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1. Some easy ones to warm up

(1) Prove by inductionS, =1 + 2 + ..... +n = n("z—ﬂ) for integers n = 1

Gauss implicitly derived this formula in his head when in primary school. His teacher (apparently a bit of a brute) asked
the children to sum the first 100 numbers. Gauss noticed this pattern :

1 2 3 ... 100
100 99 98 .. 1
101 101 101 .. 101

Since there are 100 pairs equal to 101 the sum must be 100 x 101 / 2 = 5050 (you have to divide by 2 to negate the
duplication).

There is an amusing fictional book which casts Gauss in a somewhat different light. The book is: Daniel Kehlmann,
“Measuring the World”, First Vintage Books , 2007 and deals with the exploits of Baron von Humboldt and Gauss.
After reading this book Gauss’ aura is, well, less pristine than it would otherwise have been. The thought of him elbowing
his way to the food at a function is rather amusing. What you may not realise is that Gauss spent a huge amount of time
traipsing about Europe measuring the curvature of the earth and much more. If you do differential geometry you will come
across Gauss's "Beautiful Theorem" which deals with intrinsic curvature.

) If a1, az, ... ay arepositive real numbersandn = 2, provethat (1 + a;) (1 +
a)...(l +a,)>1+a +a, + ..+ a,

2. Fibonacci fun

There are literally dozens (hundreds?) of formulas involving Fibonacci numbers and some of them provide good practice
in induction. In these problems F, is a Fibonacci number. Remember that :

Fy=Fy, + Fon ifn=2 andFy = 0 Fi=1

(1) Provethat F| + Fp + F3 + .4 F, = F,;» — 1

(2) Provethat Fy + F3 + F5 + ...+ F5,_1 = F,
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(3)Provethat F, + F4 + Fg + ...+ Foyy = Foppp — 1
(4) Prove that Fpy1% - Fy Fpp = (=1)"

(5) Prove that FIF,+ FoF3 + F3Fy+ .+ Fy 1 Fyy = F2n2

(6) Prove that any two consecutive Fibonacci numbers are relatively prime ie gcd(F,, F,+1)=1 Hint: Think proof by
contradiction.

(7) Conjecture a formula for F 2+ F,_,> Hint: think of the formula using the Golden Ratio
(8) Conjecture a formula for F,,F,+ F,F,_; Hint: think of the formula using the Golden Ratio

(9) Using (7) and (8) develop an inductive argument that will establish the validity of both of your conjectures.
(10) Continued Fractions

The theory of continued fractions underpins many of the results on Fibonacci sequences. Indeed, in G H Hardy & E M
Wright, " An Introduction to the Theory of Numbers," Fifth Edition, Oxford University Press, 1979 the authors
develop Fibonacci theory as a subset of a more general treatment of continued fractions. However, to do so requires a
reasonable amount of overhead. To get more of an "entry level" feel for how the theory of continued fractions is relevant
we need to establish some building blocks and the following series of problems sets out the relevant building blocks in a
systematic fashion.

First, if you have not encountered the concept of a continued fraction it is represented as a sequence of numbers of the
following form:

, and so on. There is a standard notation for these continued fractions: [1],

[1 72]’ [] ’2’2]7 [] ’2”2”2’]9 [1 72727272] etc'

(i) As a first step find [1], [1,2],[1,2,2],[1,2,2,2],[1,2,2,2,2] in fractional form.

(i) Show how \/? can be written as a continued fraction: Hint: Start with \/? =1+ (\/? - 1) and it should emerge.

. . a 1 aga;+ 1
(iii) Generalise the concept as follows. First note that [ag] = % and then [ag, a;] = ap+ o= ’ al and [ag, ai,ay] = ap+
1 1
1 Ay Ay ar+ dy+ a . .

- = -~ "~ Show by an inductive argument that:
a + — aya +1

ay
@) lao, a1, -« Gn-1, anl= lao, [ a1, .., ap-1, Gyl 1

1

(b) [('109 ar, ..., Ap-1, an] = [aO’ ap, ..y Ap3, Ay-1 + a_]
©) lag, a1, ..., ay-1, a,] is defined to be the nth convergent to [ay, a;, ..., ay-1, ay] for 0 < n < N. The name of the
game is to get a rational expression for [ag, ai, ..., a,—1, a,] . Tothisend define p, and g, as follows:
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po=ao, pi=apay+ 1, p;=a, p,-1 + p,—» for 2 <n <N and symmetrically,
qo = L, q1=ai, qn=anqn-1 tqn-2 for2=n=<N

Then [ag, a1, ..., a1, a] = ?. Prove this assertion by induction. You will need to rely upon (b) above.

n

(d) In the theory of the approximation of irrational numbers by rational numbers, the following formula arises:

P Puot _ Pndu1= Pa1dn _ (=)
qn  qn-1 an Gn-1 qn qn-1

Derive this formula using (c) and prove it by induction.

3. A subtle extention
(i) Prove by induction forintegersn = 1: 13 + 23 + 3% + ..n® = (1+ 2 + 3 + ...+n)’
(ii) When you have got that one under your belt do the same for 13 + 23 + 3% + ... .a’= i[n(n + 1)]? for integral n = 1

These formulas have been pulled from out of nowhere so it is worth exploring a systematic way of deriving them and the
next group of problems deals with the issues relating to that process. The "method of differences" which goes back to
Newton (and perhaps beyond) can be used to establish some basic results. The basic idea is that if we are given the
sequence {ay} and we can write each ay as a difference ie ay= vy - vk thenour sum >3 _ ay = D3 (Vk41 - Vk ) = Vp41 - V)

(iii) With this tidbit of knowledge find a formula for 1.2..k + 2.3...(k+1) + ... + n(n+1)....(n+k -1) where k is any positive
integer and prove it by induction to confirm the accuracy of your work.

(iv) Show that 37, r(r + 1) = g n+1D)m+2)

(v) Use (iv) to obtain the formula for },_, r?

(vi) Use (iii) to establish the formula in (ii).

4. An application of summation to Riemann integration

2 _ n(n+1) 2 n+1)

(i) As a first step to this problem prove the following by induction: 12 + 2%+ ...+ n 5

for integral n = 1

(ii) Having got that under your belt let’s see how to apply it to the following integral: ﬂ Vx dx using the theory of

Riemann integration. A quick history of Riemann integration is as follows. We suppose that f: [a,b] —» R is a bounded
function (ie for all x in [a,b], [f(x)| = M for some M > 0). Then there is the concept of a partition ie how you divide up the
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domain of f to form little rectangles. A partition is a set P = (aq, ay, ....., a,) wherea = ap< a; <...a,=b

With this partition (which is completely general in principle) you then consider the upper and lower Riemann sums
respectively:

U(P,f) = Y, M; Aa; and
L(PP.H) = > m; A

where M; = sup{ f(x): a;i-; < x < a;}, m; = inf{ f(x) : g, < x < a;}andAa; = a; — a;_;.

If you don' t know what sup and inf are go to the appendix for a brief explanation.

i\2
The problem is this: Prove that U(P,f) = L(P,f) = % [Hint: You might want to consider a partition like (i) so you can use (i)
]

5. Prove by induction for all positive integers:

Pm)=x" -y =@ -+ 2y + 23y + 4xy" 2 + y)

6. Doing it both ways - a note on combinatorial identities

There are essentially two ways to prove combinatorial identities: by combinatorial reasoning or purely algebraic processes.
As an example consider the following identity: "C, = "C,_,.

The combinatorial proof would go this way: the LHS is the number of ways of choosing r objects from n while the RHS is
the number of ways of not choosing n - r objects from n. Picking a team of r players from n is the same as choosing the n -
r to leave on the bench.

n! n! n!

The algebraic proof follows from the definition of the symbol "C, = el and hence"C,_, =

(n—(=r)! (n=r)! ~ r(n-r)!

Another example is r "C, =n ""'C,_,

The combinatorial proof runs like this: suppose we choose a team of r players from n (there are "C, of doing this) and for
each of those teams we anoint one of those r players as captain. The LHS is the resulting number of combinations.
Alternatively we could choose the captain first and there are n ways of doing that and, having done so, we have to choose
r-1 players from n -1 so the number of combinations is n "~'C,_;. Note that we implicitly rely upon the principle that if
you count the same set in two different ways the answer is the same.

rn! _ n(m=1)!
(-1t (n=n! (r—=1)!

The algebraic proof is as follows LHS =

_ n(n-1)! _ n(n-1)! _
RHS = (n=1— (r—) -1~ (@=-D'—=1) LHS

Problem

Using combinatorial and algebraic reasoning, prove that the number of distinguishable distributions when r
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indistinguishable balls are placed in n cells is:

n+r-1 n+r-—1
oon=(" L)1)

r n-—1

By way of example if 2 indistinguishable balls were placed in 3 cells the cell occupancy numbers would be distributed as
follows, giving rise to 6 distinguishable distributions:

Celll Cell2 Cell3

2 0

0 2 0
0 0 2
1 1 0
1 0 1
0 1 1

7. Pascal's Identity

. . . . ! —1) (n=2)... (n-r+1
One of the most basic elements of combinatorial theory is " C, = (n—'i)' = Al r') (norel)

where 0 <r<n and "Cy=n, "Cy=land "C,=1
Prove by induction”C, = "' C,_; + "' C, wherel <r < n (bothintegers) This is Pascal's Identity.

You should provide a combinatorial argument for the proposition that"C, = *"!C,_; + "' C, . If you can do that you
can provide an alternative proof for the binomial theorem which is the next problem.

8. The binomial theorem

This is without doubt one of the most ubiquitous formulas in mathematics. There are many fundamental problems in
probability theory which turn upon the binomial theorem.

(i) You have to prove P(n) = Yi_,C! X" y' = (x + y)"is true for all integers n > 1.
(i) As an application prove by induction that 3}_, (= 1)*C} = C} - C} + C}- ...+ (=1)"C! =0

(iii) Conjecture what the following sum is and then prove your conjecture by induction: 0”Cy+ 1"Cy +2"C;y + (n-1)
"Cy+n "C,

Try to provide a combinatorial derivation for your result.
(iv) Vandermonde's Theorem

First a bit of notation : if m is any real number and n is a positive integer then m, =m (m- 1) (m-2) ... (m-n + 1). Thus
m,=n!"C,=n! "
n . n M n

Vandermonde' s Theorem asserts that for any two real numbers a and b, and any positive integer n the following holds:
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b, = (" "Vani by +[ " apab Ve, b Vb
(a+b),= [0)a"+ (l)a"‘l 1+(2)an_2 2+...+(r)a,,_, ,+....+(n) n

This looks like the Binomial Theorem so it should be amenable to an inductive proof. There are two hints :

(a) Work out what you have to multiply (a + b), byto get (a + b),,

(b) Whatever you multiply the LHS by you also have to multiply each term on the RHS by. At this stage you have to be a
bit cunning and break up the number in a way which will allow you to use Pascal' s Identity.

9. An inequality involving e

Prove by induction: n!> (E)n VYnzle N

e
You can assume that (1 + %)n < e ¥n =1 but you should be able to see why.

10. An exploration of x
In the 17"century an English mathematician John Wallis did some fundamental exploration into 7. Wallis' formula for 7 is:

The book by David Bressoud "A Radical Approach to Real Analysis", Second Edition, The Mathematical
Association of America, 2007 contains a structured set of problems retracing Wallis' work (see Appendix A of the book)

. . .22 4 4 6 6 . 2k 2k 412
The pr f the kth pair of fractionsin =. . -. =. =. =..... 1§ ——= ——
e product of the pair o ctions S ST 3k YR

It then follows that 7 = 2 T2, %. This converges slowly. For instance for k = 500, 7 is only correct to 2 decimal

places.

1,9
Wallis was a class act. To get his formula he played around with integrals of the form: Jol [1 - x5] dx. He used the

binomial theorem to expand the integrand for q positive and integral (and p could be anything). The challenge is to do that
for q=0,1,2 and 3 and then guess the form of q=4. Wallis got the following formula for q in general:

1 _ (p+1) (p+2) (p+3)...(p+q)

, 1y q'
£ 1—xr| dx

f(p.q) =

1\ 4d 1\q-1
(a) I invite you to prove that jol [1 - X;) dx. = quq 1(1 - x;) d x and then use induction on q to prove that f(p.q)

_ (p+1) (p+2) (p+3)...(p+q)
q!
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1
Wallis basically established that f(;—, ]5) = %. Now Jol (1 - xz) 2 dx is simply the area of a quadrant of a circle radius 1
and that area is %.

(b) In a recent article in The American Mathematical Monthly the proof of the following proposition is sketched : 1=

1 x4(1-n' L. . . . .
L 1(1 ? dx = ? - m (see Stephen K Lucas, "Approximation to i derived from integral with nonnegative
+ X

integrands", The American Mathematical Monthly, Vol 116, Number 2, February 2009, pages 166 -172 )

_ x)4

X
1+x2

By decomposing into partial fractions do a straightforward integration to establish the result. If you don't know what

2x-1 x

a partial fraction is consider this partial decomposition:

L Multiply the RHS out to convince yourself

OB+l Px+l x+l

of the equality. For some more details see the Appendix to this problem set.

(c) People have investigated families of integrals similar to the one in (b). The most obvious generalisation is : I, =

Jl x4 (1ox) 't
0 1+ x2

induction of the following equality:

dx. According to Lucas in the article cited in (b) there is a "straightforward" proof by mathematical

xn(1—x)"" 6. 4.5 4 4.2 1, n—lok L4k 4k (4"
o o (x0- 4 + 5t 4 + 4 —4 1- +
e (x0- 4x x*- 4x ) Yico (—4) x*k(1 -x) "

Provide the inductive proof.

=1y 1 xtr1-x'" —1 (=DF 24 2R @) (4 k+3)! - .
It can be shown that == § ———dx=n- Yico W(SZOkﬁ 1533k%+ 902k + 165) . This only involves

m! n!

(m+n+1)!”

some integration and the fact that ﬁ X1 -x)"dx= I won't give all the details - you can try it for yourself. The

series gives rise to fast convergence.

11. An HSC calculus example
For each integern> 0 let I,(x) = Joxt“ e tdt

(i) Prove by induction that I,(x) = n! (1 - e’x(l Fx e ELE + X—n))

(ii) Showthat 0 < [[t7e tdt <

n+1l
. _ 1 12 13 1n 1
(iv) Henceshowthat 0 < 1 - e (1 + — +—+ —+ ... .. + =] <
11 2! 31 n! (n+1) !
. P s x? x3 x7
(v) Hence find the limitingvalueof 1 + x + YT +--asn o

[This was a 4 unit HSC problem. It is actually a very mechanical application of induction]
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12. A diagonal matrix example

In the theory of similar matrices one obtains expressions such as: A" = SQ" S~! where () is a diagonal matrix of
eigenvalues A;. In other words () is an m x m matrix whose elements ({);) are:

Qij = 0ifi+ 3

- A ifi=
A 0 0 00 0 0
0% 000 0 0
00 %300 0 0

Q= |0 0 0 .0 0 O
0 0 0 0 0 0
0 0 0 00 Agy O
00 000 0 )

A0 0 00 O 0
0 A" 0 00 O 0
0 0 A"00 O 0
Prove by induction for any diagonal matrix Q, "= 0 0 0 . 0 O 0 or all integers n=1
0o 0 0 O 0 0
0 0 0 00 2,4" O
0 0 0 00 0 AN

13. An example from actuarial practice

Actuarial mathematics contains a number of basic building blocks which are used to value cashflows occurring at various
points in time. Consider $1 which is invested at the end of each year for n years at an effective rate of interest of i per

annum. This means that $1 accumulates to $(1+i) after 1 year. What is the accumulation of this stream of n investments
of $1 after n years? The actuaries have a standard formula for the accumulation of $1 at the end of each year at effective

. . 1+i)'-1
rate 1 per annum. S(n, i) = (L
1

Prove this formula for all integers n=1

Now for a generalisation of the concepts consider n investments of $1 made at times t =0, 1,2,..., n-1 such that all
investment income is reinvested at the end of each period. The interest rate for period [j-1,j] is i;—; for j=1,2,..n. Derive a

formula for the accumulation of these investments to the end of year n and then prove it by induction. Next show that if the
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. . . . o (41
interest rate is constant at i for all periods, you get S(n, i) = (/i

14 . A further example from actuarial practice

In the world of finance whatever goes up can come down and actuaries also have to work out the present value (PV) of
income streams. Consider $ﬁinvested today at effective rate i per annum for 1 year. At the end of the year this initial

amount has grown to $1L+ii + $IL+1,= $1. Thus the present value (ie today’s value) of $1 due in one year’s time at effective
rate i per annum is $ ﬁ =$1+ i7"

Now, consider a stream of n $1 payments, the first of which is made at the end of year 1, the second at the end of year 2
1= 1=(1+)™"

and so on for n years. The actuaries have a symbol for the present value of these n payments: A(n,i) = -

1
where v= —
1+i

Prove the annuity formula for all integers n=1

Having done this problem and the earlier one you should be able to derive a relationship between S(n,i) and A(n,i). In
essence, having done these two problems you will know the basics of most valuation techniques.

If the payments of $1 are made at the beginning of the year rather than the end, show that the annuity formula for the
advanced set of payments is:

An, i) = (1 +i) An, i)

15. A more complicated combinatorial problem

Let n be a positive integer. Prove by induction that:

=D 1 1
Sm= Y ——Ci=1+ .+

You will need to observe that nleZ”: %CZ_I so do a one line proof of that along the way.

16. Working out your retirement savings

The Australian superannuation industry is a trillion dollar business and is large even by international standards (we rate
number four). The growth of the Australian system has been driven largely by compulsory superannuation and, of course,
remarkable stock market growth over many years in recent times. A very common question people have is “How much do
I have to save to generate a retirement income of such and such per year?". Superannuation funds produce calculators to
enable people to perform that type of calculation.
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To set the problem up the building blocks are as follows.
(1) You assume the person has n years to save.

(2) You assume that an initial tax deductible contribution of

C is made (either by an employer or a self employed person) and this escalates each year by a %. Under the law employers
have to contribute 9% of salary so that C = 9% of salary in the first year. In effect you are assuming that salary is increasing
on a compound basis of a% pa. It is possible to make contributions out of after-tax money and these are not taxed within
the fund but we will ignore them in this simple model.

(3) Tax of 15% is assumed to be deducted from each payment covered by (2)

(4) The contributions are assumed to be made in the middle of the year. One can assume any other periodicity but the
“accuracy” of such assumptions is illusory because the model assumes fixed earnings rates and has no probabilistic
dimension to it. Markets have significant variability over the time scales involved in superannuation eg up to 40 years or
more in theory. In other words it is completely unrealistic yet this is precisely the sort of model that is commercially
available (indeed I have built on-line calculators for a major superannuation fund which are not much more complicated
than the one involved in this problem).

(5) You assume a fixed earnings rate of i % pa in the invested fund of contributions. As noted above this is unrealistic but
it is a common assumption because the public does not understand probabilistic (stochastic) investment models. This rate
is assumed to be an after- tax rate. When superannuation investments are accumulating (ie before the pension is paid) the
earnings attract a maximum rate of tax of 15%. When the pension begins to be paid there is no tax on the fund investment
earnings. The actual determination of the after-tax rate of return for various types of investment portfolios (which can
include shares, property, bonds, infrastructure etc) is a statistical question which we will avoid. We just assume the
compound after tax earnings rate is i% pa.

The problem
(i) Show that with the above assumptions the accumulated amount at the end of the nth year is A(n) where:

.n—]— 1—u" l1+a
Am) =C( + i)' > (T) whereu = ¢

(ii) Prove this formula by induction.

(iii) Build an Excel spreadsheet which will verify the formula from first principles for an initial contribution of $1,000 ,a =
4%,1=6% and n = 10 years. In other words you have to show how the fund would accumulate on an annual basis. You
should get $13,590.90 by both the formula and the first principles approach.

(iv) Now that you know how to accumulate you need to be able to work out what annual pension amount could be paid to
the pensioner. All of this will be in future dollars since we have not allowed for inflation. If the accumulated amount at the
end of year nis A(n) and the pensioner’s life expectancy at that time is L derive a formula for the annual pension, payable

at the beginning of the year.You can assume the rate of investment return in pension phase is (;gwhlch crudely accounts

for the fact that there is no tax in pension phase. Discounting the figures by an assumed constant rate of inflation (j % pa )
will give you the value of the pension in today’s dollars. Numerical example: Assume C = 2,000, a=4%,1=6%, n =40, L
=25 and j =3%. Work out the annual pension amount in today’s dollars.

17. Leibniz’s rule
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. . d" (uv) nd"'u d'v
Leibniz’s rule i follows: = ; —
eibniz’s rule is as follows: —= Yo o

du d%
You have to assume that — =u and — =v
dx® dx°

Prove Leibniz’s rule by induction for all integers n=1. Along the way you will need to use the result proved above ie
=0+ .

18. An example of a recurrence relation

You are told that a sequence has the following properties: #,43 = 6 4,2 — 5 u,,; Where u; = 2 andu, =6

By inspired guessing you claim that u, = a#"** + ¢ wherea >0andb >0. How would you find the values for a,b, ¢ and
k (which is a fixed integer) and then verify your guess ?

19. Another combinatorial example

Prove that : C7 + C/*! + C*2 + .. ... +Cm = O wherer= 1, m = 1

Here r is fixed and m varies so you will need to base the inductive proof on m.

20. When not to use induction

There are many instances where it is actually easier and more insightful to use a combinatorial style of proof rather than
an inductive one. A typical example is this:

n2+n2+n2++ I12+I12 2nf‘t In=1
= >
(o) *(1)(5) ==y ) #(n) = () tor nteerat n=
.. . . . . n+ 1) ny |
To prove this inductively you would have to establish a useful relationship between( K ) and(k) in order to use
k k k k

. . . .. o . n+ 1 n n n+ 1) (n)
the inductive hypothesis. Pascal's Identity is a possibility here since ( ): ( )+ (k 1 ) but ( ) = ( ) +2

2 n n
( Ili ) (kri | ]+ (k ? | ) you would have to find a further relationship for the sum of the products of 2( K ) (k - ) In

effect this amounts to proving a sub-case of an identity relating to the hypogeometric series ie:

nm+n m++n m+n m7n+mTh. be done by an inducti b
I e () () (™5™ i combe done by an i apras

but not very insightfully.
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So your challenge is to prove:

0 1 2 n
the binomial theorem.

n\: (n) (n)? n Y /n\? (2n ) . .
( ) + ( ) +( ) + ..+ ( N1 ) + ( ) = ( ) (for integral n= 1) by a combinatorial approach and then by appeal to
- n

21. Binary magic

Prove that Cj + C5 + C} +Cg + ... ... =2"1and C| + C; + C: +C} +....= 2" forallintegersn > 1. Use the
binomial theorem rather than induction.

22. Simple but effective - you'll see why soon

a"(x")

dx"

(i) Guess a formula for for integers n,m = 1 and prove your guess by induction.

(ii) Guess a formula for (2](# and prove it by induction.
23. An application of induction to Legendre polynomials

Legendre polynomials arise in the context of several problems in mathematical physics (eg celestial mechanics). An
important property of Legendre polynomials is that they are orthogonal on the interval [-1, 1]. The concept of
orthogonality of functions is important in the context of many aspects of mathematical physics such as Fourier Theory,
Hilbert space theory and so on. In the context of Legendre polynomials the orthogonality condition is expressed as

f_ 11 P,(x) P,,(x)dx =0 when n # m. This is the analogue of orthogonality of normal vectors.

Legendre polynomials are defined as follows (see Courant and Hilbert, "Methods of Mathematical Physics" Volume 1,
Wiley Classics Library, 1989, pages 83-84). This is a very famous textbook and rightly so. The Hilbert is none other than
the David Hilbert and Courant is none other than Richard Courant who went to the US from Germany in the 1930s to
establish the Courant Institute. The purpose of this exercise is to take some important results and show how the

professionals do it and also to show what they leave out! This is serious applied maths - enter at your own risk. You will

need to review integration by parts because it is fundamental to this problem. The n"Legendre polynomial y(x) = %n'
d”(xz— I)"
dx”

satisfies the second order linear homogeneous differential equation (x2-1)y" + 2xy'- n(n+1) y = 0.

Why bother with what follows below? If you do any applied maths, especially differential equations, you will come across
Legendre, Laguerre, Hermite, Jacobi and Chebyshev polynomials in the context of several famous applications. The ability
the manipulate the often quite complicated series that arise is a very useful skill. The same goes for Fourier Theory.
Inductive arguments are often implicitly used in the simplification process.

(o)

2" n! dx"

Po(x)=1, Py(x) = =1,2,.
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The authors then state the following:

_ 1 k() @R ok,
Pn(x)_ 2t ZZ:O( ]) (k) (2k—n)!x

n n—k 13 5.Qk=1) 2p_p
=Y (-1 ——X
2o (=) (n=k)! (2 k—n)! 277%

They note that "the terms in negative powers are to be omitted; this comes about automatically of we put (-r)! = co for all

positive integers r'. What they are doing here is simply a bit of formalism - you can run the k index from O to n and along
the way you will get negative exponents but if the denominator is co those terms go. It just means that you can play with
the summation in that form and not worry the details. Of course, you will not get negative exponents from (x2 - 1)" when

you differentiate - the highest power is 2n and when you differentiate n times you won't get a negative power.
(i) Prove these results by induction. Hint: You may want to use the result you obtained in Problem 22.
Verify the formula for a few Legendre polynomials, namely:

3 3
Pi(x) =x, P2(X)=5x2 -5, Pix) = XS'EX

Y

1
2

(ii) Prove that the P,(x) form an orthogonal system. Courant and Hilbert offer the following proof. They denote (x2 - 1)'Z
by and they claim that for every non-negative integer m < n:

[ 11 P,(x) X" dx = ln' [ 11 u(x)dx=0 (note that u(x) = D"u,(x) )

o
They say that this "may be demonstrated if we remove the factor X by repeated partial integration and note that the
derivatives of u,(x) up to the (n-1)-st vanish at the limits of the integral of integration. It follows that

1
[\ Pa(x) Pyu(x)dx =0"
Fill in the details.

(iii) To prove that the P,(x) form an orthogonal system we have to show that they are appropriately normalised. The

. . . 1
authors say that "in order to obtain the necessary normalization factors we now compute f_ l(un(”) (%) )2 d x by repeated
partial integration:

f_:lun(”)(x) P dx=- [, V@, dx = [P0 u, @ dx = = (<1 [0 4,0 dx = (2n)!
[, =0"(+x)"dx

1 n _on gl -1 +1 L n(n—1)...1
Now [[(1-x" (1 +x)'dx=~= [[(1 -0 1+ dx= .= e

[La=-x?"dx

_ (n!)?
T en'@at+l)

2
2n+1"

22+ and therefore L 11 PlA(x)dx = The desired normalized polynomials are therefore

2n+1

on(x) = > P,(x) "
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This means that L 11 On(x) pp(x)dx =1

Now fill in the details for each of the steps given above.

(iii) By starting with the differential equation (x*-1)y" + 2xy'- n(n+1) y = 0 use integration by parts to show that

L 1IP,,()C) P,,(x)dx =0. This is a non-inductive proof.

24. The Cauchy-Schwarz formula

Without any doubt the Cauchy-Schwarz formula is one of the most important mathematical relationships that you can

know. It arises in every area of mathematics and has a vast number of applications.

What is the Cauchy-Schwarz formula?

For real ¢; and b; : Y}, a; b; < \/Z':] a? \/Z,’-’:] b
Prove the Cauchy-Schwarz formula for integral n =1.

25. A French interlude

De Moivre’s Theorem: (cos x + isinx)” =cos (nx) +isin (nx) where X is real.

Prove this theorem for n € Z ie n integral (positive, negative and zero).

26. Another binomial example

1+2 + 4 +...+271=2" -]
Prove this formula for integral n = 1

27. Factors

(i) Prove that 5" + 2 (1 1° ) is a multiple of 3 for all positive integers 7.

(ii) Prove that 17 divides 7® - 1 for integral n = 1 two ways - first by induction and then by using the binomial theorem.

(iii) Prove by induction that 17 | 3.5%™"1 4 232+ 1 forintegraln n= 1

28. “Where’s Wally?” or spot the error

The relationship between the arithmetic mean (AM) and geometric mean (GM) is as follows:

For every sequence of non-negative real numbers a;, as, , , @, we have :
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Here is a “proof” of the theorem. Explain where and why the proof fails (each line is numbered for this purpose). It is like
that children’s book called “Where’s Wally?”” which invites children to concentrate on spotting little Wally among a lot of
visual clutter.

"Proof:

The formula is true for n=1. (D)

Assume the formula is true for any n. (2)

1 1 1
Now (ajay ... .. a, a,.1) =@ ay ... .. a,)™ a,. 1" (3)

) A,y nel using the induction hypothesis  (5)

1 1 1

But a,4q wlo= (@41 -1 ... .. 1)m <(ap4 -1 ... .. 1); (there are (n-1) “1's” in the brackets)  (6)
. . . . . = (@pr1+n-1)
Using the induction hypothesis again: (a,l+1 d.. 1) < % @)
L a1 +ay+....+ay . (Qp+n-1)
Hence we have that (a; a5 ... .. an ) < ( " ) - (8)
aj+ar+....+a, . (a,,1+n-1) aj+ar+....+a, . (na,, +n)
( ) = ) ©)
n n n n
aj+ar+....+a, . (na,,  +n) aj+ar+....+a,
(—) ——— = (—— )@+ ao
aj+a+..... +a, a t+ar+..... +a, 1
(— g )@+ 1) = I an
. . . L a +ax+..... +a, 1 )
The chain of inequalities shows that (@ d ... .. ay, A,41)"*' < ——————— hence the formula is true for n+1 and

by the principle of induction is true for alln.  (12) QED !"

29. Now for the real proof of the AM-GM theorem
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For every sequence of non-negative real numbers a;, a,, , , ,a, wehave:

Prove this by backward induction.

Hint: you may find the following inequality useful (after you' ve proved it of course) 4/ xy =<

% + % for all non — negative x # y
30. Arithmetic-Geometric mean in disguise
A 4 Unit HSC problem in 1985 posed the following questions:

(a) Show that for k=0, 2k+3>2V (k+ 1) (k+2)

1 1 1
b) H that forn=1, 1 +— + —+....+ >2Vn+1l -1
(b) Hence prove that for n : : - ( n )

(c) Is it true that for all positive integers n, Y,_, % < 10" ? Give reasons for your answer.
k

31. A Tripos trilogy to send you troppo - three examples from the Cambridge
Mathematics Tripos examination

Cambridge has traditionally run a demanding set of exams called the Tripos. In the 19th century the Tripos was notorious
for its difficulty and the people who obtained 1st class honours were called Wranglers, some of whom held de facto
academic positions. The exams emphasised technique and speed of solution. Some famous people who changed the world
were not Wranglers - James Clerk Maxwell (of Maxwell's equations fame) being a prime example. The following three
problems come from the Tripos and are in G H Hardy’s book “A Course of Pure Mathematics” 10th edition,
Cambridge University Press, 2006 page 34. If you have understood the arithmetic-geometric mean theorem you should
be able to work the first two of them out. The proofs are mine. There are other ways of proving the results but I suspect
the proofs I give for the first two are the ones that someone steeped in technique would have used, given that I was “in the
AM -GM zone” when I chose them. The third problem can be proved in various ways - I have chosen a combinatorial
style of proof which, though more involved than other approaches, provides other insights.

2 2
(a) Tripos 1926: If a and b are positive with a+ b =1, then (a + ;—) + (b + ;—) > =

(b) Tripos 1932: If a, b, c are positive witha +b+c=1,then (= — 1)(; — 1)(= - 1)= 8

. .2
(c) Tripos 1909: If a; > Oforalliand s, = ay+ ay+ ...+ @, then (1 +ay) (1 +az)...(1+a,) <1+ 2+ Zob 4T
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32. Good old Gamma

The Gamma function is defined by an integral: T'(x) = LW e ?dt where x>0

(1) Show that I'(1) = 1 with a rigorous limit argument. I know this is insulting but do it anyway. It is character building.

(ii) Showthat 1lim & = 0

too €
(iii) Show that I' (x + 1) =x I' (x) for all x >0

(iv) Show that I'(n+1) =n!=n(n-1)(n-2)...2.1 by induction for n integral = 1

33. A step in a larger proof

1

pe

In 1697 Johann Bernoulli devised a proof for the following equality: f % dx= 1— + 2]—2 +
0

1
Part of the proof involved the following assertion: f X'In"xdx = (-1)
0

r!

r+1y+!

for rintegral = 0

(1) Provelim,_ g+x”Inx = Oforallp > 0

1
(ii) Prove by induction f X'In"xdx = (-1)
0

r!

(r+|)’+]

forr= 0

34. Bernoulli’s inequality

Suppose x is a real number > -1, then (1 + x)"> 1 + nx YneN

35. A generalisation of Bernoulli’s inequality

Ifa,B,7, ...A are greater than -1, and are all positive or all negative, then (1+@)(1+6)(1+y)...1+))> 1 +a + B+ y +..+ A"
Clearly if @ =8 =7y =..=A then you have Bernoulli’s inequality.

Prove the inequality (this problem comes from G Hardy, J E Littlewood and G Polya, “Inequalities” by Hardy,
Littlewood, Cambridge University Press, 2001 , page 60)

Copyright 2009 peter.haggstrom@exemail.com.au



18 | Induction Problem Set 11 November 2010.nb

36. Subsets

Let S(n) be the number of subsets of an n - set {1,2,3, ....,n}. Consider S(n+1) which we calculate by noting that taking all
the subsets of {1,2,3, ....,n} and extending each by either doing nothing or adding the element n+1. Hence S(n+1) =2 S(n)
since for each of the elements of {1,2,3, ....,n} there are 2 ways of performing the extension.

Using the recurrence relation S(n+1) = 2 S(n) make an inspired guess at the size of the power set of {1,2,3, .....,n,n+1 } (ie
the set of all of its subsets) and prove your guess by induction.

Which is greater: the number of permutations of a set of n elements or the number of subsets? Prove your conjecture by
induction.

37.Recurrence relations and probability theory

In probability theory it is very common to solve problems using hopefully linear recurrence relations with associated
boundary conditions in the probabilities. Students who do actuarial studies and finance theory will be regularly exposed to
such techniques. A typical sort of problem which involves setting up a recurrence relation usually runs along the following
lines. Such problems have figured in the top HSC maths exams and are usually poorly done judging by the examiners’
comments.

(1) A fair coin is to be tossed repeatedly. For integers r and s, not both zero, let P(r, s) be the probability that a total of r

heads are tossed before a total of s tails are tossed so that P(0, 1) = 1 and P(1,0) = 0. You are asked to explain why forr,s
> 1 the following relation holds:

P(rs) = %P (r-1,8) + %P(r, s—1)
(i) Find P(2,3)

(iii) Prove using induction on n=r + s -1 that:

P (rs)= 53 { Co+ Cl+ oo +C"_ ) fors=1

38. Some combinatorial manipulations

Following on from Problem 37 one can go a bit further in the spirit of combinatorial manipulation and assert the following:

+s-1 1 r+s—1 _ 1 n n n
C, = 5{C+Cl+ ..4C

=r prs-l s—1

} wheren =r + s —lands=1

Prove this without induction.

An important generalisation of the approach used in Problem 37

The step in the proof whereby we get the probabilities of the separate pathways actually reflects an important
combinatorial technique which was obscured by the fact that we were dealing with probabilities. In what we did above the
favourable cases are normalised by the total number of pathways in order to get a probability. Let’s take a situation where

we need to work out the number of ways of getting from A to B on a grid. The problem is posed this way. Imagine a grid
of u +1 parallel lines running north-south and v +1 parallel lines running east-west. If you start at the southwest corner,
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how many ways are there of reaching the northwest corner by foot or car assuming you can only travel north or east?

(a,b)

y-1

(0,0) x -1 X
If N(x,y) is the number of ways of getting to (x,y) then:
N(x,y) = N(x -1, y) + N(x, y -1) where N(0,1) = N(1,0) =1
N(2,0) =1, N(0,2) =1 and N(1,1) =2

Take an arbitrary intermediate point (x,y). There are only 2 ways of getting to (x,y) given the constraints of the problems
(ie northerly and easterly movement):

(a) from (x -1,y) ; or

(b) from (x,y -1)

Thus if N(x,y) is the number of ways of getting to (x,y) we should have: N(x,y) =N(x -1,y) + N(x,y -1) which has the
same structure as the recurrence relation arrived at above. The boundary conditions are: N(0,1)=N(1,0) =1, N(0,2)

=N(2,0)=1 and N(1,1) =2.

(x+y!

I now make the bold claim that N(x,y) =

x!y!

Prove this two ways: by induction and by combinatorial reasoning.

39. Proving by induction that no-one ever escapes from the gulag of chartered
accounting
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This is a problem which involves using induction to prove that no-one ever escapes from a certain chartered accounting
firm that has a certain set of rules. Here is the problem.

Each new aspiring chartered accountant (CA) is given a bowl of 15 red beans and 12 green beans (to count of course). The
head audit partner (nicknamed “Gulag” by his employees) demands at regular intervals that each CA produce a time sheet
of chargeable units (a chargeable unit is 6 minutes - this has nothing to do with the problem - it is just letting you know
what you’re in for if you become a CA). Gulag bellows out “Time sheets” and the cowering CAs dutifully produce them.
Like the crazed captain of a ship cast adrift on the endless seas of chartered accountancy, Gulag offers the young CAs hope
of escaping from the mind numbing tedium of tax schemes, sets of accounts and journal entries. He has two rules one of
which must be done when he bellows “Timesheets":

Rule 1: If a CA holds at least 3 red beans, the CA may remove 3 red beans and add 2 green beans.

Rule 2: The CA may replace each green bean with a red bean and replace each red bean with a green bean. That is, if the
CA starts with i red beans and j green beans, then after Rule 2 is performed the CA will have j red beans and i green beans.

The head of audit offers the CAs this deal: they can leave the firm only when they have exactly 5 red beans and 5 green
beans.

One of the CAs has a friend who has studied mathematics and he asks the friend whether these two rules will enable
anyone to escape from chartered accounting. The maths friend thought about the problem for a while and came up with
this:

Theorem: Given the head of auditor's rules, no-one ever leaves chartered accountancy

Prove this theorem using induction.

HINT: You need to search for some quantity that arises from the various pathways that is invariant under each operation
of the rules. You then have to show that this invariant condition is violated by the head of audit’s condition for escape.

* GULAG was the Russian agency that operated the forced labour camps under Stalin. They were not enjoyable places -
neither are chartered accounting firms.

40. Integral equations and inductive proof

As noted earlier in the discussion about Feynman’s path integral approach, integral equations play an important role in
mathematical physics. The area of functional analysis deals systematically with the properties of integral equations. Here
is an abbreviated background to the basic theory which focuses on the concept of a contraction mapping since that is the
"entry point" level for the theoretical development A good book on the subject that is both rigorous, well written and with
lots of examples is Graeme Cohen, “A Course in Modern Analysis and its Applications” , Cambridge University
Press, 2003.

Let f be a function from [a, b] to a subset of [a, b]. Suppose that there is a constant 0 < k < 1 such that for any two points
X1, Xy in [a, b] the following holds:

[ fCx) = fO) | < k|xi = x2]
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The function f is then said to satisfy a Lipschitz condition. The Fixed Point Theorem guarantees that the equation f(x) = x
has a unique solution for x in [a, b]. The Fixed Point Theorem states that every contraction mapping ( the k being less than
1 gives rise the contraction concept) on a complete metric space has a unique fixed point. This is not the place to develop
the theory of complete metric spaces (in fact this is the incomplete treatment of complete metric spaces !) , suffice it to says
that the concept of a metric involves the idea of a distance in its most general context. Thus if one is interested in studying
differentiable functions a measure of "distance" of interest may be d(f, g) = max, <, < | f (1) — g'(¢)| where f and g are
differentiable functions on [a, b]. In the case of real numbers it could just simply be d (x;, x2) = |[x; — x|

The concept of a complete metric space involves the idea that every Cauchy sequence in that space converges. A
sequences is a Cauchy sequence if for every e > 0 there exists a positive integer N such that d(x,, x,,) < € whenever m,n >
N. Here d (x,, Xp) is some way of describing a consistent distance measure (metric) on the space. Note that the space can
be inhabited by functions, sequences etc rather than just plain old numbers.

The contraction mapping principle has many applications. For instance it underpins the proof of the existence of solutions

. . . .y e ..
to the first order differential equation ﬁ = f(x, y) with initial condition y = yp and x = xp.

Fixed point theorems are interesting in themselves. John Nash of “Beautiful Mind” fame used a fixed point theorem to
establish the existence of a social equilibrium, that is , a situation in which no household can individually improve its well-
being by altering the amount it consumes of various items. Nash shared the Nobel Prize for Economics in 1994 for his
mathematical work in this area. We know from the Intermediate Value Theorem that if a function g is continuous on [0,1]
such that g(0) <0 and g(1) = O then there must be some x in [0,1] such that g(x) =0.

Now suppose that f: [0 ,1] — [0, 1] is continuous. Let g(x) = f(x) - x so that g(0) <0 and g(1) = 0. Since g is also
continuous there must be some x such that g(x) =0 ie f(x) = x. This x is a fixed point of f. Note that continuity was
essential in establishing the existence of the fixed point. This principle is generalized to more abstract environments, For
instance Brouwer’s Fixed Point Theorem ("Brouwer" is usually pronounced "Brow-ver") states that if f: B” — B" (where
B"is the unit ball in R") is continuous it must have a fixed point. This theorem underpins the following observation. If a
circular disk made of rubber were placed on a table and then you took the sheet and deformed it by folding and stretching
and put it back within the circle where it started, there is always a point that is fixed ie it ends up in the same place. The
trouble is that while you may know that such a point exists you may not be able to specifically identify it.
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Problems

It can be shown for instance that an equation of the form x(s) = é j;ls tx(t)dt + SG—S has a unique solution for s € [0, 1]. Take
this on faith and assume that the starting point for the iterative process (nudge, nudge, wink, wink) is the function
xo(s) = 1for 0 <s < 1. Define x,(s) = %ﬁs tx,_1(O)dt+ %. I'll get you going with x;(s).

1,1 S5s s 1 Ss 26s 13s
= = +—==-,. -4 —= — = —
x1(5) 2£Stah 6 226 24 12

(i) Now find x,(s) and x3(s) and then guess a form for x,(s) and then prove your guess by induction. The answer has this

ab'+ ¢

form .
° ab"

(i1) Deduce that the x,(s) convergeto s on [0, 1] ie x(s) =s.

(iii) Suppose f: R— R has the property that there is a positive constant k such that | f(u) — f(v) | < k(u— v)%. Prove that
f is a constant function. Note that this looks like a contraction function but it is a stronger condition. You will need to use
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the fact that | f(u) — f(v)|= [f(u) —z+ z— f(v)|= |[f(u) — z|+ | z—f(v)| and implicitly apply an inductive
argument (you don't even have to bother being explicit) to get an expression for | f(u) — f (v)| based on refining the range
into n small segments.

41. Slipping some induction into a sequence problem

A sequence u,is determined by the relations:

u = a + ,B
u, = a + g - uai forn > 1 wherea > 8 > 0.
n+l _ pn+l
Show that u,,= % and determine the limit of u,as n »co

Discuss the case = >0

[This problem is from G. H. Hardy, A Course of Pure Mathematics, Cambridge University Press, Tenth Printing,
2006, page 167. Itis cited as a problem from Cambridge’s Mathematical Tripos in 1933]

42. Working out the area of a triangle using lattice points

An n x n integer lattice has a point at each integer valued ordered pair (i,j) wherei,j are integers = 0. Adjacent points are
one unit apart. A 4 x 4 lattice looks like this:

* k* *x %
* k*  kx %
* k* x  %x
* * *x %

If we form a right angled triangle with the diagonal forming the hypotenuse, what is the area of the triangle as a function of
the number of boundary and interior points of the triangle so formed? The following diagram illuminates the difference
between boundary and interior points:

*

*

W www

0 H W *

W W o+ x
*

B is a boundary point and I is an interior point.

. c. L . . B,
For the triangle formed within an n x n lattice it is claimed that the area is: A, = I,+ 5 - 1 where :

A, = area of the triangle formed within the n x n lattice
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B, = the number of boundary points in the triangle
I,, =the number of interior points in the triangle.

For instance for the 4 x 4 lattice the area of the triangle is %x 3x3= ; The formula gives 1 + g -1= g.
The aim is to prove the area formula by induction. Without knowing anything about the underlying actual structure of

formulas for 7, and B,show that the expression for A, makes sense.

Next find general expressions (ie based in the triangle formed in an n x n lattice) for:

(1) The number of boundary points in the triangle
(2) The number of interior points in the triangle

Use the formulas from (1) and (2) to prove the formula for A, by induction.

43. Volume of a unit ball in n dimensions

In Problem 32 we encountered the Gamma function. In this problem we will see how it features in the generalisation of
volumes in n dimensions and how induction is useful in proving the general formula. We will work with unit balls in R"
since it is a basic, indeed crucial, concept of measure theory (and hence integration theory) that the measure or volume of a
set is invariant under translations. Translation invariance means that if we have a cube of side length r centred at (0,0,0)
and we centre it at (x,y,z), the volume does not change. You would have implicitly assumed this in any event. There is a
form of relative dilation invariance as follows. If we take the volume of a unit cube (which can be centred anywhere since
volume is translation invariant) and scale up the sides by r, the volume scales by 1> ie pépatialdimension _ e woyld end up with
a cube of volume 7. Note that if you have a square, say, and you double each side the area increases by a factor of 4.
Volume being the area times a length would then be 8 times the original length cubed. Thus when we go to n dimensional
space the concept is that the volume of an n dimensional "ball" would be v, #* where 1 is the "radius" of the ball and

vy, 1s the volume of the unitballin R” ie { x € R": Ix| < 1}. In effect the volume of the unit ball is scaled by 7. This
concept is important in what follows. Note that when we talk about volumes generally lengths and areas count as
(degenerate) "volumes" for the sake of consistency.

There is a relationship between volume of an n-dimensional unit ball and an n-dimensional unit sphere (note that the unit
ball is the set of all points enclosed by the unit sphere which in turn is the set of points at distance 1 from a fixed point).
Start with the unit ball (of volume v,) and then enlarge it a bit by € > 0. The enlarged ball has volume v;,. = (1 + €)"v,
because the volume scales by (1 + €)". The volume between the large ball and the small one is vi¢ - v,=

{(1 + €)" =1} v,. If s, is the surface area of the unit ball then this volume is approximately that area times the thickness €
ie es,x{(1+¢&"=1}v,

n(n-1)
1+ne+ TEZ+ ..... +€" -1

(I+e" -1 =1 ! _
fvn— IMe 0 p Vp =NV,

This suggests that in the limit s, =lim

Copyright 2009 peter.haggstrom@exemail.com.au



Induction Problem Set 10 June 2009

To work out the volume of an n dimensional unit ball we can't actually visualise (at least I can't !) the physical construction.
What one has to do is generalise the concepts of lower order dimensions which we can visualise and then rely upon the
dilation principle discussed above to extend the process. There are various ways of arriving at the required volume and
they are usually taught in multivariate calculus courses. One common approach is to concoct an n dimensional integral

which involves e~ and it looks like this: I = ,,e"2 dxidx, ...dx, (the integral is over all of R”) . Because it can be

shown that f; e dx=\n (incidentally do you know how to do this?), this integral has the form 2.

One then does an integral by breaking R"into "spherical" shells and when this is done the gamma function emerges,

essentially because a change of variable is used to get rid of the —? in the exponential in favour of -t. You end up with an
expression that looks like this:

I= % Volume (n — 1 dimensional ball) x EQ ettt dt

Thus the gamma function emerges. This approach can be found in Barton Zwiebach, "A First Course in String
Theory", Cambridge University Press, 2004 ,pages 46-49 and many other places. A short proof which follows a similar
type of approach can be found here: http : / www.math.uu.se/ ~ svante /papers/sjL2.ps

The problem with the above type of proof is the introduction of the exponential factor which has no analog in the lower
dimensional cases. Thus when you work out the volume of a sphere using basic calculus techniques you don't get an e

factor. You simply work out of the volume of an elementary disk and then sum appropriately - no mention of e . This is
the approach adopted in Harley Flanders, "Differential Forms with Applications to the Physical Sciences", Dover
Publications, 1989, pages 74 -75. Harley Flanders is an American mathematician who has written several influential
textbooks. If you adopt that approach where does the gamma function come from? That is what this problem is about.

What Flanders does is this. He asserts that the volume of an n-dimensional unit ball can be found by integrating over slabs
via this recurrence relation:

n-1

Vi= [L(1 = )T Vi dx

n—1

=V,_1Jy where],,:f_ll(l - x*) 7 dx
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Now to see why the formula for V,, makes sense consider the case when n =2. The 2 dimensional "volume" is an area. You

would then have V, = f_ 11 V1- x*> Vi dx. What is the "volume" of a 1 dimensional unit ball? It must be 2 ie the length

from-1to 1. Thus V, = 2 f_ 11 \/ 1 — x%2 dx. Does this makes sense? It does, for consider the diagram below:

2
X +J - ]

3

a9l

D,
- adye | | L.

The volume (ie area) is indeed 2 L 11 V1 -x* dx =mn. See, no e factor up the sleeve! Now to generalise this process
we take an (n-1) dimensional slab which has volume V,,_; multiply by the slab width dx and finally multiply by the "height"

n—1
(\/ 1 - x? ) . The height is the usual radial height of 4/ 1 — x* raised to the dimension of the space in which the sphere

2-1
is "immersed" lowered by 1. In the simple example above the circle is "immersed" in R? so the height is [\/ 1 - X2 ) =

vV 1 — x? . Thus when we do V3 we get :

3-1 341
Vi =[\(1 - @)% Vadx=n [}(1 - @)dx=n[x-3| = Note that this is equivalent in traditional calculus

methods to getting the volume of an elementary disk being 7 y?dx where 1 = x? + y? and then integrating from x = -1 to x
=l.
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n-1

So the formula V,, = Lll(l - xz)T V,—1 d x does make sense.

Flanders then derives the following recurrence relation by doing integration by parts once:

Jp = % 2. He then says "these recurrence formulae lead to the standard result : V,, = o

l"(;i+]

. So the gamma function

~

finally raises its ugly head!

n

What you have to establish is that J, = "n;lJ,,_z and then that V,, = ——

It helps to establish the following propositions as building blocks (I know because I had to do it when I validated the
formula):

. Qk-DQ@k-3).31 _ _ Qk-1)Qk-3)..31 e
W) Sk =542 T = o m for positive integers k > 1.
(i) Jop, = BE2CED2, 2y

= ernei3.3’' T GrDer3 for positive integers k = 2.
44. Difference and translation operators

In actuarial theory, students have traditionally studied difference and translation operators in the context of the theory of
finite differences and difference equations. This problem deals with some basic theory of operators and how you can use
induction to prove some properties. We can think of squaring, taking the derivative or performing an integral as operators
ie they act upon some object (the operand). Generally what is of interest is operators on some class of functions eg

continuous functions on some set. You'd expect operators to have all the "nice" properties such as follows (where A and B
are two operators and f is some function):

1. A =B iff Af =Bf
2. There is an identity operator I such that If = f. In what follows I will use"1" to denote the identity operator and the
context will ensure that there is no confusion.

3. There is a null operator O such that Of = f for every f. T will use "0" to represent this operator and, again, the context
will ensure there is no confusion.

4. (A+B)f=Af+Bfand (A-B)f=Af-Bf

5. (AB)f =A(Bf)

6. A(f+g)= Af + Ag and A(Bf) = BAf where S is a constant. Thus A is a linear operator if this condition is satisfied.
7. If A(Bf) = f for any f then we have that AB = 1 and B is called the inverse of A. Thus B=A"! = %

The usual algebraic properties are also relevant to operators, namely:

8. Commutativity for sums: A+ B=B + A

9. Associativity for sums: A+ (B+C)=(A+B)+C
10. Commutativity for products: AB = BA

11. Associativity for products: A(BC) = (AB)C

12. Distributive law: A(B+C) = AB + BC

You have to check that your operator obeys these rules before you perform various manipulations. If commutativity does
not hold this statement will be false AB - BA =0.
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Let's take a classic operator - the difference operator A which is defined as acting on functions f(x) as follows:

Af(x) = f(x+h) - f(x) where h is usually a positive number which is the "difference interval". It is a linear operator. You
can take successive differences as follows:

A% f(x) = A[Af(x)] = A[ f(x +h) - f(x)]

= A f(x + h) - Af(x)

= f(x + 2h) - f(x+h) - [ f(x+h) - f(x)]

= f(x+2h) - 2 f(x+h) + f(x)

The n-th order difference operator is defined inductively as A" f(x) = A[A"! f(x)]

In a similar fashion one can define a linear translation operator as follows: Ef(x) = f(x + h). Applying this operator twice
you get: E*f(x) = E[Ef(x)] = Ef(x+h) = f(x + 2h). The n-th order version E" is defined inductively as E” f(x) = f(x + nh).

Problems

Show that:
i) A=E-1

(i) E=1+A

(iii) A2= (E — 1)>=E?2 - 2E + 1; and more generally

(iv) A" = (E - 1)"=E"-(")E"-l+(")E"—2- +(=1) where(n)— o
) 5 JE" )

T (-

(v) Show that (1 + A)" Aug = A (1 + A)" uy

(vi) Deriving Newton's difference formula: If r > 1, define (1 + A)'u, inductively as (1 +A) { (1 + A)'u,}.
r r

(i) Show that (1 + A)u, = (1 + ( | )A + ( ) )AZ + . FA)u,

n

(ii) Show that un,; = (1 + A)™u; = u; +(l

n n
)A u; +(2)A2 u; +..+ ( . )Arul + ot A"y

This is Newton's difference formula

(vii) If Aug= upi1- ur show that the u (for 1 <k < n) are all equal if and only if Au;= Aup=... =Au,_; =0. In other words
the u; are independent of n.

(viii) Let uy, uy, ...bea given sequence and suppose we construct vy, v;, ...suchthat A v,=u, for all n. Then if
Sp = Yp_quy show that S, - (1 + A)" vy =-v;

45. An application of Fermat numbers
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A Fermat number is defined forn=0, 1,2, ....as F,=2% + 1. The first few Fermat numbers are as follows:

Fo=3
Fl =5
F=17
F3 =257
F4=65537

F5 =641 .6700417
(i) Show using mathematical induction that H,'(';(l) Fy=F,-2 forn>1.

(ii) Having done (i) show that any two Fermat numbers must be relatively prime (ie their greatest common divisor (gcd)
must be 1). Can you see how this fact might be used to prove there is an infinity of primes?

46. A quick and useful result for polynomials

Consider pn(x) = x" + a1 X' + a,_ X" 2 + ...+ ag. If the roots (perhaps complex) are A; 1 <i<n then p,(x) can be
written as the following product of factors:

pu(®) =TT (x = &)

Problem

Show that p,(x) = [T, (x = ) =x"- 5L 4 7+ 5 44072 - B il X7+ L+ (=D A A, A,
In the theory of symmetric functions the coefficients of x are usually denoted by:

o= M+ A+.+ A,

o) = /\1 /\2+ /\1 /\3+ ot An—l An

on= A Ay Ay

47. An application of the Cauchy-Schwarz inequality to intervals for real roots of
polynomials

Recall that the Cauchy-Schwarz inequality is stated as follows: for real a; and b; :Z’zl a;b; = \/ Z?:] a? \/ Z?:l b

Suppose all roots of the polynomial x® + a,_; X™! + a,_» X" + .... + ag are real. Then the roots are contained in the
interval with the endpoints
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-1 n-1 2 2n
+ — a1~ — —
n n n-1 n-1

Hint: let one of the roots be A and express the polynomial in the form (x - A)( x - A;)...( x - 4,1). Then compare coefficients
of a,_1and a,_,. Once you've done that think about how the Cauchy-Schwarz inequality might be used (see Problem 24)

48. Using induction to solve functional equations

Cauchy did fundamental analytical work in functional equations hence there is a basic theorem named after him. Here it is.
Letf:R — R be a continuous function satisfying:

f(x +y) =f(x) + f(y) forall real x and y.
From this meagre information one can show that there exists a real number a such that f(x) = ax for all x e R
Welcome to the theory of functional equations!

One can use induction to show that f (3}, x;) = Y_, f(x;) for all x; €R. For n =2 the formula is true since it is just a

restatement of the definition. Assume the formula is true for any n and consider f ( '-':11 x)=F Qo % + Xpy1 )=
Z’zl J(x;) + f(x,+1) using the induction the definition of f(x + y)

=Y fo)

Hence the formula is established for n+1. When the x; = x for all i we have that f(nx)= n f(x) for all positive integers and all
real x. This may seem a pretty trivial result but the plan here is to use this to establish that the functional equation holds for
rational scaling and then make the leap to scaling by a real number. It is very common to use induction to establish some
basic structure of the functional equation that can be manipulated to get to where you want . Here we want to establish that
f(x) = ax for some real a.

We can make the leap to rational scaling by letting x = % t where m and n are positive integers. Because nx = mt we have

that f(nx) = f(mt) and using the result we just established by induction we see that:

n f(x) = m f(t)
nf(% z) = m f(t)

So we have that f| (% t) = % f(t) forall te R. In other words since % = g is rational we have established that f(qt) = q f(t)

for all t e R and positive rational q. We now need to pick up q < 0. This isn't too hard because f(x + 0) = f(x) + f(0) ie f(x)
= f(x) + f(0) so f(0) = 0. This means that f(0t)= 0 f(t). Thus q =0 is picked up. To pick up q <0 we start with:

0 = f(0)
=f(q+(-q))

=f(q) + f(-q)
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Hence f(-q) =-1f(q). If g<Othenf (- (-qt)) =-f((-q) t) = -(-@)f(t) = q f(t). So we have shown that f (qt) = q f(t) for all
rational q and real t.

If we let t =1 we get f(q.1) = q f(1) ie f(q) = q f(1). Let f(1) =a (a real number) we have that f(q) = a q for all rational q.
The end game is to establish that we can say that f(x) = ax for x real by leaping from the rationals to reals. This is where

continuity comes in. I won't provide the full proof but the gist that the rationals can approximate a real to an arbitrary
degree of accuracy.

Problem

With this theoretical background let's do a "meaty" problem which involves both induction and the ideas discussed above.

Suppose you are told there is some function f(x) which is strictly positive with the following properties for all real x:
(a) f2x) = [f()

(b) f(-x) = [f0)]

©fx)=1+x

(1) Make an inspired guess what a candidate for this function would be. It has figured more than once in this problem set !

(2) Prove by induction that f(x) = [ f (zi)]z for integers n = 1

(3) Use (2) to show that (1 + =) * <f(x) forintegers n = 1 . Have a close look at 1 + ) ? _ does it remind you of
anything?

(4) Use similar reasoning to show that f(-x) = ( 1 - 21) ¥ for integers n = 1

(5) "Sandwich" f(x) between ( 1+ 21) * and an upper bound. To get this upper bound show that f(x) = [f(—x)]"! and derive

an upper bound of the form ( 1+ %) ¥ g(x,n). You should aim for this: ( 1+ zx—") ¥ < f(x) < ( 1+ zx—,) ¥ g(x,n) where

g(x,n) is some expression involving a and n . Now if you guessed the form of f(x) correctly (and the 3 conditions make it
pretty clear what is should be) use a simple limit argument to conclude that your guess is the unique solution to this
functional equation problem.

49. Filling in the gaps for Newton

The proof of the binomial theorem in its most general form is actually reasonably intricate and it is little wonder that
Newton' s proof falls short of today' s standards of analytical rigour. You can read for yourself how Newton guessed the
result by going to this link: http : // www.macalester.edu/aratra/edition2 /chapter2 /chapt2d.pdf

What I have done below is break the proof down into a series of steps which build on one another. Some analysis is
required but I have kept the knowledge to a minimum. Those who know more can see how one might compress one or
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two of the steps but for the most part you have to show by standard analytical techniques that a remainder approaches zero
asn - oo. Some of the sub-steps could be treated as self-contained problems simply because they involve quite
fundamental limiting arguments.

Cauchy showed that (1 + x)” does converge to a finite real number for all real z if |x| < 1.

z z
He then defined a functionf (z) = 1 + zx + (2) +x2 +(3)x3 +...and

showed by combinatorial arguments and rules for multiplying two such infinite sums that
f(z + w) = f(z)f (w)forallreal zand w. Cauchy then wanted to show that by taking
logarithms he could get something like g (z + w) = g(z) + g(w) whereg = logf.

In order to show that g (z) = az for some a Cauchy had to establish that both f and log f were continuous. Having done all
of that he deduced that f (z) =
b”* for some b. The final step was to note thatb =

1 1
1 + x which follows by noting thatf (1) = 1 + x + (2)x2+ = 1 + xsince( .)z Oforj > 1.
J

One can use Taylor's Theorem to show that
m m .
fx)=1+x)" =1+ mx + ( ’ ) x% + ( 3 ) x? + ... does converge for any m rational and |x| <
1. This problem sets out a series of steps to establish this.

There is a lot in this problem but I have kept the analytical parts as basic as possible. I have stated the bits of analysis that
you need to make the relevant deductions.You do need to know that differentiability implies continuity and I assume you
have probably proved this. I also assume you have used the Fundamental Theorem of Calculus

Problem
(1) Suppose f (x) has continuous derivatives up to order n and let :

F,(x) = f(b) = f(x) = (b=x)f (x) — ... %ﬂ“—”(x)

Show that F, (x) = — % £ (x)

1
(n—1)!

(2) Henceshowthat F,(a) = F, (b))~ ['F, (0dx = [P -x" 0 (x) dx

(3) By letting b = a + h and an appropriate substitution in the integral in (2) show that :

hnfl
(n—-1)!

fa+h) = f(a) + hf (@) + ...+ f0-D (a) + R, whereR, = %LI(I — "™ (2 + th) dt

(4) Assuming that the following proposition is correct :
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Iff(x) = Oforxe[a,b], then show thatif M < f (x) < N for x €[a, b] implies that M (b - a) < fahf(x) dx<N(b-a)

(draw a diagram and it hits you in the face).

Using these building blocks (and noting that f is continuous since it is differentiable) show that 3 € € (a, b) such that
b

fa S dx=(b-a)f(&)

(5) If M < f (x) < N for x ela, b] and (x) = 0 then show that M ["y(x) dx < ["f(x)¥(x)dx <N ["4(x) dx. Using similar
reasoning to (4), show that 3 & € (a, b) such that [ f(x) y(x) dx =£(€) ["¢(x)dx

_ py-p fn) n
(6) Using (5) show that when0<6<1 and 1< p<n, R, = %

As a first step justify this: [/ (1 - 0" f® @@+ th) dt = (1 — 0" P (a + 6h) [ (1 - 0P dt

Note that from (3) R,= ('j—l), [la -0 @+ th dt.

You can assume that a function g(x) which is continuous on a closed, bounded interval such as [a, b] is bounded (and in
fact attains its maximum on the interval). In other words 3 K > 0, such that |g(x)| < K for all x € [a,b]

If p = ntheremainder R, is called Lagrange's form while if p = 1itis called Cauchy's form, namely :

(1-6)""' £ (a + 6h) h"

R, = (n—-1)!

(7) Now consider f(x) = (1 + x)" where m is not a positive integer but is some rational number. Show that the Cauchy
m(m=1)...(m-n+1) (1-0)" "' x"
(n=1)! (146x)" ™

form of the remainder in the Taylor series expansion is R, = Note here that rational m (m

-1)...(m+n-1) still makes sense.

1-6
(8) Show that o < laslongas-1<x<1

(9) Show that (1 +6x)" ' <(1 + |)™ ifm > 1 and (1 +6x)" ' <(1 — )" ifm<1

m-—1
(10) Show that |[R,| <|m]| (1 % le)’”_1 I( | )I [xI" We want to show that this approaches 0 as n — co and the next
n—

steps are directed at establishing that. In other words we have to show that R,— 0.

(11) Show that if if /(n) >0 for all nand if | Y(n+1) | <K |¢¥(n)| whenn =N and 0 <K <1, thenlim ¢(n) =0

n—oo
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Y(n+1)

(12) By using (11), show that if lim,, , o, e

=A where-1 <A< 1,then lim ¥(n)=0

n—oo

(13) Use (12) to show that R,— 0. Having done all of that you will have proved that the binomial expansion holds for any
rational m and -1 < x < 1. Think how irrational values of m might be approached.

50. The Poisson process

The Poisson process is a continuous time analogue of the discrete Bernoulli process. The Bernoulli process is usually
characterised in terms of independent coin tosses where the probability of a head is fixed number p such that 0 <p < 1.
Each trial produces a success ( head) with probability p and a failure (tail) with probability 1 - p independently of what
happens with the other trials. The independence assumption leads to a memorylessness or “fresh start” property. Thus for
any given time t, the sequence of random variables X; (ie the future process) is also a Bernoulli process which is
independent of the past process. To recapitulate some basic background, the Bernoulli process is binomial with parameters
p and n. Thus its probability “mass” function of k successes in n independent trials is given by:

Ty —k
Ds (k,n):(k)p (1 -p)"* for k=0,12,...,n

For the record the mean numbers of successes is E[S] = np while the variance is var[S] = np(1-p)

If one were to model something like traffic accidents in a city, we could make our observations in the fixed time interval
of one minute, say, and we might treat a “success” as the observation of at least one accident in the period. The Bernoulli
process does not keep track of the number of accidents in the period since the universe of outcomes is either a “success” (at
least one accident) or a “failure “ (no accidents). Because the Bernoulli process does not contemplate a natural way of
dividing time into discrete bits there is a loss of information eg there were 20 accidents between 10.00 am and 10.01 am
but only 1 between 10.02 am and 10.03 am, but both periods reflect a “success”.

The Poisson process reflects a continuous time approach to such problems. There are several ways of approaching the
Poisson distribution. For instance it can be derived by limiting arguments based on occupancy problems . Thus Feller
derives the probability p , (r,n) of finding exactly m cells empty when a random distribution of r balls is made into n cells.

This probability is :

R e e (|

n

RN (where m is fixed and r and n tend to infinity)

It can then be shown that p , (r,n) - e~ -

See William Feller, "An Introduction to Probability Theory and Its Applications," Third Edition, Volume 1, John
Wiley & Sons, 1970, pages 101-106.

There are other ways of approaching the development of the distribution and in this problem we look at two different
approaches, one is a limiting approach which involves a basic inductive argument, while the other approach is based on
developing an appropriate differential equation, the solution to which involves some inductive reasoning. The second
approach opens up an important technique that is fundamental for any advanced study of probability theory.
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(1) Deriving the Poisson process by using the binomial distribution and some inductive arguments

The starting point for this derivation is a Bernoulli process where n is large and p is small but A = np is of moderate size.
This is how Poisson derived the distribution that is named after him. We start at the bottom and work out way up. Thus if

there are k = 0 successes the probability is b(O,n,p) = (1 — p)" = (1 - %)n Written this way this should look eerily
familiar since lim,, , ., (1 + %)n = ¢”* so for large n one would assert that b(0,n,p) ~ e~*. What this means is that we are
looking at equality up to terms of order }11— You can perhaps appreciate this better if you take logs of b(0,n,p) = (1 - %)n
which gives log b(0,n,p) =n log (l - %) and using Taylor's Theorem one then gets:

log b(0,n,p) =nlog (1 - %) =-A- % - .... Hence for large n, b(0,n,p) ~ e~ since the terms of order % and beyond are

ignored in the approximation.

Problem 1

b(k,n,p)
b(k=1,n,p)

By analysing the ratio for any fixed k and sufficiently large n show that b(1,n,p) ~ A e™* and then show generally

by induction that b(k,n,p) ~ i—f e

First, some background.

The theory of Poisson processes is usually taught by reference to some generic properties which can be set out as follows.
The probability that there are exactly k arrivals during an interval (usually time) of length 7 is P(k, r). It is assumed that
this probability is the same for all intervals of length 7. It is also assumed there is a positive parameter A which is the
arrival rate or intensity of the process.

More formally the process can be defined as follows:

(1) The probability P(k, r) of k arrivals is the same for all intervals of the same length 7. In essence this means that
arrivals are "equally likely" at all times. In the Bernoulli context the analogue is that the probability of success is the same
for all trials.

(2) The number of arrivals during a particular interval is independent of the history of arrivals outside that period. The
probability of k arrivals during an interval of T - t is P(k, T -t) and even if we have some information about arrivals outside
[t, T] the conditional probability of k arrivals during [ t, T ]is the same as the unconditional probability P(k, T - t).

(3) The probabilities P(k, 7) satisfy:

PO,7)=1-At+ o ()

P(1,7)=At+ 01(7)

Pk, 1) =ox(1) fork=2,3,...

In this context o(7) and ox(7) are functions which have the properties that
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o (1)

lim,, =0 and lim., Oktm =0

The third set of properties is really the crux of the process in the sense that they allow you to make some meaningful
estimates. The "remainder" terms o (7) and o (7) are assumed to be negligible in comparison to T when 7 is very small. If
one invests the process with sufficient differentiability, these terms can be through of as O(t?2) terms in a Taylor series
expansion of P(k, 7). Thus for small 7 the probability of a single arrival is approximated by A7 + a small term and,
similarly, for small 7, the probability of zero arrivals is about 1 - At. The probability of two or more arrivals in a small
interval is taken to be negligible in comparison to P(1, 7) as 7 gets smaller.

at)"

Based on these assumptions we want to prove that P (n, t) = d et forintegral n = 1

n!
Consider P(n, t + h) which is the probability of n arrivals in the interval of length t + h.

(i) Show that P(n, t+ h) =P(n,t) (1 -Ah) + P (n-1,t) Ah + o(h)

(ii) Using (i) obtain a differential equation involving P(n, t). Does your equation hold for n = 0 and if not, why not?

iii) Find the solution to the general differential equation oy p(x) y =0. Apply what you have derived to show that P(0,
dx

t)y=e M

iv) Now consider the differential equation oy p(X) y =q(x) and show that if q(x) is a solution of oy p(x) y = 0 then
dx dx

y(x) =x q(x) is a solution of j—i+ p(x) y = q(x). Once again apply what you have derived to the Poisson problem for n =1.

(v) After having done steps (i) -(iv) you should now know P(0, t) and P(1,t). Your next mission is to develop an inductive

argument for P(n, t). Your goal is to show that P(n, t) = (%)n et forintegraln = 1

51. The Tower of Hanoi

This is an ancient puzzle and consists of n disks of decreasing diameters placed on a pole. There are two other poles. The
problem is to move the entire pile to another pole by moving one disk at a time to any other pole, except that no disk may
be placed on top of a smaller disk. Find a formula for the least number of moves needed to move n disks from one pole to
another and prove the formula by induction. This is a problem from Lindsay N Childs, "A Concrete Introduction to
Higher Algebra", Second Edition, Springer, 2000 page 12.

The following diagram shows the set up.
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APPENDIX

Sup and inf

If S is a non-empty subset of R and if every element of S is less than or equal to b, then b is called an upper bound of S.
If S has an upper bound then we say it is bounded above.

Similarly, if S is a non-empty subset of R and if every element of S is greater than or equal to c, then c is called a lower
bound of S. If S has a lower bound then we say it is bounded below.

Is S is bounded above and below it is called bounded.
The real number b is a supremum or least upper bound of S if:

(a) b is an upper bound of S; and
(b) there is no upper bound of S less than b.

We write b=sup S (or lub S)
Symmetrically, the real number c is an infimum or greatest lower bound of S if:

(a) c is a lower bound of S; and
(b) there is no lower bound of S greater than ¢

We write c =inf S (or glb S)

Basics of partial fractions

This is a quick introduction to partial fractions if you have forgotten the theory. Let a(x) be a polynomial of degree = 1
whose coefficients belong to some field F, say R or C. If a(x) = b)x) c(x) where b(x) and c(x) are polynomials also with
coefficients in F and both have degree = 1 we say that a(x) is reducible over F and that b(x) and c(x) are factors or divisors
of a(x). However, if the representation a(x) = b(x) c(x) with coefficients in F is only possible by taking b(x) or c(x) to be a
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constant (ie a polynomial of degree 0 over F), a(x) is said to be prime or irreducible in f[x]. For instance, x> + 1 is
irreducible over R but not over C since x% + 1 = ( x + i) (x - i).

The basic theory (which I will not prove) is that if a(x) and b(x) are relatively prime polynomials over F and have degrees
of m = land n = 1 respectively, then every polynomial f(x) over F of degree < m + n has a unique representation:

f(x) = B(x) a(x) + A(x) b(x) where A(x) and B(x) are polynomials over F of degree less than m and n respectively.

SO _ AW Bw
ax)bx) ax) = bx)

This means that we can write

Example: Find real numbers A, B, C such that L é+ B+ C
(2-9)  x 2-9

Multiplying through by x(x2 - 9) we have that x +9 = A(x> — 9) + x(Bx+C) = (A + B)x* +Cx-9A

Equating coefficients we have that C=1, A =-1 and B = 1 so that X: 0 iy xrl

x(x —9) X -9
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