/(940272&"70<58748&2>0880-272(<&#K&Y%H&57-0?27 4+&@4&2>0 -8
2-(/1<082>08/(940277&/,/042 #98& "&2>0&.7<80-&(2,/.&.,82>(282>0:&37<<&10&AAT" -I<;&&57.2-T1A205& 7 4&(<<&57-0727,
0$1072.&(&.,-2&,"&AAT" -I&57.2-T1A27 4&,482>0&.7-004&372>&(8&>079>2&!- 1,-27,4(<&2,82>08&.2-0492>&."&2>08/(940272&
A0&(?2A(<<;8902.87.8072>0-&A1&, -&5,34+88&".&_A<T(48\?>37490-&72,//0421 &T4&> P& 1B
(2&1(90&0°L

Q@2&7.&(.&2>,A9>&2>0&(2,/.&0/0-9749&"-,/&2>0&,804&>(80&(<-0(5;&.04.05&2>0857-0727,4&,"&2>08&"70<5&74&2>0&/(94

Al&(??,-5749<;+&a"&?,A-.0C&T"&; ASYEEDIDREL7 &4, 2>T498@E&?(4&5,8" -&;, A+8&J, C&30&/A.2&(??201282>7 .&,A2?,/0&(.&(4
7--05A?71<0&"(?2&,"&<7"0&(458<0(-4&2,&<780&372>&72ZQ

VUHS%&!(( )H#S*+,"-"+.1%0%+%'1 23*14 $( &#256672 "#'$%&'(( J#$*+,"-"+'./%0*+%'1



UHS%& # (") +,-.(#1,X01*2.,%*3114*5*6" T#*3 *8/ 9: 7, $#*3114* 9%H#NT<$" =#T7/8&>%?%&")<(/&<".

Stern — Gerlach experiment

PN i e
_J N R — \ [ ) Frontal view of

]
\ N\ f’} // magnet
Hot oven Slits Magnets Screen s
with silver z
source

The prediction of
the distribution of
the atoms on the
screen was: |

The observable
reality was this:
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Classical predictio Quantum reality
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which runs from the beginning of the path to its end.

Why have I said that the probability is proportional to the absolute square of the amplitude? It all turns upon the concept of
normalisation - which is fundamental in the context of quantum theory. In an infinite dimensional space used in quantum
theory one is effectively doing an integral over an infinite dimensional space but this integral must obey the normal rules of
probability. The total probability must still must not exceed 1 and must be non-negative.

Think of the simple example of the continuous uniform distribution on (a,b). The density function is f(x) = % so that the
!

probability that the random variable X takes a value less than or equal to z: Pr {X! z} = f# l:— I'x= [z " a] sothat

when z=b Pr{X! b} =1. The “probability element” ie Pr { x < X <x + dx}, is f(x) dx = % In effect % gives the

appropriate normalisation so that the probability falls within [0,1].

The probability rules culminating in the concept of probability as the square of the amplitude arose in the 1920s out of the
work of a number of physicists who made inspired guesses at how to explain various experimental evidence. They
definitely did not sit down and develop the final shape of the rules in an abstract theoretical sense. The bizarre evidence
drove the structure of the rules. For a good history of the process by which the likes of Bohr, Schrédinger, Heisenberg, Pauli,
Born and others arrived at the theory read:

The other fundamental building block is that the rule of composition (ie adding) these vectors (Feynman calls them
“arrows") is that the “final” arrow is determined by drawing an arrow from the tail of the first arrow (ie the start) to the head
of the last arrow (ie the end). The !"#$"%&ds that it is the square of the length of this final arrow that gives you the probabil-
ity of the entire event. They are the basic rules.

Dirac developed his “bra” and “ket” as shorthand notation to represent what was going on. Thus the physical result of a
particle arriving at B given that it starts at A is represented as “ " Particle arrives at B | particle starts at A#”. The brackets
(hence Dirac’ s reference to them as ‘bra” and “ket") are equivalent “to the amplitude that".

The nub of quantum mechanical thinking is that the world is not deterministic ie you cannot predict the future state of a
particle or system with certainty. This is reflected in the Heisenberg Uncertainty Principle (HUP) which essentially says
that you cannot simultaneously precisely know the position and momentum of a particle. Some textbooks suggest that the
HUP is about the inability to conduct simultaneous measurements accurately. Another view is that the HUP is not a
statement about measurement inaccuracy - it is a fundamental aspect of the functional relationships involved. This is a
deep idea and I feel ashamed that I have given it such short shrift. I will return to it in a later chapter. The modern proofs of
the HUP involve the Fourier transform and are based on the general idea that a function and its Fourier transform cannot
both be essentially localised ( see

As Professor Ramamurti Shankar from Yale University has noted in his very well written book

“The uncertainty relation is a consequence of the general fact that anything
narrow in one space is wide in the transform space and vice versa. So if you are a 110-1b weakling and are taunted by a
600-1b bully, just ask him to step into momentum space!” (page 138)
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No one - I repeat no-one - understands what particles do. Many experiments have been done and probabilistic laws have
been developed to explain the observed behaviour. These probabilistic laws are completely alien to the classical physics
taught in high schools - ballistics, inclined planes etc. What Feynman did - and it is!"#$%!&#'(&)'$*++,11#($-*.)#(/!*'0!
1'$)++)2$(*++,11*$$-*2$aBhe same time - is that his thesis involved using 2+*//12*+11'$).-*$1#'1#4115*$%/hrrive at the
path that fitted in with the quantum mechanical view of the world. Indeed, Feynman complained that Niels Bohr thought
that he didn’t understand the HUP: see 6)-*+0!718#%'/#'191:12%)+1;1:*510(/1<=%)!>),'&*1?2'$).-*+1*01>) '&* @/
AD)-*$1#*+1B*+2(+(/C!ADA#-0IE21)'2)IF("+12*$1#/GIHIIIG!5KL

Heisenberg developed an equivalent matrix formulation of quantum mechanics - in fact he did so in 1925 and Schrédinger
came along with the wave equation a short time later. Schrodinger proved the equivalence of the two approaches in 1926
(see!4##S'#S$)IM!I5*.)ING!8#%'I3#'1O)(&*"'G!:*$%) &*$12*+!>#('0*$1#'/1#4 1P (*'$(&!:)2%*'12/GIF-1'2)$#'1Q'13)-/1$,!
F-)//G'LRSJNo-one knows what substances Heisenberg was on when he developed matrix mechanics - the wave approach
had a much greater chance of striking an intellectual chord with physicists. What Heisenberg did was truly astonishing.
Apparently it was Max Born and Pascual Jordan who took what Heisenberg had done and recast it formally in matrix
notation:

"The elements of Heisenberg's calculations could likewise be written out, Born now saw, in the form of square arrays, with
each position in the array denoting a transition from one atomic state to some other atomic state. Crucially, the multiplica-

tion rule that Heisenberg had so painfully devised was precisely the multiplication rule for matrices already known to a

select band of mathematicians. Heisenberg had known none of this, of course. It was his acute insight into physics that led
him to the answer he needed" U*310!;1'0+),G!Q'2)-$*1'$,VIWL/$) L' GIX)1/)")-.GIY#%-1*01$%)/S-(..+) 1 4#-15%) | /#(+1#4]
121)'2)ZG!['2%#-IY##/GIHIIS 5*.)/ILHIVLH]K

The Allies were deeply worried that Heisenberg would help the Nazis build the atomic bomb in the Second World War since
they believed he had the intellectual ability to understand what to do. However, it is now thought that he really didn't know
much about practical nuclear physics ie bomb building. Accordingly to Lindley "It appears he never figured out correctly
how a bomb would work and thought that a ton of uranium would be needed. Later, in ugly fashion, this failure transmuted
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For gach ingul s1ale i and oulpul stale j, the process T gives
a complex number, the amplitude to go from ito j: T, e C.

When paths are composed we gel: (ST, =L, Sk x T

In the limit these sums become paths - the matrix
formulation is equivalent to the continuous path integral
approach

@&*,'82%6(.,$%(33"%+,",>2#9(3,$1,'&8'82$1%#&EYBCID/E/::::F" ($6'%+&),'&9,*€rttinuous )%(%,)0(1," ' 7+#1+'
+()'G'6,!*,,)'&8'8*,,6&.'%2*$)'20&%$'%+,'8(1% '%+(%'%+,'%7&'82$1%#&iBYA{drPitic or structurally identical. =+#)'#)'
62,'%&'('%+,&*,.'5"" H#)1+,*($6'l#,)J'($6&2'1($'8#%$6'%+,'0*&&8'#$'I(*#&2)'5&&G):'H&*' ('13())#1(3'0*&&8'&8'%+,'H#) 1+,*K
I#,)J'=+,&*,."),, Norbert Wiene*/'LThe Fourier Integral and Certain of its Applications” , Dover Books, 1958,

pages 27 - 34."M$8&*%2$(%,3"%+#)'0*&&8'#$9&39,)'('3&%'&8'<&9,*+,(6<'#$'%,*.)'&8'N,5,)12,'#3$%, *(%#&$'%+,&*")&'0'7 &2 369
*1&..,$6'#%:'Q".&*,'(11,))#53,'0*&&8" 7 +#1+'#)'$&%'5(),6'&$'0*, 3#.#B(*"'N,5,)12, #$%, 1 *(%#&$ % +,&*"*,)23%)'1($'5,' 8&2$6'
#$Graeme Cohen, “A Course in Modern Analysis and its Applications”, Australian Mathematical Society Lecture

Series 17, Cambridge University Press, 2003, pages 304-305. =+,'"1&$1,0%'&8'#)&.&*0+#).'7()',;03(#$,6'#$'('5()#1'7 (™
(%'%+,',$6'&8'R(*%'C:

=+2)'%&",(1+),>2,81," v L i/ | | T#Y%+ 8#3#%," \ #'%+,*'1&**,)0&S$6) ('82S1%H&S! "4l 111 1" T "T#%+'('8#$#%,'

#$%,!*(§ O Ml 11118 i 63SY+#)'3(%%, *H$Y0,1*(3'5, #$!'V+, #$%,1*(3'#$9&39,6'HS %+, '7(9,,>2(%H#&ST: U,
pages 28 -58 , John von Neumann, Mathematical Foundations of Quantum Mechanics, Princeton University Press,
1983'8&*'('6,%(#3,6',;03($(%#8&$:"0%'#)'(1%2(33"0*,%%",() "%&'8&33&7'S&$1,"&2'+(9,")&.,'82$1%#&$(3'($(3")#)'2$6,*"" &2*'5,
5,1(2),'9&%'V,2.($$'6,9,3&0)'(33'%+,)%,0)'S+,'+(6'%&'5,1(2),'#%'7()'$,7")%288'#$'%+&),'6 (") T:"=+,*,'#)'(3) &' (| &&6'+#!+'
3,9,3'6#)12))#&$'&8'%+,'#))2,' #$'W+(0%FD4&BL Cohen, “A Course in Modern Analysis and its Applications”,

Australian Mathematical Society Lecture Series 17, Cambridge University Press, 2003. W&+,$P)'5&&G'#)".&*,".&6,*$'
52%'#8"&2'7($%'%&'%*(9,*),'%+,'%, *#%&*"' %+(%'%+, #$9,$%8&*)'1&9,*,6*,(6'9&$'V,2.($$'K'+,'#)'3,)) ' 8&*5#66#$!'%+($'0'%+&
52%'6&$P%",;0,1%'3&%)'&8'0#1%2*,)'

VUHS%&!(( )H#S*+,"-"+.1%0%+%'1 23*14 $( &#256672 "#'$%&'(( J#$*+,"-"+'./%0*+%'1



UHS%& # (") +,-.(#1,X01*2.,%*3114*5*6" T#*3 *8/ 9: 7, $#*3114* 9%H#NT<$" =#T7/8&>%?%&")<(/&<".

I"HB06"& Vo () +,+)-* ) H++"$0' 12" $3%A*$#./5'6 (43 (‘#1/*34H%) H'$"&7)+'64%( %() 4%6) 8+ *2"H' 2"$3%64*$9" ¥ *"Uott;) &)
2"$3%4*$HE0'A$%)8+#96) 4% HS0'8) Yo' H'S" & 7)+9"<'(#-)' )% "% AS H #Y%6)+'[)3%A*$' &) &*+) 0)VottA. HT*"%'2"$3%4*$#./' #$0'% ()
+) HYA* S/ (A="Vo -#+ AHYA*$H.'=+*T7 )&/ 4) &H>A&AI 4S8 HS0'&ABAZA/4$8 2" $3%4*$/9"2$) * 2'%6()'0))="2"SOH#&) $Yott.'=+4$34=.)"*2
&*0)+$'=(,/43/"4/'%()'3*$3) =% 2 UHSYHI&' () *(&+,-(+%-HBB( @4)++)'0) A)+&H')>=+)//)0'#/'T)4$8 % (#%'B.48(% Yo +#-)./
7)%6))$'%6*'84-)$'=+4$%/'#.*$8'% () =HY6("*2'(*+%6)/% WA GIBIBO+1'$-+&((1"HSYHI &' (2'%+/,'()-3" (+11")+%3',(-)(-3" (
A1'((134,4%+&((1")2& L (+ (+(,/2, - * (H-(+$O(4'- (#-(1") 540", (6™ +-"(( 71&+$+-)"4((1)8" (-3+$(-3),'()-3" (- %3$#9/", 9

CHY 4., *"8)%'Yo() H&) H$/6)+'6() %)+, ") Yo() &*+) 2" SOH&) Yo, '=+A$34=.) *+/[*&) L(48()+5'.)-). ==+ #3(9

A), S&HS"8A-)'H 8*0)>=*/4%4*$*2'V6()'=+A$34=.)*2" ) #/% H3% B S 4"
A)BEHSD/'A$%)+)/%'4$'% () )#% #3%A*$'=+4$34=.) 6H/'

=4E")0'7, (4 (48(13(*'=( /43I V) #3()+ I F+GHO)+6(*)>= #4$)0'%* (4&T)3#"1) ()')) &) 0 T4% 7*+)09" H) *6) #' *%p
U*F+GHO) ()2, *BASS 0AHB+#8'84-)'# (48(.)-).-4)6'*2'%()'8)$) +#.'40)#K

observed wmeot.

L

L

64.
& Nt - J‘.ﬂ
{ Chon = S = 2
L m/dx AL
obsetued [ = | —mgi
e 2 >3 (ﬁt{—} j]
: A

P

K& PE
lM e d 3 £
ﬂ/"\Q U\'\pﬁcpu 2o
£
l
Sima
e L observeo

<$).)&)$Yott+,'=(,/43/"*$)')%/"='0422)+)$%AH#.\E"HY%A*$/'6(43('0)/3+4T) (*6'%()'1,/%)&")-*.-)*-) + HE 4$24$4%) [A&H...,"
1(*+9%'%A8&) "TL) 3%'%*'*&) 4$4%A#.'3*$04%4*$/9"2$) % ()$'/*.-)/'%() 0422)+)$%4#. ) E"#%4*$/'%*'8)%'%() 8. T¢.5'=43%"+) *2"
119%)&")-*.-)19" J()' 1#3%4*$5'3*$3)=06'4$-+.-)/ Vot 4$8'%0() 4$4%64#. HE0'24#. 3*$04%A*$/*2'U6() |, /%) &' M4) 1%() /%) & 4/'$*6"
H96'G'7"%'[%6#+%6)0"*"%'#9%' NBQ HEQUBOKA/) # 2" $3%4*$'3#..) 0'% () 1#3%4*$5'06 6+ "% BB 16 4$%) + &) 04#%)'

"# $UR( )+, $.X.&)0 (( 1*&#23.4.20'5/6#2/07



10) V"H$%& (J#I*+!,-&-./-011**21340'1 154/

HSY& ()*+9%, +)-.&)/0)'1.-01(02) %&,).&)%&3%&%)$3)*.1(4))5&0)6(0()'+0),.7,676()$3)-.1%.'%$&()'$)3%&2)' +0)8%8%68%(%&.")#.
%&-$7-0()7$$9%&").)$+OL)#."+()'+.)20-%.'0)/1).)(8.77).8$6&)31$8)'+0)20(%102)#.'+4)):6().()$12%&.11),.7,6 76 ()%&-$7-0()
6(%&").)('1.%"+)7%&0)'$) ##1$,%8.'0)'+0) 7$,.7)#1$#01'%0()$3)($80'+%&")8$10),$8#7%, .'02<)'+0),.7,6 76 ()$3)-.1%. %$&()6(0(
3$18)$3).##1%$,%8.'%$8)'$)1026,0)($80+%&"), $84#7%,.'02)'$)($80'+%&")8$10)'1.,"./704))=.17$1>()=+0$108)#7.1().) 36 &2.80&2

' 7)1$70)%8&) +%()#1$,0((4))=+0)2%."1.8)/07$*)(6™0('()+0)+%"+)70-07),$&,04#)$3).)-. 1%.'%$&)$3) +0)36&,'%$8) @:A)$-01)
B.</C4

y(x) + h(x)

. |
:+0),7.((%,.7).,'%$&)%()'+0)3$77$*%&")%&'0"l.7[D!)II)EBF!@'$C§#}H "06 "4))H$6)*%77)&002)'$)'.90)'+%()$&)3.%'+).")'+%()
(."04
=+0)F@'A).10)(%$),.7702)1"0&01.7%(02),$?$12%&.'0(J).().)36&,'%$&)$3)'%80)%0)'+0!),$672)/0)K.1'0(%.&),$?$1226&.'0()$1) (#+
$12%&.'0()$1).&1)$'+01)(1('08))$3),$?7$12%&.'0()))FAW)"0&01.7%(02)-07%,% '%%0(4A) ¢'t"'<t$)%(),.7702)'+0)L."1.&"%.&)
.3'01):$(0#+)L$6%()L."1.& " "Dhy simplest way to give you a taste of the concept (and that is all it can be at this stage)
is to take a well known high school level problem and show how the least action principle operates.

=+0),$&,0#)'+0),7.((%,.7).,'%$8)%()%& '%8.'07!),$&&0,'02)*%"+)+0)%20.()$3),$&(01-.'%$&). &2)%&-.1%.&,04))=+0)M018.&)8. -
8.'%,%.8)N881)0$0'+01)%() L0(#$&(%/70)3$1).)8%1.,67$6()'+0$108)*+%, +),$&&0,'()'+0)%20.()$3)%&-.1%.&.,0).&2),$&(01-.'%S
P6()$6')$3)(1880'114))Q$1)%&(".&,0<)'%80)'L.&(7.'%$&)(1880'11)"%-0(), $&(01-.'%$&)$3)0&01"IR)(#.,0)'1.&(7.'%$&)(1880'1!)
"%%-0(),$&(01-.'%%$&)$3)8$80&'68R)1$'".'%6$&.7)(1880'11)"%-0(), $&(01-.'%$&)$3).&"67.1)8$80&'68<).&2)($)$&4)) E+0)#1$-02) +%
%8&)STSU).")'+0)'%80)$3)N%&('0%&>()"0&01.7)'+0$11)$3)107.'%-%'1).&2)N%E('0%&)*.()%8#10((02)/1)'+0)10(67'4))V0,.6(0)(+0
:0%06(+)(+0)3702)M018.&!).8&2)0&202)6#)%&) +0)W&('%'6'0)3$1) X2-.&,02) E'62960().") Y 1%6&,0'$&4

VUHS%&!(( )H#S*+,"-"+.1%0%+%'1 23*14 $( &#256672 "#'$%&'(( J#$*+,"-"+'./%0*+%'1



UHS%& # (") +,-.(#1,X01*2.,%*3114*5*6" T#*3 *8/ 9: 7, $#*3114* 9%H#NT<$" =#T7/8&>%?%&")<(/&<".

D aqine e 1!

HBYGH & (&) "+, A S Yo+ S0 0" S " + Q& A-I1" 24 I WA 0% B $+O", +4" T GHOF e g A

)+ GOV TH Y AS(H SO " Bk 40" <EHO* HOH A" <BRE)" HII +A>B&N" AL, THOTS (", 4> #$0%"
mpn ! ! 1

TE&)" H W OARES)) > +>10.6>" 44" # T++A)S0140)") SO S 1 f'1" o 0" #3064 0% +4>68+ $><&$ il

n !l
" 14 #)$,,'4'0.8* . $+0 $/ -$HAI<T. + .$> 1= @+6"4A" &+ - #" HS/" %' 0'4*&S/* SO SHA"S.H$. > +4"T+074 " @"

'
FASOUTB2YC (" 1 I 5% B> 1 # >06785 #)S, 407" 0 ASD $TH0) <+ 0. SO A%S -1

20" 1 41" !|;$ B">(""8/$O7!|'I"B"(?"-#$7#"56*&$,$'/“*/"*">+>‘0.6>1"2#6/"$,".#‘"3*%4*0%$*O"$/"$O)'<'O)'O."+,"/+>"‘7++4)$9

0%, 11" 40" " T+44'/<+0)$0%">+>'0.6>"8T*&&)" 4" T*0+0$7*&">+>'0.6>"$0" # TAYSLE": "+ T+0/*0."+ " #">+ $+0"9"

I"HSY%%& (B) < HH+1),-#%." (Vo8- +H8&-S ) HS() "

F+O/$)'4"*"<+$0.">¥//">" *&&S0%" 4" &@", 4+>"4']."60) 4" #" +AT""+,"%4*($.@"8*//6>")" +":"T+0/ *0.21"24*0A/" +"G'-.+0"-"
AO+-" 45" 4" +4T"$/H"

p—
#H ##
J6.1"B"> 1+ $

2#"'/+&6.$+0".+".#$/"$/";8.,I—',?"'%B'E'"8:@"/6$.*:&"'7#+$7'"+,".#"'7+0/.*O./"+,"$0.'%4*.$+0"$"'7#++/$0%"";"B"E“*."."BE?
2#"3*%4*0%$*0"*<<4+*7TH#"'$0(+&('/"&++AS0%"*." #")$,,'4'07™:" .-"0" #"A$0". $7"*0)"<+.'0.$*&" 0'4Z6BT259"C"B"

LU0 0 >0 B> # >0,

Gt " <4 0. $RE O A @ SIS, H A" I VS FOT" A" T+ ASHSO"S" <+ 10 $1&0'A%@"$/) TAGO%" 607 S+
)SLFOT™ A" 4 AOT<H$0. 1 2HSOA™ " 47 <+.0.$5& "0 A% @"+,"1+>"+0" 0)$0%"+0"K(4'L."( 416/ 1+>"+0"* " *"
&(&l

| | |
2#"',60)*>'0.*&"*//'4.$+0"+,“.#"'3*%4*0%$*O"*<<4+*7#"$/".#*.".#‘",+&&+-$O%%¢“‘.46‘I—lﬁ ! %&"!"#!

o I, a
e mn — I —H-" lo
9! T $1%

#'$%&'(")F++,"+,"-.&/"+01&-&+0",+*"20"34-*35%5"6&3"2"5&0&5%5!""&/"[3# 01 &B" 7B+ %" &;;"/33"- . 2-"&-"&0<+;<3/"
=29;+*>["=.3+*35"93-"2?2288 -"8/"/1&5);9"2"2303*2;&/2-&+0"+,"-.3"+0'3)-/"%/31"-+"3/-2A;&/."2"58085%5"&0".&?." /' ++;"
'2;'%;%/B

244" S%'9 81" § 5% 1§15 E&HH 06 B 441

"# $UR( )+, $.X.&)0 (( 1*&#23.4.20'5/6#2/07



12$! "HE%&' (J#!*+],-&-./-011**21340'1 154/

How the Lagrangian figures in Feynman's thesis

"#$%&' (&) *&)$+*,(#-$*)$.#/)0&) 1-$2"#-*-$*)$&$+,) 3&0#) 28&4$5&/6$7#8&44*) $5" & 2$5&-$-&*3B&I:;#$&9:,2$2"#$<*(&8%$): 2&2*
Feynman's starting point is the following:
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With all the preliminaries done, let’s get to the thesis!
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This extract is one of the most influential intellectual drivers of modern physics and is frankly astonishing for its
simplicity. Indeed that is why I chose it. Feynman's genius was that he could use some elementary techniques
accessible to smart high school students and undergrads in a way that could generate significant physical results.
There is a huge literature flowing from Feynman's “heuristic”” (ie a way of exploring solutions to problems)
approach.
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Plot[Cos[10°9x2 m x~2], {x, 10, 10.000000001}]

-10

Plot[Sin[10°9x 2 m x~2], {x, 10, 10.000000001}]

1ok

Feynman is basically doing a Riemann integral based on real and complex parts. It really is as “simple” as that - I will
come to some of the technical problems shortly.

If you have forgotten what Riemann integration involves it is this: you partition the interval [a, b] this way: a =

L1 Lol 01" " and we "tag" each interval with a number !, in that partition ie % #[! =, !+]. You then consider
all sums of the form ! ;# #(! ;) (Y4 14 +) and if all these sums areas close to each other as we want by making the partitions

finer and finer then the limiting value is the value of the integral. In substance this is what Feynman was doing.
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It has been a long time coming, but Feynman uses mathematical
induction to generalise the path inte-
gral
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The Principle of Least Action in Quantum Mechanics a

If the problem involves more than one particle, or particles with
more than one degree of freedom, equation (41) remains formally
the same, if ¢ and Q are considered to represent entire sets of coor-
dinates, and [ ./ dg represents the volume integral over the space
of these coordinates. The form of Schridinger’s equation which will
be arrived at will be definite and will not suffer from the type of am-
biguity one finds if one tries to substitute %% for pg in the classical
Hamiltonian,

It will be important to consider the consequences of (41) when
applied to connect the wave function at one time to its value at some
finite later time.

Suppose we know the wave function ¥/(gq, fo) at time tg, and desire
it at time 7". Dividing the time interval up into a very large number
of small time intervals #g to ty, t; to i3,..., t,, to 7', and applying
relation (41) to each time interval we obtain, il we write g; for the
coordinate associated with time ¢;,

.$(?i+hfri+1) =jei"(‘:+£=%:"i\”"‘)'("*‘f") .w(q‘_gi)_\/é(q')d‘ﬁ

Altigr — )
(46)

Thus, by induction we find the relation,

*(Q-ﬂ"'—'/['“/m{;;g[L(‘:::—::'%-Q-H) g (e —fnl]}

M@dqh--ﬂ\/a: ki
X ¥(do, 'U‘\’A(h —tg)- Alta—t1) .. - AT — t) ' s

where iu Lhe swin we shall write Q for gy, and T for ty,.;. In the

limit as we take finer and finer subdivisions of the interval tg to T

and thus make an ever increasing number of successive integrations,

the expression on the right side of (47) becomes equal to ¥(Q, T).

The sum in the exponential resembles [," L(g, g)d¢ with the integral
. written as a Riemann sum.
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The problems with Feynman!s approach
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capable of providing rigorous analytic arguments for each line in his derivation). If you are morally affronted by Feynman’s
reasoning you are probably destined for something other than physics. Pure mathematicians would NEVER even think of
doing what Feynman did - it was too mathematically sordid for their tastes. However, Feynman’s approach actually proved
to be immensely fruitful for physics. The details have been the subject of much rigorous examination over the years. His
approach has been so influential because is represented a connection with classical physics in a way which physicists could
grasp. That is an important comment about the cultural environment. Thus he expressed the evolution of a quantum particle
by an integral (as discussed above) which was defined over the space of the paths the particle might travel. When Planck’s
constant is allowed to go to zero the quantum evolution slides into the classical one (he also shows this). However,
Feynman’s analysis is far from squeaky clean. There are some !"#$"%"& $problems which are briefly as follows.

The wave function is assumed only to be square integrable ie the square of the function is integrable. Taylor’s theorem
requires)*"%%-+,+$("'-"."(Of sufficient orders and)01".+)(1+)2'(11)3"/)-+)&4$("$545")(1+/)3'/)$4()'.0'/"))-+)
*'06%+,+$("'-.#6deed, that is precisely the issue with the sort of random motion that is typical of Brownian motion (named
after the English botanist Robert Brown who noticed the irregular movement of particles in a fluid) . Feynman recognised
this in a 1948 publication in which he referred to the paths having the characteristics of Brownian motion: see)

The Riemann integral has very little role to play in modern probability theory and hence quantum physics, rather Lebesgue
integration (measure theory) underpins modern probability theory. This makes Feynman's derivations even more
astonishing. In probability theory the domain is generally not the real line but some abstract space depending on the actual
experiment so that the concept of partitioning such a space in relation to its "length" as in the case of Riemann integration
does not make sense. Think of an experiment involving coin tossing. If the coins can be tossed an infinite number of times
the space will consist of sets such as {H,T,T,H,HH,T H,,,,}. How does one meaningfully partition such sets as one would
partition [0,1], say?

The limitations of Riemann's approach to integration became apparent in the second half of the nineteenth century and the
issue of continuous functions which were nowhere differentiable attracted considerable attention. Norbert Wiener used
Lebesgue integration theory in his development of a rigorous treatment of Brownian motion. Wiener did this in the 1920s
and 1930s when Lebesgue integration theory was not widely understood (it is still rarely taught in any depth at undergradu-
ate level). Fourier theory (which is intimately connected with probability theory via the concept of characteristic function)
cannot be fully developed using Riemann's theory of integration - Lebesgue integration theory and Fourier theory go hand in
hand.
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The big idea:
Lebesgue v Riemann

Riemann Lebesgue

: AV

Instead of partitioning the domain, partition the range
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A brief excursion into Brownian motion and its relevance to modern finance
theory
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I"HSIHSY&" H (" $%&H(&)S+,$-)./"$+,$.,$(&00&1,2

randomWalk[n_]:= Module[ {steps, walk},
steps = Table[ 2 Random[Integer, {0,1}]-1,{n}];
walk = FoldList[Plus,0 steps];
ListPlot[walk ,PlotJoined -> True] ];
randomWalk[200]
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Riemann integration. The concept of quadratic variation is fundamental to the understanding of this latter term. The
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Most functions have continuous derivatives and hence their quadratic variation is zero. Hence quadratic variation is never
really considered in ordinary calculus. However, with Brownian motion, one cannot differentiate with respect to time and
the Mean Value Theorem will not always apply. Because Brownian paths are very "pointy", the derivatives do not exist at
such points. The quadratic variation for a Brownian path is T for all T = 0 "almost surely" ie there is a set of measure zero
(and hence zero probability) for which this is not the case.

HE%&"$" () +,$-"). $*+"/$&0%-" -)-(0"+10$%2

Modern finance theory is spectacularly flawed in its application. Two of the high priests of the theory, Robert Merton and
Myron Scholes, received the Nobel Prize for Economics yet when they applied their "talents" to the real life management of
a hedge fund they blew up billions of dollars of investors' wealth in 1998. This is the equivalent of the electrical engineer
shorting out the car battery. They still retained their Nobel Prizes which says more about the low standards that apply to the
pseudo-science of modern finance theory. Scholes wound up in court arguing with the authorities over his tax affairs arising
from his involvement in the fund. Merton and Scholes based a whole investment process on the assumption (wrong as it
turned out) that certain unlikely events would not occur on their watch. Alas for their investors, they were wrong. If you fail
on such a spectacular and public scale in any other discipline such as aeronautical engineering, electrical engineering or bog
standard bridge building, you usually do not get a second chance. Merton and Scholes apparently continue to be "respected"
members of the finance world.

Merton and Scholes, while clearly intellectually capable of working out abstract probabilities, were victims of a form of
perception bias that afflicts many in finance. Their perception was that it was highly unlikely that a certain combination of
events would occur which would undermine their hedge find strategy. They borrowed on a massive scale - around 25 times
their capital. Large investment banks also had gearing levels of twice that size which made them de facto hedge funds. It is
little wonder that some failed in 2008. Yet the events did occur and their fund was destroyed. The problem with their fund
was the extent to which Russian government bonds were correlated with those in Mexico? Not at all, according to the
ironically named Long Term Capital Management model which crunched data going back a hundred years. Notwithstanding
this impressive amount of data, it turned out for the hedge fund that both markets were dominated by the same few investors.
The 1998 financial crisis in Russia, when Boris Yeltsin’s government defaulted on its bonds, caused panic selling in Mexico
as investors rushed to de-risk their portfolios. That was all the correlation that was needed to sink the fund.

In the deservedly famous textbook,
thére islalecompelling example of how even world class people
can misperceive reality. Feller did a simple coin tossing experiment and in essence he asked this question: if a coin is tossed
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3,2,%06(3,-=)4"C8%(3) ()*2453,#(3,(53)(*'343*3)9(+.(45%(73P%)(+.(0%'4+,(2,-(T*5+7%)>

The problem of infinities

Z,%(+.(45%(!'+67%9)(8345(45%(%2'7"(&%')3+,)(+.($=2,4=9(%7%*4'+-" 293*(45%+" (EP, +8,(2) (IN\(853*5('%.%") (4+(5+8(45%(
YT 4"+ ,(3,4% ' 2*4) (8345 (% T%*4'+92#,%43*(.3%7-)H(82) (4524(+.(3,.3,343%)(3,(45%(%AI2,)3+,) (+.()+7=43+,)>((|+=(8+=T7-(#
,=969")(.+'(45%(.3)4(V(+'((/(4%'9)(6=4(2.4%' (4524(45%()=9(+.(%923,3,#(4%'9) (8+=7-(-38%6 #%>((X53)(7%-(4+(2(5=#%(29+=
8+'P(+,(F'%,+'9273)243+,G((45%+"D(45%(1="1+)%(+.(853*5(82) (4+(%) 426 73)5(4524(.3,34%('%)=74) (8+=T7-(6%(#%,%'24%-(6'
4+(45%(82896(%$=243+,(2,-(+45%' (%7 24%-(453 #)>(X5%(!'+67%9()4377(%A3)4) (4+-2" (6=4(2%*+'-3 #(4+(24(7%2) 4(48+(2=4
*="0f A(*+1(+.(45%+%43*27(15")3*3)4)((8+'P3,#(+,()4'3 #(45%+" (2'%(2(42-(3,-3..% %, 4(4+(45%(I+67%9(+.(HB3E:3%)>((@+
277%H%-7"(*+,*%', %-(8345(2*4=27(%A1%'39%,427(%&3-%, *%(3, (% 7243+,(4+(45%(!'%-3*43+,)(+.(45%3' (9+-%7)>((X+(=,-%"
"4=(8+=7-(,%%- (4+('%2-(45%(6++P)($=+4%-(6%7+8>(C2'43*7%(15")3*)((3)(,+8(9+%(53#57"(9245%9243*27 (452, (24(2, " (439
12)4("%4(453)(52)(2!12'%,47" (7%-(,+85% '%(3, (2(1'2*43* 27 ) Vi (E

~*3-%,4277"D(+,%(*2,()4=967%(2*'+))(2(9=,-2,%(3,-=*43&%(2'#=9%,4(%&%,(3,()4'3,#(45%+" (3,(45%(*+,4%A4(+.(_3'2)+"+(+!
4+

IHSYOE (%) (S(%3")+ Yo~ [$%0#S" 10#3)+(

X5%'%(3)(2,(29=)3,#()4+"(+.(2(15")3*3)4((8+'P3,#(+,(45%(24+9(6+96(3,(;M: 1(85+(1+)%-(2(1'+6 7%9(4+((a+5,(&+,(@%=92,,(E(
I 4= *0-(F.+,(@+"92,bH(85+(82)(2('%92'P267%(Y =,#2'32,(9245%9243*27 (I'+-3#"(8345(277%#%-7"((F9+&3%()42'(7++P)b(E
82)(45%(;M:<)(2,-(42)4%)(8%'%(-3..%'%, 4(45%, H>(@+8(&+,(@%=92,,(52-(-+,%(%&%" 453 #(.'+9($=2,4=9(45%+" (4+(#29%(£
Y%(277%#%-7"(8+'P%-(+=4(3,(53)(5%2-(4524(45%()5+*P (828%(.'+9(45%(24+9(6+96(8+=7-(6%(# %24%' (E3%(9+%6(-%)4'=*
“0bd+ 243+, (+75="0b-(26+=4(V<<9(26+&Y%(#'+=,-(7%8&I6T>(U,"+,%(85+(P,%8(539(52-(,+(-+=64(4524(5%(52-(3,(.2*4(-+,%()+>

X5%(!'+67%9(45%(15")3*3)4((1+)%-(3,8+78&%-(2(.7"(853*5(.73%)(6%48%%, (48+(1=)5(63P %) (2!1'+2*53 #(+,%(2,+45%' (24(2(*+

)1%%->(X5%($=%)43+,(82)(D(#3&%, (2(*%'423,(3,34327()%!2'243+,(2,-(2(*+,)42,4(2!11'+2*5()1%%-(.+'(6-+45(63PYH)D (5+8(.2'(-+
4'289%7(6%48%%, (45%(48+(63PY{HE2AAMEIILATASY6( (B2) (2(*%'423, (*+,) 421 80V Y% 24% (452, (45%(63P%)?
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$%6&!(&'()(*+)"&* (%! &*& ((-,(#/(0&1*-(2&. ) 1*-(3(#--2(4(,&5-6(&7(,%-1(,)8,(9:(;5()#)8,()12(,%-(<&;-'(,8)=-+(), (F((#%(, %
28++(%&, (-)*%(@,%-8(&1(>(%@.8/((AT(,%-(T+/(7+8&'(), (B: (:#%6()16(&, (?&++(,8)=-+(C:(;5/

D%),-=-8(,%-(#-*&7&* (@7(,%-(#8@<+-56(,%-(#%!'&*&",(()".5-2(,%),(=@1(E-.5)116(<-&1"()(5),%-5),&*&) 16(?@.+2(".5()(-8&-(
<)-2(@1(,%-(7+((7+1&1"(78@5(<&;-(, @ (<&;-()12(?@. +2(#@12-8@.'+!(?@8;(@.,(,%-()1'?-8/(((F@?-=-86(?&,%&1 () (7-?(-*@1-
¥)5-(#(28&,%(,%-(*@88-*,()1'2-8(, @ (?%6&*%(, %-(#9%6!'&*&",(()&2GH(0@(!@.(2&211,(".5(,%-(-8&-"IH(($%-(8-#+!(?)' (K(E@6((A(

' 55-2(,%-(-8& H/(($%-(#%!'&*&' (L?%@(?) (?@8+2(*+)"M(?)'(",.11-2/(0@(=@1(E-.5)11(?)'()(5),%-5),&*&)1()7,-8()++6(<.,(
)(=-8!(7)",(@1-N

I"#$%&™ ()*(#"+,

01(&1,-8-',&1"()'&2-(&'(,%),(' O (PB(@8(PQ(I-)8(@+2(R-!15)1((%)2()/(1@,-<@ @;(?&,%(,?@ (*@+.51'(%-)2-2G (K$%&1" (A(2@(;
)12(K$%&1"(AQR@1S,;1@?H()12(%-(+&',-2(,%&1" (+&;-(KT&77-8-1,8),&@1((.12-8(,%-(&1,-"8)+(&"1H(&1(@1-(@7(,%-(*@+..
% @E&*-(8-)++/(A7(1@.(2@ (#%!'&*'(@8()11(()2=)1*-2(5),%-5),&*6(-8&@.'+!((2&77-8-1,&),&1"(.12-8(,%-(&1,-"8)+('&"1(&' () (5)V
FUL&W.-(,%),(5.",(<-(.12-8', @ @2/(A,(*8@# (#(&1(5)11()8-) (@7 (5),%'() 12(&' (?@8,%(+-)81&1"(&1(2-,)&+/(X@",((,-4,')8-(?@-7
&1(-4#+)&181"()(8&"@8@.' (V. &7&*),&@1(7T@8(.*%() 1 (&5H#@8,)1,(,-*%1&W.-/(A(5&" %, (%)=-()("@(),(,%),(&1()1@,%-8(*%)#,"

Y@.(%)=-(@<=&@."+!((2-2.*-2(,%),(A05()(7)L(@7 (R-115) 1/((A(,.2&-2(#%"'&* (('&1"((,-4, <@ @;'(<)'-2(@L(%&'(+-*,.8-'(?%&*%(
2-8-(L)12(,&++()8-M(<88&++&)1,(&1(,-85'(@7(%@7?(,%-(-4#+)&1-2(, %&1" /(Y @.(*)1(<.!(,)#-(@7(R-115)1I'(+-*,.8-(78@5(05)Z
*@5((@(1@.(*)1(%-)8(?%),(%-( @.12'(+&;-/(R-115)1(?) (@1() (*@55&,,-(?%&*%(&1=-",&"),-2(,%-(\%)++-1"-8(0#)*-(0%.,,+~(
2&')',-8()12(%-(.-2()(&5#+-(-4#-885-1,(&1=@+=&1"( @5-(8.<<-8(*@5#@.12((L,%-(&17)5@.'(K](8&1"H(7@8(,% @'-(?% @ (8-*)
28")',-8([(,%-((8&1"(?-8-( ##@'-2(,@(7T@85()1()&8,&"%, (-)+(&1(,%-(8@*:-,(<@@',-8'M(,@(2-5@1',8),-(,%),(,%-(*@+2(-4,-81)-
-5#-8),.8-(*)."-2(,%-(|[8&1"(, @ (%8&L:(?%&*%(&1(,.81(*)."-2(,%o-(,-++[, ) +-(*@5<. &<+-(=)#@.8(+&1-(,%),() 1! @1-(?% @ () ?(,%-(
28')',-8(?8++(8-5-5<-8/((F@?(2&2(%-(2-5@1',8),-(,%&' (7 @8()(*&-1,&T&*)++!(&++&,-8),-().2&-1*-J((F-(28 @##-2( @5-(@7(,%~(
5),-8&)+(&1,@()("+)" (@7 (&*-/(A,(%8)1;/($%-),88*)+(#%'&*6(<.,(&, (?@8;-2/((F-(#8)* &'-2(&,(&1(%@,-+(8@ @5(£-7@8-(%)12(,
,@(5);-(".8-(&,0++(?@8;-2/((F-(*@.+2(%)=-(<--1()1(-1"&1--8N

$%-("1(?%@(&1'&',-2(,%),(,.2-1,'(-(R-115)1S'(+-*,.8-(?) ("@%1(D)82(LL@?(2-*-)'-2M(?%@(?) (1@5&1),-2(7 @8(,%-(E@<-+(
_8&Z-(,%),(R-115)1('%)8-2(?&,%(0*%?&1"-8()12($@5@1)")(&L(P Ca(L),(+-)',(, %& (?)(?%), (A(%)=-(<--1(, @+2(<!(%&'()*)2-5&*(
*@1,-5#@8)8&'M/((AL(bcT((|@.(?&++(7&12(D)82I'(&2-1,&,1/((R-115)1S'(+-*,.8-(?-8-1S,(7@8(-=-8! @ 1-/((A12--2(A2@1S, (, %
)L @1-(%)'(,88-2(, @ (8-#+&),-(%&'(-2.%), &@1)+(-4#-8&5-1,(<-*)."- (% & B @) % (#8@<)<+!(7)=@.8-2(,%-('5)8,-8(,.2-1,/((X) 1!
@7(R-115)1S'(,.2-1,'(?-1,(@1(,@ (2@ (?-++(&1(5)1/(7&+2'/

A7(@.(?)1,(,@(%-)8( @5-(*@1,-5#@8)8!(W.)1,.5(#%"&* ((+-*,.8-'(7@8(Rdcc((+&',-1(,@(e-@1)82(0.";&12(@1(,%-(0,) L7 @82(
&%$.1-'('&,-Qfttp://itunes.stanford.edu/

e-@1)82(&'()1(-4*-#,&@1)++!("@@2(*@55.1&*), @8(@7(,%-(&2-)')12(!@.(*) L(7T@++@7?()++(,%-(5),%'(@1(,%-(<@)82(?&,%(°
FINALLY - What is Taylor’s Theorem?

O7,-80)++(,%-(<.&+2(#(+-,I'("~,(, @(,%-(1&,,(("8&,,Y((A12--26(&7(,%-(R-115)1(5),-8&)+(?)'(, @ @ (%-)=!("@&1"('@.(5)!(%)=-("@,
%-8-(.1'%),%-2()+8-)2IN((\)+*.+.'(&'(,%-()8,(@7(##8 @4&5) &@1()12($) !+ @8I'($%-@8-5(& (@ 1-(@7(,%-(, @ @+ (7T @B\ #H#8 @48
7.1* &@1'(?&,% (' @5- Y& +-8/(($%-( &5, ) #48@4&5),&@1(,@()(7.1* EROANE () (+&1-)8(@1-(L@S(5 @8 ([ (8),-+

"# $UR( )+, $.X.&)0 (( 1*&#23.4.20'5/6#2/07
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$%6%8&'()%*'+,&-')%./0)1)$/)2)304))5$#6-789)5:(-7(;) &9)$66)FHIB(G<&-*7)-06)$)%* +,&-'4)5:%9)&%)=()=$"),-)$""7-/&>
$,0%)$,))$)!--2)+$'2&2$,()%-7)$)6&'($7)$"7-/&;$,&-)&9),:89@

%./0)1)%.$0)2)%)A.$0)./)>$0

f'la)=tan B
= df [ (x-a)

a X

B7-),:(?&$!7%$;)%./0)1)%.$0)2)286)2)

C*,))%)A.$0) LYiit)-—
D-)2%)1)%)A.$0).)/)>$0))$'2)%./0)1)%.50)2) YA RENSSOIZ).: 03 7-/&:$,&-)-%)%.10)3#)%.$0)+6-9(),-)/)89)389(?))-).:(
"7-"-9&,&-),:$,)6)-)F))$9)Fp)$4

E)-:(7)=-729)=$,)89)3(&)$99(7,(?)&9),:$ )6&; T2 = H1)p
5:89)+-"+(")I('(7$689(9),):&!:(7)?&;(9&-'9)&),:09(9(),:$,)3#)*9&)$) 2(78<$,&<()-%),:09(+-'2)- 72(7)&(%)GA).$0)=();&:,)
1()9)!--2)HE$27$,8+)8™7-18;$,8-)52)3)981)$), :&72) 2(T8<$, &<()=();811 )1()$)1--2)+*38:+)$"7-/&:$,&-))$'7) 3#)*0&')
2(78<8,8<(9)""), ). FF2(T(0=0+$)()$)!=-?) n¥F2(17(()"-6%-8$6)$™7-18:,&1)%4

I"#$6& (#S)*+ #-("(.$/8%$, & Yot 0#1$2/*. 3%#14(*.(5

5$#6-789)&'9&!:,)=$9),-)*9(),:()%-66-=&'1)9(,)-%)%*+,&-'9)$9),: )13*&62&'1)36-+J9K)-%)$)$73&, 7$7#)%*'+,&-").$99*:&')&,):$9)
9*9%69%&+&(',)2(7&<$, &< (0@ NINYHGINN 4405 ()=(&!:,&'19)-%),:(9()+-;"-'(,9)&'<-6<(),:() 2(7&<$,&<(9)-%)<$7&-*9)
-72(79)-%)%)$,)$4))E"),:OMO,:)+(, *7#)B-*7&(7)."7-'-*'+(?)IB-->7((>$#K)0)!((7$6&9(?),:&9)$""7-$+:)&")$):*+:):-7() ?7%$;$,&+)
%%$9:&-'4))P'()-%),:017($,)Q-#9)-%):$,:(;$,8&+9)&9)*'?(79,$'2&')B-*7&(7)5:(- 7#)!&<(")&,9)&"*:(7$36(),:(- 7 (,&+$6)$'?)
"7$+,&+$6)$"68&+$,&-'94))R-*7)2&1&,$6)":-' () &;"6&+&,6#)*9(9)B-*7&(7)5: (- 7T#)(<('),:-*1))B-*7&(7)"(<(7):$?)(6(+,7&+$6)9&!"$69) &'
&' ?2)=:():02(<(6-"(?),:0),:(-7#4))S$,) 9+$'IN)"7-3$3&6&,#),:(-7#).(1),:0:-2(7")"7--%9)-%),: 0S(', 7$6) T&;&,)5:(-7(;)
(99(,&$66#)7(<-6<()$7-*'?)B-*7&(7),(+:'&H*(90N))6$7!()*;3(7);*6,&"6&+%$,&-).*9&),: (U&9+7(,()B$9,)B-*7&(7)57%$'9%-7;0N)
+-1"7(99&-")-%)"-7"-17$":&+)<&?(-9)$'?):*+:);-7()*6,&;$,(6#) 7(6#)*"-\B-*7&(7)-7)=$<(6(,):(-7#4)E%)#-*)=%$',),-)6($7")
=70$3-*,)=$<(6(,),:(-7T#N)!-)-)%*7,:(7),:$)-'(0-%),:();$&")"7-"-'(,9)-%),: (- 7#N)E'1 7&?)U$*3(+:&(9)%7-;)V7&'+(,-")
W'&<(79&,#4))R-*)+$)7($?):(7)(I"-9&,&-")-%),: () % &{B?)&))

)B%BT789)5:(-7(;)&9)$69-)+6 9E6S,(?),-),:(),:(-7#)-%)-=(7)
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series and analytic function theory.

If one thinks of a number as a polynomial in base 10 (eg 112 =1.10'+ 1. 10" + 2. 10%) the multiplication of large numbers
can be done using the discrete form of the Fourier Transform. If you try to multiply large numbers on your pocket calculator
or Excel you will soon hit the machine limits. The Fast Fourier Transform (FFT) is in fact an algorithm for the Discrete
Fourier Transform (DFT). The DFT is defined in terms of a vector comprising N complex values:

P={1l4 v, ...,11 ! (engineers tend to adopt this sort of convention)

The DFT of x is another generally complex vector X also having N elements the k-th of which is:

" T W]
Wl Z# M [ #gl!
If X is known the elements of x can be reconstructed according to the inverse DFT:

" [ n n
| .= !_E'!# Rl

The FFT evaluates a polynomial at powers of # ie it is a special multipoint evaluation at the powers 1, w, ...,#% " of a
primitive nth root of unity #. This is not the place to go into the full theory (this is, after all an aside, and only something to
whet your appetite), but a compelling demonstration can be given. In number theory Fermat numbers are an object of some
close study!"*They take the form #g=2'" + 1 where n is a positive integer so they are BIG numbers. For instance #g,can be
factored as:

1238926361552897.93461639715357977769163558199606896584051237541638188580280321 (see http://mathworld.-
wolfram.com/FermatNumber.html )

Here is some special code written to multiply large numbers using the discrete Fast Fourier Transform. (FFT) using base 10
as the representation. You will see that it can multiply the two large numbers above . $$%&'()*&'+,&-in-built algorithm gives
the same answer as the special

code:

Copyright 2009 peter.haggstrom@exemail.com.au
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generalFFTMultiply[f , g , b ] := Module[

{flist, glist, k=1, m0, n, n0, productvalues, var},
If[Length[Variables [f]] # 0,

var = First[Variables[f]]; flist = CoefficientList[f, var];
glist = CoefficientList[g, var];

ml = Exponent [f, x];

n0 = Exponent [g, x],

flist = IntegerDigits[f, b] // Reverse;
glist = IntegerDigits[g, b] // Reverse;
ml = Length[flist];
n0 = Length[glist]];

n n

while[z“ < m0 +n0, ++k ]; n=2%:

flist = PadRight [flist, n];

glist = PadRight [glist, n];

productValues = Fourier[flist] Fourier[glist] // Chop;

mon

4 n InverseFourier [productValues] // Chop // Rationalize
]s

integerFFTMultiply[f Integer, g Integer, b : 10] :=
Module[{list},

(list = general FFTMultiply[f, g9, b]).Tahle[x*, {i, 0, Length[list] - 1}] £
X .b] [

integerFFTMultiply [987 654 321, 123456 789]
121932631112 635269

ing)= £ = 22B +1

nz1)= 115792 089 237 316195423 570985008 687 907 853269 984 665 640564 039 457 584
007913129639 937

g = integerFFTMultiply[123892 636 155 289,
93461639715357977769163 558 199606 896584051237 541638 188580280321

Ouifz1]= 115792 089237 316195423 570985008687 907853269984 665 640564 039457 584 -
007 913129639937

I"H$%& () #+),-+.$)/010$)2"$ #-3041$"$. "HASY&+%oH+&)"4$"45050'S. "HASY"*-#) 04$#'+011%."#$/&50$1"*0$1-0%, &+$1"6) 284
71#%/$8$24.),'8$8$80'04&+$-#4-"10$-4"18ABILD:$$;&480$ #*304$*#+),-+,%68&),"$,1$0110"), &+$6"4$%4.-) "848/ $&'<$)/040$
&40$1-0%,&+$8+8"4,)/*1$78&'<$=301-">0=$%/,-1$, $* +,)&4.$&'<$1"*0$%"*04%, &+$&-+,%&),"19$)/&)$2, ++$<"$)/0$504.$6&
'#304$02 "'0'),8),"$)/&)$, 1948, 40<$,'$%4"'84&/ . :$$A+0%)4,VB0G0;' 8$%"#4101$%"504%)/, 1$1"45%.68)40$
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%&'()*+,,-.,0./8,18(%)1$, 2& B2}

4'5(2,1&852,".,0&,". *&(/1,'6(,7(*78*(.12,%)%, 1., 82&,9(#*./:2,96&./&0,"., 7 (*78*('&,2)18&2,(1%,7.2) 1&2+,; 1 (/&1 *#,<(7=,)1,
>?2@7?,,(,A(7=,B.*%&/,.C,'6&,D.1E()/,7././().1,)1,'6&, FG,%&E)2&%, 6& DHIJAD,, KDH./%)1('&,1.'().1,J4$)'(*,D.0!18'&/L,
08&'6.%,".,/&!*(7&,(1,(*$./)'60,)1,'6&MN@O,<.0<&/:2,1(E)$().1,7.0!8'&/+,41,822&17&,N,(1%,2.0856(',7.81'&/,)1'8) )E&*#,N,
'6&,08'6.%,82&2,0(')P,08*)%)7().1,.C,/.'().1,0()7&2,". 1&/C.I0,'6&,'(2=+,,96&.,')7=,)2,'6(','6&,7.01.1&1'2,.C,'6&,
2'(19%(/%./.().1,0(/)P, (/& 7811)1$*#,7.12'/87'&%,".,6(E&,(,7&/'()1,C./0,56)76,)2,6(/%,5)/&%,)1".'6&,76)!,(1%, 6&,2'/87'8/&,
.C,'68,08'6.%, (**.52,'6&,C(2'&2',76)!,.1&/().12,".,<&,828%,3,(%%)').1Q,28<'/(7").1Q,26)C')1$,(1%,080./#,'/(12C&/+, 96&,/&28*
)2,'6(,(,7.01*&P,'(2=,7(1,<&,%.1&./(**#,C(2',5)'6,6)$6, (778/(7#+, N (1&1*#,E(/)(1'2,.C,'6)2,086.%, (/&,828%., ., 7(*78*(&,
1.'2Q,&P!1.1&1)(*2,(1%,0876,0./&+,,96&,C8** 2'./#,7(1,<&,C.81%,)1,(1, (/')7¢8 &)

+,96)2,'#1&,.C,'6)1$,)2,(1,(/)C(7',.C,'6&,%(#2,56&1,7.018'&/2,6(%, /&(**#,20(**,080.)&2+,,:,
27)&1')C)7,7.018'&/,'6(',4,8289%.,(2,(,2'8%&1',)1,'6&,&(/*#,>?RS2,.1*#,6(%, TUT=,.C,7./&,080./#V,

Back to Taylor series.......
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Plot[t [x], {x, 0, 2 m}]
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(=1)k x2k+1

4
S ) T

k=0
Plot[t [x], {x, 0, 2 m}]

inf

05 F

IHSY& () + - +$ ISSI0L" "+ & +&'2US") ())& (+¥/ 3

5 (l)-cxz-c-
E[x] =
Z', (2k +1) ¢

Plot[t[x], {x, 0, 2 m}]
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& (il)kKZK'l
t i= —_—
(x) Z (2k +1) 1

Plot[t[x], {(x, 0, 2 m}]

k=0

l.U-
s
PR EP PP | AP B
1 2 i 4 5 fi
—[).5:‘
ok

(O
If one plugs the formula for % into !"#$%&"#'(" | you will get the same result but note that if the index in the last case is

6, it will have to use 13 (ie 2.6 +1) to get the same graph. Here it is:

fl[v_] :=8in[v]
e DL£[v], {v, k}] x*
glx 1 ::Z

v -0
s k!
Plot[g[x], {x, 0, 2 m}]
10F
03
i 1 1 1 1 1 1
- 1 2 3 4 5 6
05
=10 F
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PHS$Y&! () *+ %68+,

"M HSYOHE (H) S+ Y0k, $++&)$.[O+HLEHH . &H1 2+&HSE) +-3 OHIMSH) 6+ &HHH" 1-# SHTHH
TR

" g o1 Dy 1 K e s wy —
879#:#"8.9#'#8 7.0 ey 11 << K< pon | 8.9###%1—,# ! SHOHHH" 1-HYo =+ +&H TH#.& H.
#$%%)!

>6+-+#.-+#%+3+-.0#=.2%#1"#2-13$& @#>.?01-A%#>6+1-+*#/B)#) 6+ ?#.00#-+3103+#.-1B& ##) 6 +#C+.&#D.0B+#>6+1-+*#81-
>6+1-+*#=6$F6#$%0# . #%2+FP.0#F . %+#1"#)6+#C+.&#D.0B+#>6+1-+*9<

*+)-+")/"$0+)1*+%6&+,)1-/12

GH#2$F)B-+#%. 2%+#$)#.00H

fib) 1

fla)l

>B+#6221)6+%+ 0611 "#)6+HCD>H. NG YHESUBEEH) 6+ #F01%+ #/1B&, + #S&)+-3. OHUB)JHB4BY0, #1&H)6+H#12+&#

$&)+-3.0#8.5/9<HHKEH)6.) /.Y $Y0H) 618 BISIREBHBH) 6815 W/ & HHE100+AY6H>6+1-+ 450t #962+F$. O#F. Yo+ #1"#)6+#CD>
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f(b) -

In essence one translates and rotates the axes as above and the new function will have g(a) = g(b) and then in the new system
there will be a ¢* such that g(c*) =0.

"H$R!($)"S)+$, S SIROL" - 125/+"+3

If f is n+1 times differentiable on an open interval J , then for a < x

£00) = fa) + (x-) fla” + S0 a4 D ey e

' %# F#7 (&) for some & between x and a

I"HS%" & HB(H*B(+5,&$-+H$.&"#I+SI"HROH L SOH#2#* #) 3&AS*$+2#5(*"3$$584+,0-5 #)$6&01-*S(HS*$5++(5$(4)-5, (7T#S+54#4*0(
+(A5H$YHSBA&YS(,$Y6808+$&A5HI

Consider a < x
S8 (B)SNEH ST [ ar S5+

We have to show that there is an & € (a,x) such that f#""1&" = M

We cook up a related function that has the right structure when differentiated. This function is :
% e k!
s =-f)++1 ) T 1 EHSSEET

Being a polynomial g is continuous on [a,x] and differentiable on (a,x). Moreover g(a) = -f(a) + f(x) +

peter.haggstrom@exemail.com.au Copyright 2009 peter.haggstrom@exemail.com.au



UHS%& # (") +,-.(#1,X01*2.,%*3114*5*6" T#*3 *8/ 9: 7, $#*3114* 9%H#NT<$" =#T7/8&>%?%&")<(/&<".

" 14 ! "
Y '#!j D1 SSUREY 1 SY0R&H (&)&+ +4- S IH01-28

3;1'%-#5$./#!#6*$./#7#*$./#7#"#7#"#!#"8#%-#'(&#(9:-'(&%&%##-*#;-44&<%#:(&->&?#0>&#%0'+%#%pg)1m@a€(##&m%'%#o,#
EIEEE

B,) @A'+- #>0+06&0H+ Yot (&O)H+ # (&#A-,'&. - HCISTEF BEHGOHE HO, ) H*$ [HO>&HA- %'0, Yott+ H# (&HA-, & H-*#5$'/G

o of o M@
POy $ 1 jog #Hm #H (1 "k”)##k)(l)} X_

H&#,-CH(-CH (OHA™ DL 0" D) (IHBHIKHLI#+ ) @A+,

H(& # #ILHC&H(028&H (O%™ 1# #1" #7#L #) ()1 ()" ’) #'> (l)##éﬁe*—##ﬁ #/#75&— #) (1) #dﬁ&#l#

("‘i—’#)l # )(!#6#JK8#%-#'(&#:>-:-%+'+-,#+%#'>@&#*—>#,!#L#$,-‘&#'($#&##€&-.'{-&H}S/o/#

M@::-Yo&H (8c>-:-Yo++- H+0bH'> @ &HIH RASHHHRER |9)8>+20"+ 28HE& . +Y6' Yo EHH=(8&, 1 ># (+0b#>BH#

(x! ) (! f"! M(x' Yy
R N %# : #k')(')l (k!,!)# #k)(l)} t

M-#*->HHSHT LSRN TSH) &> +20'+28#8& . +% Yot | SABEI IR 028G

" " ! t) K1 [T M@y
ghe # O $ 1 A f npl s e _ png )} At

1$pmg gt (X ‘) 1" DIg) | (’" ‘) - |(k)| M O* ¢ MEED* g 0% gy WO ) MO
# $ 1 fog #o- 1 DI) ! ) MEL s ML g a1 gl Se

# g (lug a8 s YU g

((xr' ?)# #OI | @y ,)’ H# |>||)} M It;# C(&>& C& (02& @%&) '(& +,)@A+-, (9:-'(&%+%

|##X'L H# ) I)#BM

(" V#

A N 6#IK

O&, A&H (&tt:>-1-Yo+'+- HHt+tt'> @ &H*-SHSHTLHO, J(&, A&H > @ &5 &, &> 04494+ >HOAM M H1tYo+ ASH+H+Yott™> @ &H*->H>HILEHF-'
&.+% & A&H-*1Y68 N"#)8&>+20"+2&E

"# $UR( )+, $.X.&)0 (( 1*&#23.4.20'5/6#2/07



r V"H$%& (J#I*+!,-&-./-011**21340'1 154/

Bringing it all together we see that from the facts that 1'11" * Oand 1'1™= (#8011 - My,

_ ("W

0 ##

{#D 1) M} (where! <x)

So #®D 11y -M=0ie #*" I1)=M which is what we wanted to prove.
"#$%&™()%*+,&"-".1&"01)23)3,"-"41$%1.%-5,

I have spent some time on Taylor's Theorem because it underpins a whole range of other techniques. For instance, the
Calculus of Variations involves Taylor’s Theorem at a fundamental level. The Calculus of Variations is used to solve

problems such as this one:

Among all the curves joining two given points
($, %"and!' &, %", find the one which generates the surface of minimum area when rotated about the $ # axis. The

relevant integral is:

$

2$#§!" %\ 1 %% &$ and the curve is the catenary which has equation y = C cosh ( : f A)$

I"H$%6"&'S()*+" - $(.&" &/$0123,8$14$5),1)61"4)+$7)+73+3'8$

If we take the simplest variational problem it boils down to this. Let F (x, y, %) be a function with continuous first and
second (partial) derivatives with respect to all arguments. Then among all functions y(x) which are continuously
differentiable for x ! [a,b] that satisfy the boundary conditions y(a) = A and y(b) =B find the function for which the
functional

Iyl=9 &[$, % %) &$ is' weak extremum.
&

J[y] is called a functional because it takes functions and spits out a number. An extremum is essentially a minimum or
maximum. There is a whole world called “functional analysis” which studies the properties of functionals. A picture gives
the gist of what is going on.
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yix) + hix)

o

In one dimensional calculus we take x and move a little way, 6x , away from it and see what happens to f(x). In variational
calculus you take the function y(x) and vary it a bit by another functional increment h(x) so that the combined function y(x)
+ h(x) still has to satisfy the boundary conditions ie h(a) = h(b) = 0. Same concept just applied to functions more generally.

The basic idea is to work out how J[y] behaves when y(x) is subjected to this functional increment.. This leads to looking at
the following variation:

Al =]y +h]-J[yl =1 F[x, y+h, ¥ + h!)dx -1 F(x, ¥, y!]cﬂx
! !
Taylor’s Theorem is used at this point to arrive at:
. OF x!y!y!] 6F[x!y!y!)
Al =1 [F#[x, Y, y!)h + F#I(X, ¥, y!]h!} dx +..... where F#(x, v, y!] =% and Fu(x,y,y') = o
!

With a bit of further work you arrive at Euler’s equations: Fy - —$ "Fa# = 0 "##$%&&#'()*$+, As you can see, Taylor’s

Theorem is pretty important. If you only ever master Taylor’s Theorem it will take you a long way.
I"HBO6& () (+", %0$-)H+%" (#./%S$

One last interesting application of the calculus of variations is in order if for no other reason than I think it is worth knowing!
In information theory the fundamental concept is that of “entropy” which also arises in the context of thermodynamics (eg
the Second Law of Thermodynamics). In the context of information theory entropy is the average amount of information
that a source produces. Claude Shannon essentially created information theory in his doctoral thesis at MIT and went on to
apply the theory to the stockmarket and was reportedly very successful. Entropy is essentially a probabilistic / statistical
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If « is the slope angle of the string at (x,y) at time t then:

1 I #
— =tana = G
1 9%
S V(xp) =-H T

Consider a segment of the string (not at the end points) whose projection on the x-axis is Ax. Looking at the little right

angled triangle above it is clear that cos @ = i—# so Ax = As cos @ and when @ is small cosa! 1. Hence Ax! As.

Since the y y displacements are assumed small the mass of the segment As is 6 (Ax) where ¢ is the constant mass of the
string per unit length. The y - component of the force exerted by the string at time t at the left-hand end of (x,y) is V(x,t) =
9%

'$

At the other end the y-component is - V(x + Ax, t). The acceleration of the end (x,y) in the y - direction is #ﬁf% . Now

Newton tells us that (net) force = mass x acceleration hence:

U A% . L% HI$+A" %
(0 Ax) T " = mass x acceleration = net force = -H TO+ To
170 H H
P 4 AR [REN3
1'#g% i B
1 % - E Ima- ¢ A"
1 8% . S .
=5 s (where the partial derivatives exist)

%! #H$1% 5 .. . . TR .
=V s where A = [ -~ Note that this is the same form as the equation established above but the scaling is different ie
j&— %

=3

. . % . R
So second order time derivative = T X second order spatial derivative

APPENDIX 3

The principle of least action involves establishing which path "# ofall possible paths minimises the following integral:

S= J;ZEL(" , ", #d# where L is the Lagrangian for the system.

The idea is to perturb the path an infinitesimal amount from " (# by an amount ¢x(t) while keeping the end points fixed.
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= -1 6x T L#HS — %

So S[x+06x] =S[x] - !!.!" ox " |!_|# II—I-$ - !I%O/cdt and remember that the condition for an extremum is that S [ x +

ox] - S[x] =0.

. . . . . e L "
Because 0x can take on arbitrary values in the relevant interval the extremum is the curve which satisfies —# —$ - —

=0 and this is the classical Lagrangian equation of motion.

Now this is not a rigorous proof. You can get a more rigorous proof in books such as I M Gelfand and S V Fomin,
“Calculus of Variations” Translated and edited by Richard A Silverman, Dover Books, 2000. I have a soft spot for
Russian textbooks on variational calculus. The Russians are made of tough stuff. If you have any doubts read A Y
Khinchin, “Three Pearls of Number Theory’ Dover Books, 1998.
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