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1. Two easy ones to warm up

(1) ProvebyinductionS, =1 + 2 + ..... +n = "(";1) forintegers n = 1

Gauss implicitly derived this formula in his head when in primary school. His teacher (apparently a bit of a brute) asked the children to
sum the first 100 numbers. Gauss noticed this pattern :

1 2 3 .. 100
100 99 98 .. 1
101 101 101 .. 101

Since there are 100 pairs equal to 101 the sum must be 100 x 101 / 2 = 5050 (you have to divide by 2 to negate the duplication).

There is an amusing fictional book which casts Gauss in a somewhat different light. The book is: Daniel Kehlmann, “Measuring the
World”, First Vintage Books , 2007 and deals with the exploits of Baron von Humboldt and Gauss. After reading this book Gauss’
aura is, well, less pristine than it would otherwise have been. The thought of him elbowing his way to the food at a function is rather
amusing. What you may not realise is that Gauss spent a huge amount of time traipsing about Europe measuring the curvature of the
earth and much more. If you do differential geometry you will come across Gauss's "Beautiful Theorem" which deals with intrinsic
curvature.

Solution:

1(1+1) -1

The formula is true for n = 1 since 1 = 5

n(n+1)

Suppose the formula is true for any n. ThenS,+; = 1 +2+ ... .. +n+n+l= + n + 1 using the induction hypothesis

_ n(nt]) +2 (n+1)

n+l

_ (n+)(n+2)

- ie the formula is true for n + 1 and hence true for all n by the principle of induction.

) If a1, az, .. a, arepositivereal numbersandn = 2, provethat(1 + a;) (1 +az) .....1 + a,) > 1 +a; + a + ... + a,

Solution:

The base case is whenn=2ie (1+ay) (1+ay)=1+a;+a;+aja> 1+a;+a because a;a,>0. So the base case is true.
The induction hypothesis is that forany n, (1 +a;) (1 +a) ...(1 + a,-1) > 1 + a; + a; + ... + ay—

(I+a)(l+ay)...d +a,) >(1+a,) + a; + ay + ... + a,-1) using the induction hypothesis

=l+a +a+..+a,1+ a,+ a,(a; +a + ...+ a,_1)



> 1l+a +a +..+a,-;+ a, (sincea,(a; +a, + ..+ a,_1)>0)

Thus the formula is true for all n by the principle of induction.

2. Fibonacci fun

There are literally dozens (hundreds?) of formulas involving Fibonacci numbers and some of them provide good practice in induction.

In these problems F), is a Fibonacci number. Remember that :
Fo,=F_ + Fpp if n=2 and Fy, = 0 F|=1

(1) Provethat F{ + F + F3 + ...+ F, = Fyyp — 1

Solution:

The formula is true forn=1since F; =1, Fp=F; + Fp=land F3- 1 =F,+ F1-1=1+1 —-1=1

Suppose the formula is true for any n.

Then F; + F, + F3 + ...+ F, + F,;1 = F,4» — 1+ F,;1 using the induction hypothesis.

a+3 — 1 (since Fpy3 = Fupt Fupp)

Accordingly the formula is true for alln 1

(2) Prove that | + F3 + F5 + .t Fyy = Fyy

Solution:
The formula is true forn =1 since LHS =F; = 1 andRHS = F, =1
Suppose that the formula is true for any n.

Fi+Fs+ Fs + ...+ Fy,-1 + Fouer = Fa, + Fa,4 using the induction hypothesis
= F,, 4, using the definition of F,

So the formula is true for n + 1 and hence is true for all n.

(3)Provethat F, + F4y + Fg + ....4 Fryy = Fopyy — 1

Solution:

The proof follows the approach of (2).

The formula is true forn =1 since LHS=F, = landRHS = F; -1 =2-1 =1
Assume the formula is true for any n then:

Fy + F4 + Fo + ..+ Foy + Fryi0 = Fouy1 — 1 + Fy,40 using the induction hypothesis
= F, 43 — 1 using the definition of F;,

So the formula is true for n + 1 and hence true for all n

(4) Prove that Fyy 12 - Fy Fpun = (=1)"

Solution:

Whenn=1LHS = F>> — F; F3=1%2 — 1x2 = (-1)" sothe formulais true forn = 1.
Assume the formula is true for any n.

Then Fpi2? - Fps1 Fuaz = Fuin® - Fue1 (Fraz + Fpip) using the definition of F),

— 2 2
= Ln+2 'Fn+] Fn+2 'Fn+1
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= Fn? - Fupy Fupo - (=1)"- F, F,,» using the induction hypothesis
=Fpo® + (1" - Foa (Fpa+ Fy)

=F,»% + (=1)*!' - F,.»> using the definition of F,

=(=1)+!

Hence the formula is true for n+1 and so for all n.

(5) Prove that Fy Fy + Fo F3 + F3Fa+ .4 Fypy_y Fay = Fp )2

Solution:
Whenn=1, LHS=F, F, =1.1=1and RHS = F,> = 12 = 1. So the formula holds forn = 1.

It is important in the next step to get the n + 1M term right. Note that we must end with an even term.

Fi\Fo+ FoFs + FsFo+ oA Fan 1 Foy + FonFansr + Fapi Fapgn =
F32 + FauFans1 + Fans1 Fansn using the induction hypothesis

= F3,2 4+ FonFopnst + Fanst (Faps1 +Fay) using the definition of F,,
=F,* + 2F, Fapi + Fapid?

=(Fyy + F2pi1)?

=Fyp40> again using the definition of F),

Thus the formula is true for n+1 and hence true for all n.

(6) Prove that any two consecutive Fibonacci numbers are relatively prime ie gcd(F,, F,1)=1 Hint: Think proof by contradiction.

Solution:

The hint was to use proof by contradiction, hence, suppose that there is at least one n such that the greatest common divisor of F,, and
F,. isd> 1. Thus forthisn,d | F, and d | F,,; . It follows from this thatd | F,,,; - F, . The reason for this is thatd | F,, > F,=d r for
some positive integer r and similarly d | F,+; = F,+1 = d s for some positive integer s.

Thusd|(ds- dr) ied|F, -F,. But F,,y —F, = F,_; sod|F,_;. So we have established that d > 1 is also a divisor of F,_; and
we can apply the same logic to descend ( see the discussion in the main paper about the method of descent) further down the chain until
we hit F'; = 1 at the bottom. Since d cannot divide 1 we have our contradiction and hence all consecutive Fibonacci numbers are
relatively prime. There is a stronger result that can be proved and it is this:

If gcd(m,n) = d then ged ( F,, F,) = F,; The proof of this is more intricate and can be found in G H Hardy & E M Wright, "An
Introduction to the Theory of Numbers," Fifth Edition, Oxford University Press, 1979, page 149

(7) Conjecture a formula for F, n2+ Fn,lz Hint: think of the formula using the Golden Ratio (See the mnin work)

Solution:

a'- p" 1+y5 1-

Recall that F,,= CF where a = and 8 =
5

so that 3 = -1 ,a—ﬁ:\/?andaﬂ[f:l

@M 2a" B+ B4 @222 gl g2

5

Using this formula F2+F,? =

P2 (aB) + 2+ P22 (aB) ) + pon?
5

@=2(=1)" + B2+ @2 =2 (=)' 4 g2 2
5

( 2n 2 n 2n-2 2n-2
= M since =2 (=1 — 2(=1)* 1= =2(=1"[1 -1]=0

((l2nfl _ ﬂz”")(a—ﬂ)-#aﬂz”" B a4 22y grn2

- 5
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2n-1_ 2n—1 5 +(1+ ) 21172+(1+ ) 2n-1 .
:(a £ )\/_ Saﬂﬁ Sk since | + =0

(QZVH _ ﬁZn—l)\/s_

5

@2t gl
Vs

=F2,-1

Hence the conjecture is: F24+F,_2=Fyu_y

(8) Conjecture a formula for F,,.F,+ F,F, _; Hint: think of the formula using the Golden Ratio
Solution:
We proceed as in (7).

(1= g+ 1) (@ B + (@~ ) (@1 - pr-Y)

Foi1Fut FuFyoy = 5

Q2= BT — B g BRr 4 g2l g gl g gl g2

5

@ @B) — BaB) + B2+ a2 - alap) ! — Blapy B!
5

@M (=1) = B=1)" + B+ a2 = (1)) — B=1yr g
5

= S ince —ar(=1) = B - a (1P = 1= —a (D1 - 1] = G-I 1] = 0

(au _ BZ")(a—ﬂ)+ﬂaz"+a,82"+afz"’l +B2n—|
5

(az,l _ Bz»)\/s_Jran,fl({lﬂJr 1) + 2711 +af)
5

(o2 =)

= since | + 8 =0

a2~ gen
Vs
=Fy,

Hence our conjecture is F 1 Fy+ FoF,—1 = Fa,

(9) Using (7) and (8) develop an inductive argument that will establish the validity of both of your conjectures.
Solution:

Let's start with F,,F,+ F,F,,_| = F», which is true forn = 1 since F,F |+ F1Fy=1.1+1.0=1and F,=1. If we consider F, ,F, 1+
F,.1F, we can use the approach in (8) where we replace n with N =# + 1and itis clear that we will end up with F, y= F 4, so that the
conjecture is true for n+1. If you grind remorselessly through the algebra of F,, 2F 11+ Fpi1Fp you will indeed get equality with F ,,15.
In essence we know that the Golden Ratio formula is true for all n (proved in the main work) so all we are doing is some algebraic
manipulations with something we know to be true.

A similar approach can be followed with (7) after establishing the base case with n=1 ie F 2+ F?=1+0=1landF,_,=F,=1

There is a different solution given to (9) in L . Lovasz, J. Pelikan and K. Vesztergombi, "Discrete Mathematics: Elementary and
Beyond", Springer, 2003, pages 68-69. The authors pull the formulas for (7) and (8) out of the air and then use "simultaneous
induction" to get the result. Since Lovasz in particular is a very well known author on substantial combinatorial problems it is worth
having a look at the alternative solution. Their proof runs like this:

First they establish F,.F,+ F,F,_; = F», by using the basic formula F,;; = F,, + F,,_; this way:

Fn+1Fn+FnFn71=(Fn+anl)Fn+(Fn71+Fn72)Fn71
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=(F2+F,_\®)+ F,F,_1+ F,_1F,_, then using (7) and (8)

=Fy-1+ Fapa

= F,, using the basic formula

They then prove (7) this way:

Fn2+ Fn—l2 = (Fp + Fn—2)2 + Fn—lz = (Fn—12+ Fn—22) +2F, F, 5+ Fn—12

= (Fn—12+ Fn—22) + Fpi(Fp2+ Fy) + Fot Fra

= (Fn—12+Fn—22) + Fy Fuoi+Fy1 Fr

= Fopn3+Fana

=F 2n-1

The authors note that they have used (8) (4.3 in their book) in the proof of (7) (4.2 in their book) and (7) in the proof of (8) and this is fine
because two induction proofs have to go simultaneously. If we know that both (7) and (8) are true for a certain value of n, then we prove
(7) for the next value (if you look at the proof, you can see that it uses smaller values of n only), and then use this and the induction
hypothesis again to prove (8)".

My problem with that type of proof is that it is easy to get lost and while it is not logically flawed it would require discipline to execute
accurately.

(10) Continued Fractions

The theory of continued fractions underpins many of the results on Fibonacci sequences. Indeed, in G H Hardy & E M Wright, "An
Introduction to the Theory of Numbers," Fifth Edition, Oxford University Press, 1979 the authors develop Fibonacci theory as a
subset of a more general treatment of continued fractions. However, to do so requires a reasonable amount of overhead. To get more of
an "entry level" feel for how the theory of continued fractions is relevant we need to establish some building blocks and the following
series of problems sets out the relevant building blocks in a systematic fashion.

First, if you have not encountered the concept of a continued fraction it is represented as a sequence of numbers of the following form:

1
[ 1

1, 1+ % 1+ — , and so on. There is a standard notation for these continued fractions: [1], [1,2],[1,2,2],

[1222],[12222]etc.

(1) As afirst step find [1], [1,2],[1,2,2],[1,2,2,2],[1,2,2,2,2] in fractional form.

Solution:
(1=1
1 3
[1.2]= 1+5—E
[122]= 1+——= 1+2="1
2+— 5 5
2
N2221=1+——=1+-"=1+2 =2
24 242 2712
1 5
[12222]=1+——=1+—-"—=1+2=%
24— 24 = 29 29
2 12

24-
5

(ii) Show how v/2 can be written as a continued fraction: Hint: Start with V2 =1 + (\/7 - 1) and it should emerge.

Solution:
(\/7+I) 1 1 1
Using the hint we have that V2 =14+ (V2 -1)=1 + (V2 -1 =1+ =1+ =1+ =1+
Sing fhe fumt we ave fha ( ) ( )(ﬁn) V2 +1 2+(ﬁ71) 2+ —
V2 41

l, =1+ ll etc
2+ 2+

z+(ﬁ-1] 24—
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This suggests that \/7 =[122.2,.]1=[1, 2] where the overhead dot signifies infinite repetition.

(iii) Generalise the concept as follows. This is a classic case of where notation is important. First note that [ag] = % and then [ag, a;] =

1 agay+1
ap+ —= =—— and [ag, ai,a»] = ap+
ai a

- = DUBTNTE Ghow by an inductive argument that:

a)+— aya; +1
a

@ [ao, ais ..., ayo1s ayl= lao, [ a1, ..., ayo1, ay] ]

Solution:

The claim is trivially true for n = 0. For n =1 we have that [ag, a;]= [ao, [ a1] ]. Itis given that [ag, a;] = “atl and [ao, [ a1]
1 1 1 .

l=ap+ a1 = apg+ o = Dar_ _ lag, a1] . Hence the assertion is true forn =0 and 1.
a, L a,

1
Assume that for any positive integral k n:
lao, a1, ... ar_y, ax]l= lao, [ a1, ..., ar_;, a;] ] Note that there are k + 1 terms in this: [ ap, a; ..., gy, a;]
Now [ag, lai, ..., ay-1, Qu, ay+111= [ao, a1, laz ..., an-1, a,, a,+1]] using the induction hypothesis on
lai, ..., an—1, an, a,+1] because it has n+1 terms. Note that after n applications of the induction hypothesis to

lay, ..., an-1, an, a,+1] and its descendants you will strip away the internal brackets. The induction hypothesis justifies this because
we assumed that one can reduce the scope of the internal brackets by one term for each k n.

ie[aO’ ai, [aZ ceey Ap—1, Qp, an+1]]= [aO’ ap, (12’[(13, wees Ap—1, Ay, an+l]] etc

Thus we get that [ag, [a1, ..., an-1, an, an+1]1] = lao, a1, ..., ay-1, au,a, 1] so the assertion is true for n + 1 and because it is true
forn =0 and 1 it is true for all n.

®) lao, a1, ..., @n1, anl = lao, ar, ..., ay2, a1 + a_]

n

Solution:

Whenn=1,LHS =[ag,a;] =ay + aL and RHS =[qp + ML] =ay+ al so the proposition is true forn = 1.
1 1 1

1 e
Assume that [ag, ai, ..., ay-1, a,] = lao, a1, ..., ay—2, a,-1 + —] holds for all positive integers n.
a

Then [ag, a1, ..., @u-1, Gn,an+11=1lao, [a1, ..., ay-1, Ay, ay+111 uvsing (a) above

1 . . . . 1
=lag, lai, ..., ay-1, a,+ —]] using the induction hypothesis (note that [a;, ..., a,-;, a,+ —]has n terms)
Apyy An+1

1 . .
= lag, a1, ..., Gy_1, p+ ﬁ] using (a) again .
s

Hence the assertion is true for n+1 and is true by induction.

(©) lag, a1, ..., an-1, ay,] is defined to be the nth convergent to [ap, a;, ..., ay-1, ay] forO n N. The name of the game is to get
a rational expression for [ag, a;, ..., a,-1, a,] . To this end define p, and g, as follows:

po=ap, pij=apa; + 1, py=aypy,-1 +pp-2 for 2 n N and symmetrically,
go=1, q1=ai, g=ayqu-1 +qu-2 for2 n N

Then [ag, ai, ..., ay_1, ay] = ?. Prove this assertion by induction. You will need to rely upon (b) above.

n

Solution:

1 aga;+ 1 1 apay+ 1

When n = 0 we have [ag] = ag and b aTO from the definition. Also whenn=1, [ag, a;]=ay+ — = ——— while a . Hence
qo0 ay ap q1

aj
the proposition is true for n =0 and n = 1. As our inductive hypothesis we assume that it is true forn m where m <N,

P Gn Puei+ Pua
lag, a1, ..., Gm-1, Gyl = —=——"""— where pm-1, Pm-2, Qm-1 + qm-2 depend only on ap, a;, ..., aym_1

Gm Am Gm-1% Gm-2

1 . 1
Now [ag, ai, ..., Qu-1, G, A1) = lao, a1 ..y A1, Au+ a—] using (b) (note here that [ay, a; ..., an-1, an+ a—] has m+1
'm+1 m+1

terms as does [ag, ai, ..., Au_1, Gm] )

(am+ ﬂl—) Pm-1+ Pm-2 . . . .
= —————— using the induction hypothesis

1
(am+ —) Gm-1% qm-2
i)
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A1 (@m Pt + Pm=2) + Pm-1

Qa1 (@ Gn-1+ G=2) + Gmn-1

A+l Pmt Pm-1 . . .
= ———"—"— ysing the definitions of p,, and g,
Al Gt Gm-1

Pm+1

Gm+1

Hence the proposition is established by induction.

(d) In the theory of the approximation of irrational numbers by rational numbers, the following formula arises:

Pn Pn-1 P Gn-1— Pn—1 qn (1!

qn  Gn-1 n Gn-1 Gn qn-1
Derive this formula using (c) and prove it by induction.
Solution:

PnGn-1 = Pn-14n = (Gn Pn-1 +_ Pn-2) Gn-1 - Pn-1(an qn-1 + 51;1—_2) =- (Pn-1 9dn-2 = Pn-2Gn-1 ). This SuggeStS a Standa:rd in{iuctive
approach, namely, replace n with n-1, n-2,..., 2 so that in the final step one will have p; qy — po q; with the appropriate sign. Thus:

Pnn-1 = Pn14n= - (Pn-1Gn-2 = Pn2n—1) = (=1)?(Pn2Gn=3 = Pn-3Gn-2) = -.= (=" (p1go — poq1) =
(-D"Yaga; + 1 - agay) = (-1

Now this formula is true for n =1 since p;qo— pogi =apa; + 1 — aga;= 1 =(=1)1"!
Assume it is true for any n.

Then Pn+19n = Pnqn+1= (an+1 Pnt pn—l)‘]n - pn(an+l qn + Qn—l)
= - (Pnqn-1 = Pn-1Gn)

=-1. (-1

=(-1)" Hence the formula is true for n+1 and is established by the principle of induction.

Finally 2. Dot o PP

Pn Pn-l_ Pu@u1=Pp-1Gn (1))
qn  4n-1 4n Gn-1 4n Gn-1

3. A subtle extention
(i) Prove by induction for integersn  1: 13 + 23 + 3% + . .»d = (1+ 2 + 3 +..4+n)
(ii) When you have got that one under your belt do the same for 13 + 23 + 33 + ... .n’= 4|—[n(n + 1)]? for integral n 1

These formulas have been pulled from out of nowhere so it is worth exploring a systematic way of deriving them and the next group of
problems deals with the issues relating to that process. The "method of differences" which goes back to Newton (and perhaps beyond)
can be used to establish some basic results. The basic idea is that if we are given the sequence {a,} and we can write each a, as a
difference ie ag= vy, - v¢ thenour sum 33 & = 33 (Viig - Vi ) = Voyr - V1

(iii) With this tidbit of knowledge find a formula for 1.2..k + 2.3...(k+1) + ... + n(n+1)....(n+k -1) where k is any positive integer and
prove it by induction to confirm the accuracy of your work.

(iv) Show that 37, r(r + 1) = g m+1)(n+2)

(v) Use (iv) to obtain the formula for }}_; r?

(vi) Use (iii) to establish the formula in (ii).

Solution:

(i) Clearly the proposition is true for n =1. It is more informatively true for n=2 ie 13+ 23 = 32

Assume it is true for any n.

P+23 43 +... mw+ m+1)3 =1+2+3+..4+n + (n+ 1)° using the induction hypothesis

Somehow we have to get the RHS toequal (1 + 2 + 3 + ...4+n+ n+ 1)
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Let’s look at how the answer might play out.

2
A+2+3+.+n+n+1)? = QLii+n+1)

= (L) + 2+ DY i+ (n+ 1)?

= (UL + 20+ DR+ (1)

= (XL + (m+1Pn + (n+ 1)?

= QL0 + @+ 12 (m+1)

= (XL )7 + (m+ 1)

Now this looks suspiciously like what we want ie :

P+ 23 +3 +... P +m+1)P =0+2+3+.40? +@+1)° =1 +2+..+n+n+1)?
The equality shows that the formula holds for n +1 and hence it is true for all n.

(i1) The next proof relies upon (i)

PB+22+3 4. +n= i—[n(n+ D)J? is true for n =1 since 1 = 41(1.2)2

Assume the proposition is true for any n.

Then 1 + 22 + 3 + ...+ m+1P=(1+2+3 +..4+0*+0n+1)>

- (@)2 + (n+ 1)

(n+1)? (n% + 4(n+1))
- 4

(n+1)? (nz+4n+4)
- 4

_ (n+1)? (n+2)?
- 4

ie the formula holds for n+ 1 and hence is proved for all n by induction

(iii) Find a formula for 1.2..k + 2.3...(k+1) + ... + n(n+1)....(n+k -1) where k is any positive integer and prove it by induction to confirm
the accuracy of your guess.

The " term is a, = r(r+1)...(r+k-1) and we need to write this as a difference v;,; - v; . The following difference will work:

Veal - Ve = r(r+1)4..(r+k)—(rk—+11)r(r+1).4..(r+k—1)= Fr+l) o (rrk=1) % =r(r+1) .. c+k-1)
Hence 1.2..k+2.3...(k+1) + ... + n(n+1)... .n+k -1) = (vo -V )+ (V3 -V2) +..+ (Vog| - Vn) =Vpgg -Vy = 2erl)... (ol (since v; =0).

k+1

Note that ). (nt)
k+1

number of factors (can you see why?).

involves taking the last term of the series and putting the extra factor (n+k) in and then divided by k+1 which is the

Hence Sy, r(r + 1) .. (r + k = 1) = 22020

To prove this by induction take k as given and consider the base case of n = 1. Then Z,l=l rr+1)...(r+k-1) =12..kand %I(Mk)z

12...(1+k =1) (1+k . . s
%: 1.2..k. Thus the base case is established. Now assume that the proposition is true for any n.

Then Y r(r+ 1) (r+ k=1 =Y #(r + 1) . (r + k= 1) + (n+1)(n+2)...(n+k-1)(n+k)

_ n(ntl)... (n+k)

o + (n+1)(n+2)...(n+k-1)(n+k) using the induction hypothesis

Copyright 2009 peter.haggstrom@exemail.com.au



_ () (14D (k= 1) (n4k)

o [k +1 +n]

= DD '”(n;,:l)('”k) Gaiaal establishing the right structure for n+1.

Note that there are still k+1 factors since n+k+1 - (n+1) +1 = k+1.

S r(r+l) r42) = (=D r(r+1) _ r(r+D[r+2 = (r=1)]

(iv) In (iii) take k=2 ie the ™ term i 3 S

=r1(r+1). Thus we can immediately deduce that >}_, r(r + 1) =
n(n+1)... (n+k)

g (n+ 1) (n + 2) using the formula };_, r(r+ 1) ...(r + k- 1) = P

W) 2= DS =t D(+2)- R = M 4 4 - 3] = MO

(vi) We want 3}, r* and we can break 1 into the following components: P =1(e+1)(r+2) 3r(r +1) + 1
Hence 7 P = Y rr+ 1) (r+2) — Y, 3r(r+ D + Xy r

3 (m+1)(n+2)(n+3) - 32 n+1)(n+2)+ 2w+l using k =3 in the general formula in (ii)

(

2
_ DL (n42) (1=1) 42
- 4

n(rH—I)(n2 + n)
4

(n (n+1)?
4

In principle it is possible to continue in this vein for sums of the form 3", r* but other methods are employed. For instance it can be

shown that }7_; *=a, (NP + a,(H 0 + ..+ a (r) n where the coefficients depend on r and the constant term is O for all such
polynomials and the sum of coefficients of each polynomial is 1 (see for instance, Russell A. Gordon, "Some Integrals Involving the
Cantor Function", "The American Mathematical Monthly", Volume 116, Number 3, March 2009, page 219.)

4. An application of summation to Riemann integration

(i) As a first step to this problem prove the following by induction: 12 + 22+ ...+ n> = w for integraln 1

(i1) Having got that under your belt let’s see how to apply it to the following integral: ﬂ Vx dx using the theory of Riemann integration.

A quick history of Riemann integration is as follows. We suppose that f: [a,b] = R is a bounded function (ie for all x in [a,b], [f(x)] M
for some M > 0). Then there is the concept of a partition ie how you divide up the domain of f to form little rectangles. A partition is a
set P = {ag, ay, ..... , a,} wherea = ap< a; < ...a,=b

With this partition (which is completely general in principle ie it doesn't have to be nice equal partition) you then consider the upper and
lower Riemann sums respectively:

U(P.f) = 3L M; Aa; and
L(P.f) = 3L, m; Aa;

where M; = sup{f(x): a;-; <= x < a;}, m; = inf{f(x) : gy < x < a;}andAa; = a; — a;_;.

If you don' t know what sup and inf are go to the appendix for a brief explanation.

The problem is this: Prove that U(P.f) = L(Pf) = %

[Hint: You might want to consider a partition like (i) so you can use (i) ]

Solution:

1.x2.x3

(i) The proposition is clearly true for n=1 since 1% = p

Assume the proposition is true for any n and consider :

n(n+1) (2n+1)

12422+ 402+ n+ 1% = n

+ (n+ 1)* using the induction hypothesis
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(+1)[2n+n+6n+6)
6

_ (n+]) (n+2) 2 n +3)
- 6

This demonstrates that the formula is true for n+1

(i1) You have to find the upper and lower limits of the Riemann sum relating to E\/; d x. The hint suggests that the following partition
might be useful (go back and look at the definition and note that f(x) = Vx )

P= 0. (. ()

. . .. i 2 i—1\2 1 . .
With this partition U(P,.f) = Y., (;){(—) - (% }= Ly @2 -
Note here that M; = sup {\/; (%)2 <x< (;—)2} =

and m; = inf{«/?; (%)2 <x< (é)z} _ it

n

o (1) L ; . 1,2 1) (2n+1 1
Now using (i) — YL, (2% — i) = — {M B "("; )y
n n

_ (n+|){4n2+2n—3n}

n 6

w{n@n—l)}

n 6
(4n2+3n—1]
- 6n?
2 1 1 2
=>4+ — - — > Zasn > oo
3 2n 6n° 3

Working out L(P,f) follows the same logic:

LP D = S (S5 = (B} = 5 2@2 =31 + D) == @ni+ )@+ 1) = 6n(n+ 1) + 67)

—@n’ = 3n2-m)

- asn — oo

|
w N
[N

LI
2n 6n?

Thus the upper and lower limits equal gand this is the value of the integral. In the formal theory of Riemann integration it is proved in a
general context why this is the case.

A hint of Lebesgue measure theory

Modern integration theory is ultimately founded on Lebesgue (pronounced “le-baig") measure theory. Lebesgue integration underpins
modern probability theory, Fourier Theory, financial mathematics, etc. The motivation and development for measure theory (and
Lebesgue’s version of it) is beyond this chapter but I can give a practical glimpse of how it can be used to integrate the problem described
above. Very crudely instead of partitioning the domain of the function to build up little rectangles which you add up, you partition the
range and then you work with the size (ie the measure) of the set of points in the domain which map to the relevant part of the range.

The following diagram sets out the process:
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f(x) =Vx

YD K,
Ai=[ay, a)
}
0 1
Xiq X
The recipe:

We partition [0,1] into sets A; = [a;—1, a;) and we form upper and lower sums as follows:

Umn) =21 a m(ffl(A,')) and
L(n) = YL ai- m(f~'(A)

‘What this recipe says is this. Take the partition A; and find those elements of the domain that map to it. Then find the measure of that set.

The measure is in essence the length of the relevant interval/set that is established. Remember that £~!(4;) = {x: f(x) € A;}. Measure
theory generalises these concepts. So let’s do the upper and lower sums.

i

Our partition is A;= [%, ;] for 1 i n .Notethat Vx; = a; Implies that x; = aso that A= {x: a;.12 < x < a?} ={x: (%)2
iN2

x ()

The length (measure) of A; is then (i)2 - (—)2

)2 - (%)2) = i;l which is what we got before.

n

Hence U(n) = >7-, ;— ((i
i— i i— 2-3i
Similarly L(n) = 37, S (£ = (51)) = 3, 2= as before

n}

Lebesgue measure theory is fundamental to modern probability and Fourier theory. The high level motivation for Lebesgue integration is
given in the main work

5. Prove by induction for all positive integers:
Pm)=x"-y" =(x -y (x"’1 + x"’zy + x"3 y2 + ....+xy"’2 + y”’l)
Solution:

Let’ s start with the basis stepien =1

LHS=x-y

RHS = x—-y.

Note that whenn = 1 the reducible second term is simply 1 ie it reduces to 1. We could simply use n =
2 as our more informative basis step,

having proved that n = 1 works trivially. Forn =2 the RHS wouldbe (x — y) (x + y) = x> — y*> = LHS.

Suppose P (n) is true for any n, then:

er—l _ yrH-l - xn+1 _

Ky + X"y -yt = =X —y) + y(x" - )

XFx-y) +y@ -y + 2y + ¥y + 4+xy"™ 2 + ') using the induction step

@ =Yy + 2y + 3y axy"2 4+ Y]

= (=Y +yx™ + 722 4 3 axy™ 4+ )

=P(n+1)

This is what we wanted to prove. Note that starting at n = 1 is not particularly illuminating in terms of how one might get to the next

stage. There are many cases where the basis step is so trivially obvious that it gives no hint as to how one might proceed. You will see
further examples of this in the problem
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6. Doing it both ways - a note on combinatorial identities

There are essentially two ways to prove combinatorial identities: by combinatorial reasoning or purely algebraic processes. As an
example consider the following identity: "C, = "C,_,.

The combinatorial proof would go this way: the LHS is the number of ways of choosing r objects from n while the RHS is the number of
ways of not choosing n - r objects from n. Picking a team of r players from n is the same as choosing the n - r to leave on the bench.

n! n! n!
———.and hence"C,_, = =
(n=nr)!r! (n— (n—r))! (n—r)! r! (n—=r)!

The algebraic proof follows from the definition of the symbol "C, =

Another example is r "C, =n ""'C,_;

The combinatorial proof runs like this: suppose we choose a team of r players from n (there are "C, of doing this) and for each of those
teams we anoint one of those r players as captain. The LHS is the resulting number of combinations. Alternatively we could choose the
captain first and there are n ways of doing that and, having done so, we have to choose r-1 players from n -1 so the number of
combinations is n "~!C,_;. Note that we implicitly rely upon the principle that if you count the same set in two different ways the answer
is the same.

rnl _ n(m=1)!

(=)' (n=r)! (r=1)!

The algebraic proof is as follows LHS =

n(n-1)! _ n(n—1)!

RHS = =
(n=1= (=) (1) (n=n)! (r=1)!

= LHS

Problem

Using combinatorial and algebraic reasoning, prove that the number of distinguishable distributions when r indistinguishable balls are
placed in n cells is:

D(r,n):(”+r_1)=(n+r_l)

r n-1

By way of example if 2 indistinguishable balls were placed in 3 cells the cell occupancy numbers would be distributed as follows, giving
rise to 6 distinguishable distributions:

Celll Cell2 Cell3

2 0 0

0 2 0

0 0 2

1 1 0

1 0 1

0 1 1
Solution:

The combinatorial reasoning runs like this. Symbolise a ball by a star "*" and a cell is represented by two vertical bars | |. Thus n cells
are represented by the spaces between n + 1 vertical bars. In the example above the last distribution would be represented by I*I*|

Because any distribution must start and end with a bar you are left with n - 1 bars and r stars to arrange in any order - a total of n +r -1
symbols Thus the number of distinguishable distributions arising from r indistinguishable balls being placed in the n cells is equivalent

+ 1
to choosing r out of the n + r -1 objects (symbols). That number is ( " : ) . In deriving that result we focused on arranging the stars
among the bars but one could symmetrically focus on arranging the n - 1 bars (being the ones that create the cells) among the n +r -1
+r—1 +r -1
symbols and that number is ( " " i | ) which must equal( " rr ) .
_ n+r—1)

-1
The algebraic proof simply relies upon properties of the combinatorial symbol. Thus ( nr : ) =——>=and (

(n=!r!

n+r—1)_
n-1
(n+r-1)!

Lt which establishes the result.
ri(n—1):

7. Pascal's Identity

. . . . ! —1) (1=2)... (n=r+1
One of the most basic elements of combinatorial theoryis " C, = ¢ ")m =t r') (nortl)
n—=r)ir: B

where 0 < r <n and "Cy=n, "Cp=land "C,=1

Copyright 2009 peter.haggstrom@exemail.com.au



Prove by induction”C, = "'C,_; + "' C, wherel <r < n (bothintegers) This is Pascal' s Identity. Pascal's Triangle gives you
the way to remember this formula:

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1

etc

You should provide a combinatorial argument for the proposition that " C, = "' C,_; + "1 C, . If you can do that you can provide an
alternative proof for the binomial theorem which is the next problem.

Solution:

Here is a combinatorial argument for the proposition that”C, = "1C,_; + "'C,.

One way to prove this is to suppose that in a class of n students one is "distinguished" in some way ( I will leave it to your fertile
imaginations to work out an appropriate

distinguishing characteristic) and out of these n students we want to choose a group of r. We really have only 2 mutually exclusive
possibilities with this "distinguished" student : we can include or exclude him/her. That's significant because we know that the number
of objects in the union of two sets A and B is : N (A U B) = N(A) + N(B) when A () B =() ie the sets are disjoint. Let's suppose we
include the student (this is set A). Then we can choose the remaining r -1 students from n -1 in "' C,_; ways.

Alternatively, if
we exclude the student (this is set B) we have to choose the whole group of r from (n — 1) individuals and that is simply "' C, or N (B).

So when we choose r fromn whichis ® C; or N (A U B) (ie choosing r from AUB)weget "' C,_; + "' C; . That's
where the formula comes from.

You have to prove P(n) = "C; = w by induction.
Basisstep: P(2) =

n(n—-1)

"Cy = T and we know that this is the number of ways of choosing 2 objects (unordered ) from n distinguishable objects

Using the logic of inclusion - exclusion developed above we see that :

The number of ways of choosing 2 objects (unordered ) from n distinguishable objects = [the number of ways of choosing 1 object from
n- 1 distinguishable objects ] + [the number of ways of choosing 2 objects (unordered ) from n - 1 distinguishable objects]

_ n-1 C1 + n-1 Cs

(n-1)! (n-1) !
(n-2) ! 1! (n-3) ! 2!

(n-1)1 4 1 1
- (:73)1 <E * E>

So we have established that P(2) is true. We could have started with n =1 in which case there are n = C{ways of choosing n
distinguishable objects but that doesn't really illuminate how the more general proof would proceed.

Induction step : Assume P(n) is true for all r n. Note that we have to pick up not just r but r -1 so we frame our induction in this way
(ie strong induction).

Pm+1)="C_ + "G

_ nn=1) (n=2)... (n—r+2) T n(n-1) (n-2)...(n—-r+1)
- (r=1)! rt

_ n(n—1) (n=2)... (n—r +2) (n—-r+1) (1 + r )

r n—-r+1

_ n(n=1) (n=2)...(n-r +2) (n-r+1) ( n—r+l+r )

r n—-r+1
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_ (+Dnn-1)(n=2)...(n+1-r +1)
- r!

— tHlC
= r

So the formula is true for n +1 and the principle of (strong) induction establishes that it is true for all n = 2

8. The binomial theorem

This is without doubt one of the most ubiquitous formulas in mathematics. There are many fundamental problems in probability theory
which turn upon the binomial theorem.

(i) You have to prove P(n) = Y, C* x"'y = (x + y)"is true for all integers n = 1.

(i) As an application prove by induction that 3}, (—l)kCZ =Cy-Cl1+C5- ..+(=1)'C; =0

(iii) Conjecture what the following sum is and then prove your conjecture by induction:
0"Co+1"C1+2"Cy +..+ (n-1) "Cy_1+n "C,

Try to provide a combinatorial derivation for your result.

(iv) Vandermonde' s Theorem

First a bit of notation : if m is any real number and n is a positive integer then m, =m (m-1) (m-2) ...(m-n+ 1). Thusm, =n!"C, =

o)

Vandermonde' s Theorem asserts that for any two real numbers a and b, and any positive integer n the following holds:

n n n n n
(@ +b),= (0 )a,,+ (1 )a,,_l by +(2 )a,,_2b2+...+(r )a,,_,b,+w+(n )b,,

This looks like the Binomial Theorem so it should be amenable to an inductive proof. There are two hints :
(a) Work out what you have to multiply (a + b), by to get (a + b),.

(b) Whatever you multiply the LHS by you also have to multiply each term on the RHS by. At this stage you have to be a bit cunning
and break up the number in a way which will allow you to use Pascal' s Identity.

Solution:

Let's prove the formula in a way which involves use of sigma and combinatorial notation. This will give you practice in manipulating
symbols. You may think that is useless. Wrong! Tensor calculus is essentially based on symbolic manipulation at a purely calculational
level. If you ever study general relativity you will appreciate this point. If you are still not convinced, a 1965 Nobel Prize winner in
physics, Julian Schwinger, has written a book on quantum theory which is based entirely on abstract symbols ("Quantum Mechanics:
Symbolism of Atomic Measurements” , Springer,2001). In effect he abstracts the physical logic of quantum phenomena. Symbols do
matter!

LetP(n) = Y1,Chx" Tyl = (x + y)". We can also write this as P(n) = Y., CP x' y" T = (x + y)" by symmetry
This is the binomial formula. Look at the structure of the formula on the left. You may recognise it better this way :

Pm) = Cj xn-0 y0 + C} X1 y + C) X2 y2 + o + Ch xn-(=1) y“‘1 + Chx" "yt

2

= x" + O x"ly + Cx"2y? o+ +C x y"h 4 yn

We want to prove that P(n + 1) = Y1 €+ x™*1-7 3/ by the principle of induction. Clearly P(1) is true.
SLo Gl = Chxl0 P + Cla Ty =xty ()
Now P(n+1) = CLoClx™ )" ) (x +)
= S CH 4 Tyt
= L OIS O i

—A+B 0
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Now we manipulate (1) bearing in mind we want to get to this: P (n+ 1) = Y] Corlxn+l-iyi

Along the way we will need to use the factthat "*!' C; = "C;_; + "C; which has been proved already (Pascal's Identity — Problem 7)

Taking the two components of (1) separately we get :

A= 30 Crxms iyl = 2”1 Cpxi- iyl . Why is this true? We have added an extra term and the only way the statement would be

true is if the extra term is 0. Why is this true? Because C/ =0 for r > n since there are 0 ways of drawing r objects from n when r > n.
Hence C;,_=0.

The second partis B = 37 C! x"1y*1, Guided by our already proved combinatorial result we try the following:
B = Y, Crxiy*tl = ymlon 1=y Why did I do this and is it correct?

Basically we want to get the following : Z‘:Ol (CI“ + CL 1) x"+1-iyi because we can then use Pascal's identity to show that

21:4—01 (C;L + Cn 1)xn-ﬁ—l i 214—1 Cn+1 n+l- lyl

So all we have to do is show is that B = YL, C x" y*! = It x"*1=y and we are home. Let j =i - 1
Then B = 2:1:01 C:l_] n+l —i 1 Zn_71 Cn n+1—(j+1) y_]+l (2>

— n . Cn n—j y/+l

But what does it mean for j to run from - 1 ton ?
As amatter of logic and convention C}‘ = O when j < 0sowecanrun jfromO ton. Inother words :

B =3 Cixl oyttt = 3 Crxd oyt = Sl Oy !y from (2). Note that j and i are merely placeholders or dummy
variables so, for instance:

?:0 C7 Y= yj+l Z]n Cn X i l+l
When we put the two components of (1) together we get:
A B = ety e e, iy

n+| (Cn + Ctr'L—I )xn+lfiyi

— yntl on+l on+l—i i
=205 G x y

So we see that P(n+1) is true.  You can get to the same result by multiplying (3L, C? "~ y* ) (x +y) out and combining pairs which
involves Pascal's Identity.

Technically you should demonstrate that you can match pairs appropriately which actually amounts to what has been done above.

The only other thing you have to watch is the two end points where you need to note that C§ = C3*! and C? = C"*!

The ability to manipulate sigma notation can prove very useful in certain problems involving multiplication of matrices.
Historical note:
Newton asserted that for any real number a and any x such that |x| < 1 the following holds:

( a(a-1) (a-2) 3+

1+ x'=1+ax+ )2+ .

Thus for non-integral exponents an infinite series arises. It was Cauchy who supplied a more rigorous proof of the binomial theorem in all
its generality. You can read for yourself how Newton guessed the result by going to this

link: http : // www.macalester.edu /aratra/edition2 / chapter2 /chapt2d.pdf

If you want to see how the theorem is proved for any rational exponent you need to use Taylor's Theorem with the Cauchy form of the
remainder. Those who feel a bit frisky can go to Problem 49 where all is revealed. It takes a little more work to establish the binomial
theorem for any real exponent.

Alternative proof:

If you don't like that proof maybe this one will appeal.
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(x + y)"is a polynomial of degree n in x and y. This means that the indices of x and y add to n eg "2 y?. To find the expansion of
(x + y)" you systematically multiply out the n factors and this involves choosing x and y in every possible way, multiplying the chosen

terms and then adding. A general term x"~% y* is found by choosing y from k factors and x from n - k factors. This can be done in

C}; ways so that is the coefficient of x"7* y* and you add up all such terms from O to n.

This type of reasoning underpins techniques used in calculating probabilities using probability generating functions. For instance, the
probability generating function (pgf) of the score obtained with one throw of an unbiased die is

1 .1 ) . -

5 (t +2+82+0+7° + t6) and for nthrows the pgflsGT(t + P2+ 4+ +7P° + t6)". To find the probability of obtaining a total
. . . ) - 10 1 3 45 6\ . 126

of 10 in 5 throws of an unbiased die you need to find the coefficient of #'” in 6_5(t +t+ P+ 4+ + T ) . The answer is T

The details are best left to a more detailed course on probability theory.

(i1) As an application prove by induction that Xﬂ)(—l)kc,’{‘ =Cy-Cl1+C5- .. +(=1)'C; =0

Solution:

The easy way is to put x = 1 and y = -1 in the binomial formula and the result is immediate. It is much more tedious and error prone to go
through a mechanical induction proof but here it is anyway.

The formula is true for n=1 since Y;_,(-1)*C; =1-1=0.

Assume the formula is true for any positive integer nie 3_,(~1)*C{ =0. Then Y32} (-DFCi+ = S5 (=1)* [C + C7_,] using
Pascal's Identity

= T DG+ B (DR
= Y0 (=DFCP + Tl (-DFCY, because C%,; =0

=0+ ZZS (—1)"C27 | using the induction hypothesis and the fact that C;'= 0 when r < 0 (this way we get a consistent combinatorial
meaning - you can't choose a negative number of objects)

= Mo (=1)*'C)! by letting j=k -1
=- Y (-=1)/C7" again using the fact that Cj~' = 0

=0 (again using the induction hypothesis - note that we have assumed that the formula 3} _, (—l)kCZ =0 holds for any r n because in
the final step we re asserting the induction hypothesis is true for n-1.

As you can see - the first proof is preferable !

(iii) Conjecture what the following sum is and then prove your conjecture by induction: 0Cj + 1C} + 2C5 + ...+ nC)

Try to provide a combinatorial derivation for your result.

Solution

The sum is of the form 33,k C}! and this suggests that an approach based on taking derivatives might be fruitful because
1+x)" =3 ,C x¥ by the Binomial Theorem and when we differentiate each side we get
n(l+x)"" =3 kCpxkl

When this is evaluated at x = 1 we get as our conjecture : 2"~ = 2roo kCy
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The inductive proof of this proceeds by first establishing that the formula is correct forn = 1.
Forn=1the LHS = landtheRHS = 1.C} =1

Our inductive hypothesis is that n2"~! = 2roo K Cy

Now Zzz(l)kCﬁ” = D ok{Cy + Ci_;} + n + 1 using Pascal's Identity

= n2"" + n+ 1+ X_kC}_, usingthe induction hypothesis

=2 +n+ 1+ X kC

=2 +n+1+ Z}:Ol(j+ 1)C31 by putting j = k — 1

— -1 T Cn n

=02+ + 1+ {ZL0C —n}f+ {3, C -1}

= n2"" + n2™! 4+ 2" ysing the induction hypothesis again and the fact that Z?:o C}‘ = 2" = Z}‘;(} C}‘ +1

=n2" + 2"
(n+1)2"  which establishes that the formula is true for n + 1 and hence true for all n by induction.

One approach to a combinatorial proof is to view the sum 0Cj + 1 C] + 2C5 + ... +nC] as the weighted sum of all subsets of size k (

0 k n)taken from the set of n elements. There are 2" subsets that can be obtained from a set of n elements. There are n + 1 "weights" ie
0, 1,2, .., n associated with each subset of size k.. Note that O is a legitimate weight. The sum of these weights is :

nm+1)

2

n(n+1)
—2 .

. . n
Hence the average weight is : - 5
n

0+1+2+..4+n =

So we have 2" subsets with an average weight of g so the total weight is g 2" = n2""! and thisequals0C} + 1C} + 2C} +... + nC!

This was a problem in L Lovasz, J Pelikan and K Vesztergombi, ¢ Mathematics: Elementary and Beyond:, Springer, 2003, page
19. The authors don’t give a hint or solution for this problem, which is rather surprising since the book is aimed at students.

(iv) Vandermonde's Theorem
Let the theorem be denoted by T, .Now asserts T; that (a + b); = 1.a; + 1. by and this is true since both sides do equal a + b. As our

k k k k k
induction hypothesis assume that (a + b); = (0 )ak + ( | )ak_l by + ( ) )ak_z by+ ..+ ( p )ak_r b+ ...+ ( k)bk for any k.

We are after an expression for:

(@ + by =@+b)(a+b-1)...(a+b-(k+D)+1)=(@+b)(a+b-1)...(a+b-k+1)(a+b-k)=(a + b (a+b-k)

So our multiplying factor is (a + b - k). At this stage you might want to consider hint (b) and the reference to Pascal' s Identity which is :
+ 1

( n ) + ( " ) = ( n . ) where n and r are positive integers such that n >=r>= 1

r—1 r

On the RHS the multiplication proceeds as follows :

(g)ak{a—k+b}
(’f)akq by{(a-k+1) +(b- 1)}

k
(2 )ak_zbz{(a—k+2) +(b-2)}

r

(¥ )axrpet @k +b-r

(:) bp{a +(b-k)}

Note here that (a-k+ 1)+ (b-1)=a+b -k but it has been broken up judiciously into two components while not changing the overall
sum. The first component is a - (k - s) where s runs from O to k. The second component is (b - r ) where r symmetrically runs from O to
k. Thus everything on the LHS and RHS has been multiplied by a - k + b.
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Now g; {a-k+b} =a(a-1)...(a-k+1) (a-k) + b; a; =a;,; + a; b; (note that b =b;and the sum of the subscripts is k+1 )
i bif (@-k+1) +(b=1)} = @y (@-k+ 1) by +ap bib-1)= a(a-1)..(a-k+2)@-k+1) by +a,_; by = a; b+ a,_; by
Ay br{(a-k+2) +(b-2)} =a(a-1)..(a- k+3)(a- kt2) by + bp(b-2) = a;_;by + a;_, b3

More generally,

ap_,b{(a-k+r) +(b-1)} = a(a-1)..(a-k+r+1)(a-ktr) b, +a;_. b, (b-1)= ap, . by +a;_. by 1

Thus the final term is b, {a +(b-k)} =bya; +b (b-k)=bya; +b,,;.

Now putting this all together with the combinatorial factors and pairing appropriately we get:

k k k k k
(o Jtan @b+ (] )b a5 Jtabee acsbay v (5 Jlaca bt acanbd + () e

k
b+ @, by}t +( _1 { axbe_y + ar b} + ( ){albk+ b}

)
= (g)aku +{( ) (]1() a, by + {(l)+(12€)}ak—l bz+{(§)+(§)}ak,2 b3+'"+{(rlil)+(f)}“k+l—r b+ ...
+{(k]i]) ( )}albk ( )bk+1

k+1 k+1 k+1 k+1 k+1 k+1
=( 0 )ak+1 +( | )akbl +( ’ )ak_, b2+( 3 )ak_2b3+....+( p )ak+|_rbr+...+( X )albk+
k+1
b
(k+1) k+1

k k+1 k k+1
using Pascal's Identity in each of the curly brackets and also noting that ( 0 )ak+1 = ( 0 )ak+1 and ( k ) by = ( P ) by 41

Thus it has been established that Ty,; is true and so Vandermonde's Theorem is true by induction.
9. An inequality involving e

Prove by induction: n!>(%)" Vnz1le N

You can assume that (1 + i)n < e Yn 1 butyou should be able to see why.

Solution

Since (1 + l)n is an increasing sequence bounded above by we have that (l + l)n <e

n n
V n =1 (see the reference below to see why this is s0). The issue of equality is one of those minor points you actually need to worry about
to get a rigorous proof of the proposition. If it were true that In such that (] + ;)n = e you would get a contradiction since e is the

least upper bound of the infinite sequence {n € Z* : ( 1+ i)n }. Remember that an upper bound is a number which dominates every
member of the sequence. A least upper bound is the smallest of the upper bounds. Thus, as an example, 10 is an upper bound of 1 +
iforn > | butsoare 9,8 ,7 etc. In fact 2 is the least upper bound since 1 + i < 2 foralln = 1.

. . . 1 . 1
This means that since e is a least upper bound of the sequence (1 + —)n , it follows that (1 + —)n e
n n
. S . . . 1
Vn=1.Let'sassume equality forsomen. Butwe know that the sequence is strictly increasing ie ( 1+ %)m > (1 + l)" =e (see
n n

All you wanted to know about ¢ but were afraid to ask! in the main work) In other words you would have an infinite
number of members of the sequence greater than e which is supposed to dominate them! It would also mean that e is not transcendental
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( because e would equal a finite binomial series) which might cause Monsieur Hermite to turn in his grave since he proved e was
transcendental in 1873.

So I think we can take it that (1 + )l:)”<e Vn=1.

The formula is true for n = 1 since 1> (i)l

Assume the formula is true for any n and consider (n+1)! e

We know that e > (1 + L)n
n

Som+Dle>m+D! (1+ 1) =@ (21 =atynt ()" > @) (4) (L) =

n ol

n+1

D™ e a1y > ("

1

Therefore (n+1)! e > ;

In other words the formula is true for n+1 and hence true for all n by the principle of induction.

Alternative solution not involving induction:

2 3 1 1 n+ 1 ..
You know that e”=1+n + =+ = + ... .. T from the definition of e"
210 3 n! (n+ 1!
The inequality can be rewritten as n! e" > n"
.. . . 2 3 7 1 i+ 1 . ..
The LHS of this inequality isn! (1 +n + Z—'+ ';—' + o + "—' + % + o )>n" since all the terms on the LHS are positive
: ! ni n !

10. An exploration of x

In the 17"century an English mathematician John Wallis did some fundamental exploration into 7. Wallis' formula for 7 is:
2k 2k _ 4R

2k-12k+1 ~ 4k2-1

4K*

It then follows that =2 [T, TR

This converges slowly. For instance for k = 500, r is only correct to 2 decimal places.

Wallis was a class act. Newton carefully studied Wallis' books. To get his formula he played around with integrals of the form:
1\q
Jol (l - xe ] dx. He used the binomial theorem to expand the integrand for q positive and integral (and p could be anything). The

challenge is to do that for q = 0,1,2 and 3 and then guess the form of g=4. Wallis got the following formula for q in general:

1 _ (D) (p+2) (p+3)... (p+4)

gode "

f(p.q) =

1

14 Lye-1
I invite you to prove that Jol [1 - XP ] dx. = quq ](1 - xﬂ) d x and then use induction on q to prove that f(p.,q) =

(p+1) (p+2) (p+3)... (p+q)
q!

1

. Now Jol (1 - xz) 2 dx is simply the area of a quadrant of a circle radius 1 and that area

Wallis basically established that f(5, )= ‘"—‘

. n
1S —.

4
Solution

1

0
Jol[l - X;] dlx:l;ldx:l
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Jl(l—x::]ldlx=[x— X;H ]=I—L S

o 141
P 0
1 2 1
1 1y 2 " 1 2 T+1 T+1
- - - xr xr
J(l—xr’] dlx=£(l—2xﬂ+xﬂ)dx=[x—2 + ]
0 1 2
1+- 1+-
P r 0
2p + 2 (p+1) (p+2) =2 p(p+2) + p(p+1) _ p*+3p+2-2p*—dp+p’+p 2
T op+l o p2T (p+1) (p+2) - (p+1) (p+2) T ()
1 2
1 143 1 1 2 3 l—+1 3 l—+1 ;+1 1 3p 3p »
= - - - X X X 3 3
J 1 - xe d1x=£1—3x1’+3x1’—xﬂclx=[x—3 -+ = = 2]:1——+———
0 14— 14— 1+2 o p+1 p+2  p+3
P P P

(p+1) (p+2) (p+3) =3 p(p+2) (p+3) +3 p(p+1) (p+3) —p(p+1) (p+2)
(p+1) (p+2) (p+3)

(p+|)(p2+5 p +6) -3p (p2+5 p+6} +3 p(pz+4 p+3) - p(p2 +3p +2)
(p+1) (p+2) (p+3)

PHSPP+6p+pP+5p+6-3p —15p> =18 p+3p>+12p>+9p—p*-3p*-2p
(p+1) (p+2) (p+3)

6
(p+1) (p+2) (p+3)

3!
(p+1) (p+2) (p+3)

As you can see, it's getting pretty messy so at this stage we search for the pattern. For q =4 we would guess:

1,4

= 4!
jl 1 -x°| dk = ————
0 (p+1) (p+2) (p+3) (p+4)

(p+@)! _ (p+q) (p+q-1) (p+q =2)...(p+ g —(g-D) p! _ (p+1) (p+2) (p+3)... (p+4q)

The next insight is to note that c§+q =

pta! plq! 7
! 1
Hence ————— =
(p+1) (p+2)...p+q)  Ch*4
. i i i i 1) (p+2) (p+3)...
So Wallis worked with the reciprocal of the integrals ie f(p.q) = 1 _ G @) (p+3)... () (A]

. 1y q!
L 1—xr| dx

This is now classic case for using induction to demonstrate that [A] is valid. One's mathematical instincts would suggest that the guess is
"on the money".

1

e 1ya-1
The starting point is to prove Jol [1 - Xp ] dx = quq ﬁ(l - xP) dx and you have to use integration by parts.

1\q
LetI:fo1 (1 - xp) dx and remember that fualv =uv — fvclu. To evaluate I we take:
dv=dx > v=x and

14 el
u=(1—xp) :du:q(l—xp) i dx

a i Lt L
M - »d
p£( xr') xrdx

-9 q 1 et Ly
Sol= [x(l - xp) 1 +;£x(l —x") xr dx

g-1

1 4 1 Lyat = - P
ButI=[0(1—xp) dx:_ﬁ)(l—xp] [1—xp xl)clx:]—;l

dx = Ll(l - xli’)q_ltﬂx —ﬁ(l — x%)

1ya-l AV
where J = E(l — xr’) dx andI= %ﬁ(l - xv) xrdx

Copyright 2009 peter.haggstrom@exemail.com.au



So J=I+27=2"9
q q

1 Lya-!
Hence 1= Lﬁ(l - xv) dx
p+q

q 1\q—1
1 - — . . . . .
Thus we have shown that Jol [1 - XP ] dx = -+ (1 - xl)) dx which is a recursive relationship amenable to an inductive

proof on q.

1,0
We know that f(p,0) = jol (1 - x;) dx = ﬂd’x = 1. Note that f(p,q) = % so f(p,0) = ‘Z—:: 1 so our base case is established. Now

assume that [A] holds for any positive and integral g-1. Thus our induction hypothesis is:

(p+1) (p+2)...(p+q-1)

fp.q-D= (g-1)!

Sof(p,q) = %q = (pqﬂ) s (p;z_)i';;(p+q_]) = (p+])(P+;)"'"(p+q) . Hence [A] is true for q and so the formula is true for all q by
Ll[l - xl_’J dx i )

induction.

David Bressoud in his excellent analysis textbook " A Radical Approach to Real Analysis", The Mathematical Association of
America, Second Edition, 2007 devotes an appendix in his book to Wallis' achievement and I draw from his work. The full
development of Wallis' calculations can be found in a series of problems in an appendix to Bressoud's book.

(b) In a recent article in The American Mathematical Monthly the proof of the following proposition is sketched :

401y
1= Ll Xl(i—'? dx = 27—2 - m (see Stephen K Lucas, "Approximation to zr derived from integral with nonnegative integrands", The
X

American Mathematical Monthly, Vol 116, Number 2, February 2009, pages 166 -172 )

. fl-x*. . . . . . . .
By decomposing xl(Jr—)?mto partial fractions do a straightforward integration to establish the result. If you don't know what a partial
X

X

L . . . -, 2x—
fraction is consider this partial decomposition: —— = -
x+1 x=x+1
. .. P R
that this decomposition has the form % + % where the degrees of P (x) and R (x) are less than the degrees of Q (x) and S (x)
X, X,

respectively. See the Appendix for more detail on partial fractions.

- ﬁ . Multiply the RHS out to convince yourself of the equality. Note

Solution to (b)

b:

X +C
1+x?

The first thing to note is that the maximum power in the numerator is 8 so that if the decomposition is of the form P(x) + where

P(x) is a polynomial degree of degree 6 since it will be multiplied by 1 + x2. This means we are looking for something of the form

x* (1 -x)* bx +c¢
— =P+
1+x? ) 1+x?
6 i, bx+c .
= Yooy Xx + -z Where the a;, b and ¢ have to be determined
- +X

Now x*(1 — x)*= (1+)(2)Zfzoaixi +bx+c

We expand the LHS and equate coefficients:

x* (1 = x)* =x*(1 -4x + 6x%- 4x>+ x*) using our old friend the binomial theorem.
= x*-4x° + 6x%- 4x7+ x8
(1+x%) Zfzoai X +bx+c=30 jax + Zfzoai x*2 +bx +c

= (ap+c)+@+b)x+(a+a) x>+ (a; +a3) X3+ (@ + a4) x* + (a3 + a5) X° + (a4 + 26) X0 + a5 X/ + a6 x°
Now we just have to systematically equate coefficients:

ap+c =0
aj+b =0
ag +a=0
a; +az=0
a+a=1
a3 +as=-4
a+ag=6
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as=-4=>a3=a;=b=0
p=1l>py=52>a=-4>a=4>c=-4

Hence our partial decomposition is:

x* (1 -x)*

4
=4 - 4x24 5x%- 4x> +x° -
2 2
1+x° 1+x

1 x*(1-x)* . 1 4
Thusﬁvdx:£(4—4x2+5x4—4x5+X6—]+xz)zix
4
[4x—— +x- ;+_]0 n (rememberthatL < dx 4)
R T
3 307
2
=Z-n

1 x4n(1—x)*
1+x?

dx.
According to Lucas in the article cited in (b) there is a "straightforward" proof by mathematical induction of the following equality:

(c) People have investigated families of integrals similar to the one in (b). The most obvious generalisation is : I, = L

x4n(1—x)*

1+x%

D= (- 45 4 St 4x? + 4) Y1) (—ayrm ik k(- )ty B

1 +x?

Provide the inductive proof.

o1 (=DF24 2K @) (4 k+3)!

dx=m- 3", Ry (820k3+ 1533k%+ 902k + 165) . This only involves some

"l x*n(1—x)*n
It can be shown that e L R

4! 1+x2

m!n!

integration and the fact that ﬁx”‘(l -x)'dx= . I'won't give all the details - you can try it for yourself. The series gives rise to

(m+n+1)!
fast convergence.

Solution to (c)

-4
1+x?

x(l x)

The proposition holds for n = 1 since the LHS = and the RHS = (x%- 4x° + 5x*- 4x% + 4) 30 _ (- x*X(1 - ks

= x0-4x> +5x*-4x% + 4 -

4
1+22
So we assume that the formula holds for any n.

XA x)tntd 4n ([_x)*n

oA X
Then = x" (1 -x) —

1+x2

= X (1= x)* P X (—4y Rtk - 0* 4+ x (1 - x* o 4) ~ where P(x) = x®- 4x + 5x*- 4x2 + 4 and using the induction
hypothesis

x(l x)

= P(x) Y (—ay 1ok xd () xy D gy P(x)-4§‘+“fz using the fact that ~= = P(x) -

Now let j =k+1

Then we have that :

P(x) Tz (—4)y ™17 A D1 = 68D C = P) S (4 x40 = 0M 4 (=47 PO + S
_ " 4 4 (—4yr!

= P(0) S (4 x4l -0t + C2

Thus the formula is true for n+1 and hence true for all n by induction.

1 (CDF242K (4 1)) (4 k+3)!
B k+7)!
The series approximation is correct to 5 decimal places after using only 2 terms of the series.

This relationship : - 0 (820/3+ 1533k%+ 902k + 165) provides quick convergence as the following demonstrates.
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2 1)k 202k (4 k) (AKk+ 3
= 8[k_] = Z{aza.lﬁ:, 1533 k* + 902 k + 165) i, sl i jl;
(Bk+7)1

k=0

diff = N[Pi- s[k]]
N[Pi, 10]
N[s[k], 10]

Oul2l= 9.11998x10°"

Ouz= 3.141592654

Ot 3.141591742

11. An HSC calculus example

Foreach integern = 0 let[,,(x) = ﬁ‘t" e'drt

2 3 n
(i) Prove by induction that I, (x) = n! (1 - e"‘(l + X + ;—| + ;—' + o + ):1_'))
.. 1 4 1
(i1) Show that 0 < Lt e'dt < —
n+l
1 123 1" 1
(iii) Hence show that 0 < 1 — @"(1 + =+ =+ =+ ... + —) <
o2 3 n! (n+1)!
2 3 n
(iv) Hence find the limiting value of 1 + x + ;7 + ;—' + .. + —asn - oo
H ! n!

[This was a 4 unit HSC problem. It is actually a very mechanical application of induction]

Solution to (i)

The RHS of the formula for [y(x) gives 1 — e since0! = 1 by definition. So the formula is true for n=0. Our induction hypothesis is

In(x):n!(l—e"‘(1+x+§+ﬁ+ ..... +X—))

3! n!

b b
LX) = Kt’”l e'dt = Et”“d(—e”) [Rememberthatfudv =uv|’ - fvdu]
a a

= — e [+ [+ Di"e ' dt

2 3 n
= —x"e™ + (n+1)n! (l - e’)‘(l Fx 4+ S + X—)) using the induction hypothesis
203 n!
' 2 3 n
——x”“@”‘M+(n+l)n!(1—e”‘(l+x+£+x—+ ..... +L))
(n+1)! 2 3 n!
2 3 n n+1
=(n+1)!(1—e’x(1+x+"—+x—+ 44444 + 24 = ))
2! 3! n! (n+1)!
= n+l(x)

So the formula is true for all n since it is for n = 0 and the principle of induction shows that if it is true for any n, it is true for n+1.

Solution to (ii)

ntl ol
0 sﬁt”e”dt < ﬁt”d/t since e <1 forallze[0, 1]. Therefore 0 sﬂt”e”dt < £1t"dt =L ]L) - L

n+1 n+1

Solution to (iii)

Ln 1t g LS -1 .11 L L cusine (3) wi - ;
0 sl;t"e "dt < — implies that 0 < n!(l -e (1 toy gyt gt et )) < — (using (i) with x =1 substituted)

Hence 0 <1 —e'(1 + Lty Ll +—) < on dividing through by n!

(n+1)!
Solution to (iv)
The limit is clearly e (they wouldn’t have set the problem if it had been something more obscure!) Take any €>0

HavetoshowthatHNsuchthat|e - (1 + L + =+ —+ ... + nl—')| < € foralln > N.
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le-(1+ -4+ 4wt r)| =efll —e' 1+t +24 24t )| <e—

TR TR n! no2ar o3 (1)
which can be made arbitrarily small by making n large enough since (n+1)! becomes huge even when n is relatively small. Most
mathematicians would leave it here in practice but if you really want to show that you know what you are doing you can go further and
actually demonstrate the N.

Indeed, (nfl)' < zi foralln = 2 (why? You could even try a quick inductive proof if you are " in the zone!)

So we need 1 such that — < eandif N = ln(i)/ln2 then forall n > N we will be sure that |e - (l e + L)| < €.
2 & o3 n!

If you don' t believe it just try it with £ = 107® say . Nwillbe 22 and —— = —— which is clearly <« 107°

(n+1)! 23!

12. A diagonal matrix example

In the theory of similar matrices one obtains expressions such as: A” = SO S~ where ( is a diagonal matrix of eigenvalues A;. In other
words () is an m x m matrix whose elements ({);) are:

Q; =0ifi#j
= ifi=3
A1 0 0 O 0O O 0
0 2%, 0 00O 0 O
0 0 A3 00 0 O
Q = 0o 0o o0 . 0 O 0
0 0 0 O 0 0
0 0 0 O Am-1 O
0 0 0 00 0 Xy
A" 00 00 O 0
0 " 0 00 O 0
0 0 A" 00 O 0
Prove by induction for any diagonal matrix , Q"= 0 0 0 0 0 0 or all integersn 1
0O 0 0 O 0 0
0 0 0 00 A" O
0 0 0 00 0 A"

Solution

It quickly becomes obvious that this proposition is true when you start multiplying matrices. However, let’s retrace how to multiply
matrices.

The (i, j) element of the product of two matrices Aand B = 21 @ik byj- Look very carefully at this formula - if you don’t understand it,
stop here and work out why it works. It will pay dividends later many times over.

The (i, j)™ element of the product is the sum of taking the i row of A and multiplying by the j™ row of B. Rows go into columns - if
you remember that one you will be able to multiply matrices.
Clearly the proposition is true for n=1. The more interesting basis step is when n=2 because that gives a hint about how the proof is

generalised. What is the (i, j)lh element of Q2 ?

(i, )" element of Q? = i1 Qi (4 (note that because k is repeated it is ‘bound’). Butif i>j>k then Qy Q4 =0 (why? Because
Oy, =0 for 1 >m). Similarly if i <j<k then Qy ;=0 (why? Because (), =0 for1 <m). So the only contributors to the sum are given by

i=j=k ie A;2. This holds for 1 i m. What this means is that O has zero elements off the diagonal and on the diagonal the elements are
A;%. So the proposition is true for n=2.

Suppose the proposition is true for n. Now Q"' = Q" Q
So the (i, )" element of ! = et A" Q; using the induction hypothesis (ie the non — zero (7, k)™ element of Q" is 1,).

Therefore (i, j)" element of Q! = Zio A Q= A"y = A;*! using the fact that (4; =0 whenk j. This is what we wanted to prove.

13. An example from actuarial practice

Actuarial mathematics contains a number of basic building blocks which are used to value cashflows occurring at various points in time.
Consider $1 which is invested at the end of each year for n years at an effective rate of interest of i per annum. This means that $1

accumulates to $(1+i) after 1 year. What is the accumulation of this stream of n investments of $1 after n years? The actuaries have a
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standard formula for the accumulation of $1 at the end of each year at effective rate i per annum: S(n,i) = w
1

Prove this formula for all integersn 1

Now for a generalisation of the concepts consider n investments of $1 made at times t =0, 1,2,..., n-1 such that all investment income is
reinvested at the end of each period. The interest rate for period [j-1,j] is i;_; for j=1,2,..n. Derive a formula for the accumulation of

these investments to the end of year n and then prove it by induction. Next show that if the interest rate is constant at i for all periods, you
o (-1
get S(n, i) = E2XL

1

Solution

What is the accumulation of this stream of n investments of $1 after n years? Let S(n,i) be the amount accumulated to the end of year n at
effective rate i per annum.

The first payment of $1 grows to $(1 + i)"~!
The second payment of $1 grows to $(1 + i)">

The k™ payment of $1 grows to $(1 + i)"*
The n'" payment of $1 grows to $1 since it occurs at the end of period n.

So S(n,i) =27, (1 + iy"~/ (this is simply the sum of the above amounts). This is just a geometric series so we use the old trick that
Cauchy actually used in his calculations on series:

(14+) S(n.i) = (140) Xy (140" = Ty (1 + iy

1
Letv= —
1+1

Then S(n,i) = Y1, (1 + 0"/ = (1 +0)" X1 v/

Now Cauchy's old trick was this: let X =37, w then X - vX=v-v™! (if you can't see this write X and vX out)

el L+in—1 . .
Hence X = “— = ~—(1 -y = 202 ginee =1
f=v Iy (14 [

. . . a1 e
Thus S(n,i) = (1 + )" X vW/=(+ z)”[( +1) 1= A +1i)

i1+ i
Is the formula for S(n,i) true for all positive integers n? It is clearly true for n =1 since $1 invested at the end of year 1 is just $1 - the
formula gives:

(+)'-1
— =

S(L,i) = 1

Assume S(n,i )= L for any integern 1

(1+iy —
i

The basic economics of the problem ensure that:

S(n+1, i) = S(n,i) accumulated for 1 year + $1 at the end of year n+1

= (1+i) S(n,i) +1

= (1+i) (%) + 1 (using the induction hypothesis)

_ (I+i)”*'-—(]+i)+ 1
1

A it
- i
o -1
i
So the formula is true for n+1 and hence the formula is true by induction.

Extension: What is the formula if the payments are made at the beginning of the year?

The following diagram enables you to see what the formula is without any algebra:
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S(n,i) = ((1+i)" = 1) i

Stn, i) = (1+) Sn, i)

The top diagram show the accumulation where payments are at the end of each year.. The bottom diagram shows the translation of the
top set of payments to the left by 1 year. Thus that accumulation, which we know to be S(n,i) has 1 more year to accumulate and the
amount must be (1+i) S(n.i). If you doubt this then do the algebra and you will get the following:

S, )= A+D)" + A+ ) + .. ... +(A+)=A+)[A+ )+ +1] = A+ S, i)
Generalisation to non-constant interest rates per period.

Now for a generalisation of the concepts consider n investments of $1 made at times t =0, 1,2,..., n-1 such that all investment income is
reinvested at the end of each period. The interest rate for period [j-1,j] is i;; for j=1,2,...n. Derive a formula for the accumulation of
these investments to the end of year n and then prove it by induction. Next show that if the interest rate is constant at i for all periods, you
(+i)-1

1

get S(n, i) =

To get a feel for the structure of the formula take a low order case of 3 periods.

t= 0 1 2 3
1 1+ io 1+ ig + (1 + lg) il (1 + lg) (1 +i1> + (1 + 10) (1 +i1) iz
= (1 + 1ip) (1 +14) = (1 + 1ig) (1 +1i7) (1 + ip)
1 1+ i, 1+ i3 + (1 + i) i,

= (1 +1i7) (1 + 1iy)
1 1+ i

Total 1+ +A+iDpA +i)+ A +ipA +ipDA + i)

This suggests that our formula should look like this: Accumulation to the end of yearn = A,= 1 + i, + (1+ i,,-1)(1 +i,—2) + (1+i,-1)(1
+ip) (1 +i,3) oot (14 +i,2p) (140 (1 + dp)

Our formula is trivially true for n =1 since A} = 1 + iy. A more interesting test of the accuracy of the base case is for n =2. The
formula gives A= 1 +i; + (1+#;)(1 +ip) . Going back to basics $1 invested at t=0 gives rise to 1 + i at t=1 and the interest on this at t =2
is (1 +ip) i so the $1 accumulates to 1 + iy + (1+ip) i;= (1 +ip) (1 + i1) att=2. The remaining $1 is invested at t = 1 and it
accumulates to 1 +7; at t = 2. Thus the total accumulation at t =2 is (1+ i) (1 +i;) + 1 +i;j= A; as claimed. So we have proved the
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formula for the base cases of n =1 and 2. Let's assume the formula is true for any nie A,=1+i,—1 + (1+ i, )(1 +ip—2) + (1+ i,—)(1
+ip ) (1 +i3) +eeet (140 )1 +i,2) (140 (1 + dp)

Now consider the accumulation to time n+1. There will be an additional investment of $1 at time t = n which will accumulate to 1 + i,at
time t = n+1. The accumulation of A, at time t = n accumulates to A, + i,A, = (1 +1i,) A, attime t =n +1. So the total accumulation is 1
+ip, + (1 +i)A=1+0, + (1 + i) [ 1+ + A+ i) +i0) + A+ )1 +iyn) (1 +i3) +oet (146,21 +i2)

..(14i1) (1 +ip) ] using the induction hypothesis.

Now 1+iy + (1 + i) [ 1+ ineq + (I ine))(1 +inoz) + (I o)1 +ino2) (1 +in3) Feek (I ipo (1 Hinoa) 1+ (1 +i0) ] =1+ +
(I+ i) (1 + 1) + (1 +3,) (T4 i) +ip2) + (1 + i) (4 iy )1 +ip2)(1 + dp3) oot (L +8) (T4 i) (1 +d2) . (1 + ) (1 + o)

Thus the formula is true for n+1 and hence true for all n since it is true for n =1

If the interest rate in every period is constant ie i, = i forallt,A,=1+i+ (1 + DP+0+D +..+ (1 +)'= S"(n, i) as established
previously.

14. A further example from actuarial practice

In the world of finance whatever goes up can come down and actuaries also have to work out the present value (PV) of income streams.

. 1. . . . 1. 1
Consider $ :mvested today at effective rate i per annum for 1 year. At the end of the year this initial amount has grown to $ it $ e
1 1 1

$1. Thus the present value (ie today’s value) of $1 due in one year’s time at effective rate i per annum is $ i =$(1+ i)~

Now, consider a stream of n $1 payments, the first of which is made at the end of year 1, the second at the end of year 2 and so on for n

1= 1=(+)™ 1

LA L™ f') where v=—
1

years. The actuaries have a symbol for the present value of these n payments: A(n,) = o

Prove the annuity formula for all integers n 1

Having done this problem and the earlier one you should be able to derive a relationship between S(n,i) and A(n,i). In essence, having
done these two problems you will know the basics of most valuation techniques.

If the payments of $1 are made at the beginning of the year rather than the end, show that the annuity formula for the advanced set of
payments is:

An, i) = (1 +1) A, )

Solution

AD)=0+)" + A+)2+ L +)3 +..... + (1+) D 4 1+
k

-\
= _lV

Once again this is a standard geometric series which can be valued this way:
I+ A@D =1+ L+) + A+D2+ A+D7 + ot A+ 0D =30 k1
Therefore (1+i) A(n,i) - A(n,i)=1-v"

Hence,i A(n,i)=1-V"

-V

i

Finally, A(n,i) =
We need to prove this inductively for integersn > 1.

—v A Lol W
i i i1+ 1+i

But A(1,i) is the present value of $1 due in 1 year’s time and if we invest ol today at effective interest rate i the accumulated amount in 1
1

. 1 1. 1+
year willbe —+ —i=— = 1.
1+i 1+i 1+i

This means that v = i is the present value of liev = A(1, i).

Suppose A(n,i) is true for any n.

A(n+1, 1) = present value of stream of n+1 $1 amounts payable and the end of each year evaluated at effective rate i per annum. Focus on
the last payment at time n+1. We know that the PV of the first n payments is A(n,i) so:
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Am+1,) = A(n,j) + V!

-V . . . .
= —" +v"*! using the induction hypothesis
1

1-v(1-iv)

So the formula is true for n+1 and hence is true by induction. What is the relationship between S(n,i) and A(n,i)? It should be clear that
since A(n,i) is the present value of the stream of payments for n years its accumulation to the end of year n must be (1 + i)" A(n, i). If you
A+)" [1-(A+)™"] _ (1+i)"-1 .
e =S (n i)

doubt this reasoning just note that (1 + i)" A(n, i)=

Payments at the beginning rather than the end.

As the following diagram demonstrates the two streams are simply translated by one time period :

Ani)=(1-=v")/i

$1 J$1 $1 .. $1 f1

—_—
0 1 2 3 N-1 N
$1 J$1 . $1
—_—
0 1 2 N-1 N

A(n,i) = (1+) A(n,i)

The present value of n payments made at the beginning of each of n periods is:
Am, i) =1-v" + A(n, i) ie

) . . S 1
you add the present value of the first payment at time 0 and subtract the present value of the payment at time n which is v where v = T
1
But A(n,i) = 1_—‘ so we have:
1

A(n, i) = iA(n, i) + An, i) = (1 +i)An, i)
You could of course sum the series from first principles and you will get the same answer. It goes like this:

2 n-1

A(n,i)=1+v+v+ ..... + v

VAM 1) = v + V2 +... ... + V"
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(I =A@, i) =1 -V

So A(n, i) = ~—2 = 2% = (1 +i) =2 = (1 + i) A(n, i) as promised.

1-v

I +i
Another way of looking at A(n, i) is that it equals the present value of a payment of $1 at time O plus the present value of (n -1)

payments of $1 payable at the end of years 2, 3....,n (look at the diagram and it all becomes clear). Thus A (n,i) =1+ A(n-1,1). Don’t
believe it?

w1 T4impn=l  yloyn-l

T+ AM-L) =1+ = = st = I (1 i) A = An, )

1 1

You should be convinced now that there are several ways to approach such valuation problems.

15. A more complicated combinatorial problem

Letnbe a positive integer. Prove by induction that:

S(n) = Zkl C”—1+ + +i
You will need to observe that UI?CZ*E %CZ{] so do a one line proof of that along the way.

Solution

Doing this "cold" might lose a lot of students but if you have followed the combinatorial problems given above there is only one missing
piece and it involves proving that C’“rl —CZ_I
(n+1)! nl [

Let's get that out of the way first. LHS = = =-C}_,
(+1) (1= K)LAY K (n—k +1)! (R=1)! T k

. . _pyet
S(1) is true since 1 = Y1 _, ¢ 1: c

Assume S(n) is true for any n and consider S(n+1) = Z,’{”l c 1) C’“rl ’”1 & l) {C"+ Ci_,} by Pascal's Identity

n (_1)‘7|Cn n+1 (_1)‘7|Cn b se C"., =0
Lo — G B — Gy because Gy =

—1! . . . . .
S(n) + Xf} %C}{”l using the induction hypothesis and our one line result proved at the outset. Now we need to show that the last
- n

1
term = Tand we are done.
n

Now it was proved earlier (Problem 8) that 37_,(~1)*C} =0 forany n and so Z,’{‘”‘ - C"Jrl = ZZ“( DECrl=
{Z,r(ﬁl( 1)kcn+l _ 1} _7(0 1)__

n+1 n+l

SoSm+1)=1+ %+...+i + nJlr—las required.

If you have trouble following the last bit of algebra write it out like this:

—{-ZHenEer w1 = —(0+ )= —

k-1
st Elemt o ot ot ot - (2D =

=1 p41 k n+l n+l

16. Working out your retirement savings

The Australian superannuation industry is a trillion dollar business and is large even by international standards (we rate number four).
The growth of the Australian system has been driven largely by compulsory superannuation and, of course, remarkable stock market
growth over many years in recent times. A very common question people have is “How much do I have to save to generate a retirement
income of such and such per year?". Superannuation funds produce calculators to enable people to perform that type of calculation.

To set the problem up the building blocks are as follows.

(1) You assume the person has n years to save.

(2) You assume that an initial tax deductible contribution of C is made (either by an employer or a self employed person) and this

escalates each year by a %. Under the law employers have to contribute 9% of salary so that C = 9% of salary in the first year. In effect
you are assuming that salary is increasing on a compound basis of a% pa. It is possible to make contributions out of after-tax money and
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these are not taxed within the fund but we will ignore them in this simple model.
(3) Tax of 15% is assumed to be deducted from each payment covered by (2)

(4) The contributions are assumed to be made in the middle of the year and the tax is assumed to be deducted at the same time. One can
assume any other periodicity but the “accuracy” of such assumptions is illusory because the model assumes fixed earnings rates and has
no probabilistic dimension to it. Markets have significant variability over the time scales involved in superannuation eg up to 40 years or
more in theory. In other words it is completely unrealistic yet this is precisely the sort of model that is commercially available (indeed I
have built on-line calculators for a major superannuation fund which are not much more complicated than the one involved in this
problem).

(5) You assume a fixed earnings rate of i % pa in the invested fund of contributions. As noted above this is unrealistic but it is a
common assumption because the public does not understand probabilistic (stochastic) investment models. This rate is assumed to be an
after- tax rate. When superannuation investments are accumulating (ie before the pension is paid) the earnings attract a maximum rate of
tax of 15%. When the pension begins to be paid there is no tax on the fund investment earnings. The actual determination of the after-
tax rate of return for various types of investment portfolios (which can include shares, property, bonds, infrastructure etc) is a statistical
question which we will avoid. We just assume the compound after tax earnings rate is i% pa.

The problem

(1) Show that with the above assumptions the accumulated amount at the end of the nth year is A(n) where:

! 1
Am=C(1+" 2 ( ll__—':) whereu = 11% Note that you can take C =0.85 of the initial contribution (C) since it is a constant for the

problem
(ii) Prove this formula by induction.

(iii) Build an Excel spreadsheet which will verify the formula from first principles for an initial contribution of $1,000 ,a =4%, i =6%
and n = 10 years. In other words you have to show how the fund would accumulate on an annual basis. You should get $13,590.90 by
both the formula and the first principles approach.

(iv) Now that you know how to accumulate you need to be able to work out what annual pension amount could be paid to the pensioner.
All of this will be in future dollars since we have not allowed for inflation. If the accumulated amount at the end of year n is A(n) and
the pensioner’s life expectancy at that time is L derive a formula for the annual pension, payable at the beginning of the year.You can

assume the rate of investment return in pension phase is (;Ewhlch crudely accounts for the fact that there is no tax in pension phase.

Discounting the figures by an assumed constant rate of inflation (j % pa ) will give you the value of the pension in today’s dollars.
Numerical example: Assume C = 2,000, a=4%,1=6%, n=40,L =25 and j =3%. Work out the annual pension amount in today’s dollars.

Solution
The k™ contribution is C;, = C(1 +a)*'eg C; = C.
1 3 5 1
AM=CA+)"2+Cl+a)1 + )" 2+C1 +a)*(A + )" 2 +...... + C(1 + @)"'(1 + i)2 Note that in this step we are using

using the convention that C = 0.85 x initial contribution.

The following diagram shows visually what is going
on:

C C(1+a) =

We can write A(n) in sigma notation as follows:

@2j-n

L1
Am=Y_CA+a (1 + " 2 =32, Cl+ay (1 +)"7"2

1 .
=Cl +a) ' + "2 2= (%)l where we have moved the factors independent of j out of the sigma function.
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1+a
1+i°

We are nearly there since all we have to do is sum i, u/ where u =

u(l-u") 2

The sum is simply - If you can’t see why the let S=u+u”~ + ... .. + "'+ " thenuS =u

u(l—u")

S(l-u)=u-u"*! s0S§ = -

! n
Finally, Am) = C + a)™' (1 + i)""2 (=)

-u

)

1
=Cl+ "2 (:% as required.

(ii) Prove this formula by induction.

1
A(1) =C(1 + i): since the initial after-tax contribution of C is accumulated for half a year.

1
The formula gives A(1) = C(1 + i)2 so the formula is true for n =1.

Now A(n + 1) = A(n) accumulated for 1 year + C(1 + a)" accumulated for half a year

=(1 +i)A®Mm) +C(1+ a)"(1 + i)%

C= L C1+ @yl +

=(1+i) C{ + i)"75(17

1 . i
=C + )" YD 4 o1+ ard + i)

1-u

1 1 1
U+ —wrc+)" s Cva (1402 —C+a) (1 +i)2u

1-u

1 1 1 1
_ca w0 -+ (1+a)y +C(1+a)y (1+i)2 —CA+iY w'(1+ )2 u
- 1-u

where we have used the fact that u = % andso (1 +)"u" = (1+ a)*
1

1

1
_ca+d)"r —ca+i'

1 —u

ut 1

1
=C( + "2

(l_un+l)
l-u

establishing that the formula is true for n+1.

(iii) Build an Excel spreadsheet which will verify the formula from first principles for an initial contribution of $1,000 ,a =4%, i =6%
and n = 10 years. In other words you have to show how the fund would accumulate on an annual basis. You should get $13,590.90 by
both the formula and the first principles approach.
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A [ B [ C D | SEd [ GE
1 |Salary_increase 4.00% |-
|2 |Adter_tax_return 6.00%  |(1-tax_rate)"Inhial_contribution =CT(1+Afer_tax_return)
| 3 |Initial_contribution  § 1,000.00
| 4 |Tax_rate 15% =C7*(1+Salary_increase) i
5 u 0.981132075 -
| 6 |Period Accumulation @ start of period After tax contribution umulation to end of period /
| 7 | 185 = $ 850.00 901.00
| 8 | 2% 901.00 § B84.00 $ 1,882.10
| 9 | 3 s 1,892.10 § 919.36 5 2,980.15
| 10 | 4 5 2,980.15 & 956.13 § 4,172.46
| 11 | 58 417246 § 994.38 § 5,476.85
| 12 | 6 5 5,476.85 $ 1,034.15 § 6,901.66
| 13 | 7% 6,901.66 $ 1,076.52 § 8,455.82
| 14 | 8 s 8,455.82 § 1,118.54 § 10,148.82
| 15§ 98 10,148.82 =D15 1,163.28 § 11,980.83
| 16 | 10 $ 11,99083 § 1,209.82 8§ 13,590.
17
|18 |Using the formula: § 13,590.90
| 19 ]
20
E =(1-Tax_rate)*Initial_contribution*{1+After_tax_return)*9.5* (1-u*10)/(1-u) ~(BE+CE) (1 +Alter tax_rety
Ea m)
ﬁ =({B164C16)"(1+After_tax_return)*0.5
| 24 |
25
26

Note that Cell C7 is 0.85 x initial contribution

(iv) Now that you know how to accumulate you need to be able to work out what annual pension amount could be paid to the pensioner.
All of this will be in future dollars since we have not allowed for inflation. If the accumulated amount at the end of year n is A(n) and
the pensioner’s life expectancy at that time is L derive a formula for the annual pension, payable at the beginning of the year. You can
assume the rate of investment return in pension phase is (;Ewhlch crudely accounts for the fact that there is no tax in pension phase (i%
is the after tax rate of return in accumulation phase). Discounting the figures by an assumed constant rate of inflation (j % pa ) will give
you the value of the pension in today’s dollars. Numerical example: Assume C = 2,000, a=4%,1=6%, n=40,L =25 and j =3%. Work
out the annual pension amount in today’s dollars.

! .
From (i) we know that A(n)= C (1 + )" > &2

i%

085"

This amount must support a pension of $P payable annually in advance for L years

atrater =

1-(1+n)L
L but we want the formula for

1.

The formula for an annuity of $1 payable annually in arrears for L years at effective rate r % pa is

- . - 1—(1+7)"
annual payments made at the beginning of the year. From an earlier problem the value of such an annuity is (1 +r) [ %

-1+

Thus at time n (when this valuation is taking place) A(n) = P(1 + r)[ ] so P can be solved. The pension in today’s dollars is

therefore 1.037%0 P.

When you plug the numbers in you will get an annual pension payment in today’s dollars of $11,856.36 which is LESS than the current
Federal government age pension for a single person. Moreover it is not indexed for inflation so over the expected term of the pension the
pension has even less purchasing power. This is very little to live on and explains the great emphasis on saving more. This level of
income is well below the poverty line. The following shows you how the pension is drawn down to zero over 25 years (the value of the
annual pension payment at year 40 is $38,676):
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1% 479,582 $38 676
2 5 472,457 538,676
15 464,401 538,676
4 % 455776 538,676
5 % 446,542 $38 676
6 5 436,657 538,676
T % 426,074 538,676
8 5 414,744 538,676
8 % 402,614 $38 676
10 % JBY.E28 | 518,676
"5 375,725 538,676
12 5 360841 | 518,676
13 % 344 806 518,676
14 3 JETE46 | 518,676
15 % 309,582 | 518,676
16 3 280029 518,676
17 5 2689086 518,676
18 3 245685 518,676
19 5 22682 | 51BETE
200 % 157,005 538,676
21 % 168,506  $36,676
22 % 140,065 538,676
23 % 108,546 538,676
24 3 74,802 538,676
]

36,676 | 518,676

17. Leibniz’s rule

e, . d" (uv) A"y div
Leibniz’s rule is as follows: =20 Cl——
dx" 21—0 i g dy
d° d°
You have to assume that d—‘; =u and d—; =v
X X

5472 457
£464,401
455,776
£445,542
£436,657
£426,074
£414,744
5402614
£389 628
£375,725
360,841
£344 906
£327,846
£309,582
£200,029
5269,096
£245 685
£222 59z
197,005
5169,506
£140,065
£108,546
574,802
£38 676
50

Prove Leibniz’s rule by induction for all integers n 1. Along the way you will need to use the result proved above ie C!*! = C! + C,

(Pascal's Identity)

Solution
. . d! d
The formula is true for n =1 since = = , 4¥
dx! dx
1 1 d"“u dv d'uv d% d'u d'v
and },_,C; - — =] — — — —
2z Ci dx'=i dxi dx' dx dx’ dx'
dv du
=u— +v—
dx dx

Assume the formula is true for all n. Then:

d™" (uv) _ i(d"(uv))
a7 dx\ dx

d n d"'u dv
= — ¥ . C! - — )
dx (Z’O bodxt dx

diy ditly A=ty diy
—_\n n n n av
- 2:0 Ci A dyit! + Zl':() Ci A= gy

=A+B ()

du
p L
dx

(€]

Because formula (1) is nothing more than a variant of the binomial theorem we should be able to use the same trick as we used before in

the proof of the binomial theorem. Namely we are ultimately looking for this : Y7 C/+!

= C
Going back to (2):

dln—i u dl1'+l v

— ym n
A= ZA:O Ci dxPi o gxitl
Letj=i+]1
A = n+1 cn arVu dv

- Zj:]- j-1 dxn- (-1 gxd

™' dly .
T and we will use the fact that
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Z"*] d"*‘ Ju d,v
- j-1 dxnn ~J dxl
_ yntl ' dly

— — si n = j
it Jllwﬂfdf since C’j =0 for j <0

NowB = 7, C; j ”]Hllf jvr and just change the index variable to j and you get
- Bt

panyey j;i,/lj % since Cp, | =
So LR = A B - IR S SE e FH O o i

n+1 n du dlv
- Z ( + Cj )dx”*"/ dx/

Zn+l cn+l amJu dlv
j=0 ] dxn+ -3 gxd

Hence the formula is true for n + 1 and so it is true by the principle of induction.

18. An example of a recurrence relation

You are told that a sequence has the following properties: u,43 = 6 U2 — 5u,; Where u; = 2 andu, =6

By inspired guessing you claim that u, = a b™** + ¢ wherea >0andb > 0. How would you find the values for a,b, ¢ and k (which is a
fixed integer) and then verify your guess ?

Solution

Upes = b 4 ¢ = 6(ab™ 2 4 ¢) - 5(ab™ 1k 4 )
ab™ 3k 4 c=ab™ 1K (6b - 5) +c

So ab™3* = a1k (6 — 5)

Therefore > — 6b + 5 = 0 sincea>0andb>0. Thus (b-5)(b-1)=0ieb=50rb=1.
Tryb =1. Inthatcaseu; = a + ¢ =2

u, = a + ¢ = 6 - acontradiction.

Sob = 5andu, = a5™% + c. Sinceu; = 2, a5  +¢ =2 and u, = a5**F + ¢ =6.
We have two equations :

as™ 1+ =2 (D

a1+ c=6 .(Q2)

Multiply equation (1) by 5:

a5 +5¢=10 .(3)

Subtract (2) from (3):

4c=4
Soc=1

Sou, = a5"* + 1 and hence uy=a5'** +1 =2 = a5'**=] =2 a=5"1*
Finally, u, = a5"** +1=5"1"k5mk 4 1 = 571 41

So the inspired guessis:u, = 5""" + 1for n>1

But is it correct? Let’s prove it by induction.

u; = 5%+ 1=2 which is correct.
u; = 5'+1=6 which is also correct.
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Assume u,.3 = 6,40 — Supy and u, = 5"' + 1 are true for all positive integers n+3 wheren 1

Therefore u,.4 = 6u,3 — Supn
=6(5"2 +1) = 55" +1)
=30x5"* + 6 - 5x5"+ 4 1

25 x5 41

=53 41

So the inspired guess is true for n+4 and since it is true for n=1 and n=2 and for all positive integers <n+3 (wheren 1) itis true for
all n.

19. Another combinatorial example

Prove that : C% + C/*! + C/*2 + .. ... +C*m = ! wherer  1,mz 1

Here r is fixed and m varies so you will need to base the inductive proof on m.

Solution
Ch+ CF 4 O O = Ol (1)

When m=1,LHSof (1) =1 +r +1 =r+2 = C'*?}
Assuming that (1) is true for all m<k we have that:

Cr+ Ol L +C = {Or + O+ LR Ot

= Crk+l 4 R+l using the inductive hypothesis
= Cr%*2 using Pascal ' s Identity

Accordingly (1) is proved true by induction.

20. When not to use induction

There are many instances where it is actually easier and more insightful to use a combinatorial style of proof rather than an inductive
one. A typical example is this:

0 ) N S N , | forintegraln
- ‘ ‘ S n+ 1) n\? ‘ ‘
To prove this inductively you would have to establish a useful relationship between ( K ) and ( K ) in order to use the inductive

. n+ 1 n n n+ 1\ n\? n n
' ity i ibili i = + = + +
hypothesis. Pascal's Identity is a possibility here since ( K ) ( K ) ( K1 ) but ( K ) ( K ) 2 ( K ) ( k-1 )

n

n .
K )( k-1 ) In effect this amounts to

2
( K f | ) you would have to find a further relationship for the sum of the products of 2(

proving a sub-case of an identity relating to the hypogeometric series ie:

n\(m n m n m n\(m n+ m . ) .
(0 )( K )+(1 )(k _ 1)+....+(k B 1)( ) )+(k )(0 )—( K ) This can be done by an inductive approach but not very

insightfully.
So your challenge is to prove:

2 2 2 2 2 9
( 8 ) + ( 111 ) +( 121 ) + ..+ ( N E 1 ) + ( E ) = ( nn ) (for integral n 1) by a combinatorial approach and then by appeal to the

binomial theorem.

Solution
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First a combinatorial approach.

2 2 2 2 2 (o
The RHS of ( g ) + ( rll ) +( 121 ) + ..+ ( N E | ) + ( E ) = ( nn ) is simply the number of subsets of size n from {1,2,..., 2n}.

The LHS is the sum of subsets of size k drawn from a set of size n - but each component in the sum is squared. Take the general term

2
( E ) and consider how one can choose a set of n elements from the bigger set (1, 2, ..., 2n} which contains k members of {1, 2, ..., n}.
We can choose k members from {1, 2, ..., n} in ( E ) ways and having done that we can choose n - k members from {n+1,n+2, ..., 2n}

‘ n Thus the total number of f making the choice is [ - n)fnzb ot
ln(n_k)ways. us ¢ total number o Wayso malng ecC OICCIS(k)(n_k *(k) ecause(n_k)f(k

up this general term for k-subsets where runs from 0 to n inclusive and you have picked up every subset of size n from 2n (which is the
RHS). Summarising, on the RHS we focus on the bigger set (1, 2, ..., 2n} as a totality while on the LHS we split it up into {1, 2, ..., n}
and {n+1,n+2, ..., 2n}. We choose k elements from the first set and n-k from the second (so we have a subset of size n from the entire
set) but we have to do that sum for 0 k n.

). Next add

The use of the binomial theorem revolves around the observation that (x + y)>" = (x + y)"(x + y)". What is the coefficient of x"y"?

. 2n . ..
Focusing on (x + y)*" we have (x + y)*" = 212(:0( K )xkyz“‘k and the coefficient of x"y" occurs when n = k hence the coefficient is

2
( nn ) So we have the RHS of the relationship. Now for the LHS we focus on (x + y)"(x + y)"={ 21:0( E )xky“ kg

Bl

n n . .
:Z£=OZ?=O(k )(J )Xk+J y2n—(k+J)

2

The coefficient of x"y" occurs in this latter expression when k + j = n hence the coefficient is ( E )( N Ii K ) = ( E ) as above. However,

note that we have to fix k in the first sigma sum and for each such k we will have a corresponding term involving j (ie n - k), there being
. . . n n n\? 2n

n+ 1 terms in all. Thus the coefficient of x"y" is Zﬁ:o( K )(n —k )= 2:0( K ) = ( N )

21. Binary magic

Prove that Cj + C5 + Cj +C¢ + ... ... =21 and C} + C} + C5 +CF + ... = 2" ! forallintegersn > 1. Use the binomial

theorem rather than induction.

Solution

The binomial theorem says that > C? "~ y/ = (x + y)" and letting x=y=1 we see that:

(1 + l)n =2" = Z’:OC? = On +EVI

where 0,=C} + C5 + C5 +Cf +...and E, = Cj + C5 + C} +C§ + ...

NowE, - 0,=Cj — Ct + C5 - C§ +...+(=1)"'C}

But we know from Problem 8 that the RHS of this last equation =0

So we have the following:

0, +E,=2" and

Enh -0, = 0

Solving these two equations we see that E, = 2! = 0,. We can see that this result holds for all n because the binomial theorem has

been used along the way.

Another approach would be to observe that for any set withn 1 members there is an even number of subsets (see Problem 36) which is
2", There are n + 1 coefficients which represent numbers of subsets of sizek for0 k n eg ( g ), ( rll ) etc. Ifnis odd the total such

number of coefficients is even and thus the number of coefficients with even k-elements will equal the number of coefficients with odd k-
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elements . Thus 2X=2" so X=2""! ie Ci + C4 + C} +C} +...... =271 andC} + C} + C! +C% + ... = 2n 1

On the other hand if n is even, then the total such number of coefficients is odd and but we can add one more coefficient ( N :]_ | )= 0
(which doesn't change any sum) so that the number of coefficients with even k-elements will equal the number of coefficients with odd k-

4 4
elements . Therefore 2X =2" so X =2"~! in this case too. For instance take n = 4 then the coefficients would look like this: ( 0 ), ( ) ),

4 4 4 4
( 4 ) and ( | ), ( 3 ), ( 5 ) In essence this is just an artifice to get the pairing to be consistent.

22. Simple but effective -you'll see why soon

(1) Guess a formula for & d > for integersn,m 1 and prove your guess by induction.

k!
(ii) Guess a formula for k_') and prove it by induction.

Solution

These simple results will be used in problem 23.

(i) To make the notation a bit more efficient define D"=

Then D*x° = D*(Dx®) = 6 D*(x°) =6 D (Dx°) = 6.5.D(x*) =6.54.%°

Because the derivative is taken n times the exponent of x must drop by n. There are also n factors out the front so you just count how
much the index m must drop to account for n factors. This suggests that the formula is:

D'x"=m(@m-1).....m-(n-1)) X" = m(@m-1).....m-n+ 1) ™"
Note that there are n factors running frommtom-(n-1)=m-n+ 1

Does the formula work? In our example m = 6 and n = 3 so we get 6.5.4 x° as required. It looks like it is correct, however, once the
power of x is reduced to zero, any further derivatives will cause the answer to be zero because the derivative of a constant is zero.

Hence our formula becomes D"x" =m (m-1)....(m-n+ 1) x*~" forn m

=0forn>m
When n=m =1 we have Dx=1.x° = 1. So the formula is true for m = n =1

Assume for the formula is true for all n, m such thatn m. Then D" x™*! = D*(Dx"*!) = (m+1)D"x" = (m+1) m (m -1)....(m-n + 1)

X" =(m+1) m (m-1)....(m-n+ 1) X *1 =0+ yging the induction hypothesis. Hence the formula is true for n +1, m +1 since it is
true forn=m =1

Note that D" x" = n! which is a subcase of the more general case. You can prove that assertion inductively very quickly since the

proposition is clearly true for n=1 and D™*'x"*! = D"(Dx"*!") = (n+1) D"x" = (n+ 1)n! = (n + 1)!. Hence the formula is true for n+1
and thus true for all n.

This is a handy result when you come to manipulate series of polynomial functions.

(i1) To guess the answer simply write it all out and look for some obvious symmetry.

QR Q1) (2k-2)2k-3)2k-4)...32 .1
KT k(k=1) (k=2)....32 .1

_2.kQ@k=1)2(k=1).2k=3) 2(k=2).. 32 .1
- k(k=1) (k=2)...3 2 .1

= gsomepower(Qk_[)(2k-3).....3.1

Now there are 2k terms in (2k)! and k terms in k!. Thus each of the k terms in k! will can cancel with a term in the numerator so a guess
for "some power" is k.

@ k)

Hence the assertion is that = 2k(2k-1)(2k-3).....3.1

This formula is true for n = 1 since 12—:: 2 and RHS =2!(2-1) =2. Assume the formula is true for any n.
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2042 at2)@ni)2n)! _ 2Q2at+)2"2n-1)@n=3).. 32 1 . . . .
Then S22t Grr2)@uiD@mt _ 2@mtDZ Gn-DGA2) using the induction hypothesis
(n+1)! (n+1)n! n!

=2"1Q2n+1)2n-1)@2n-3)...3 2 .1 sotheformula is true for n+1 and hence true for all n.

23. An application of induction to Legendre polynomials

Legendre polynomials arise in the context of several problems in mathematical physics (eg celestial mechanics). An important property
of Legendre polynomials is that they are orthogonal on the interval [-1, 1]. The concept of orthogonality of functions is important in the
context of many aspects of mathematical physics such as Fourier Theory, Hilbert space theory and so on. In the context of Legendre

polynomials the orthogonality condition is expressed as L 11 P,(x) Pp(x)dx =0 whenn m. This is the analogue of orthogonality of
normal vectors.

Legendre polynomials are defined as follows (see Courant and Hilbert, "Methods of Mathematical Physics" Volume 1, Wiley
Classics Library, 1989, pages 83-84). This is a very famous textbook and rightly so. The Hilbert is none other than the David Hilbert
and Courant is none other than Richard Courant who went to the US from Germany in the 1930s to establish the Courant Institute. The
purpose of this exercise is to take some important results and show how the professionals do it and also to show what they leave out!
This is serious applied maths - enter at your own risk. You will need to review integration by parts because it is fundamental to this
problem.

ar 2_1)" "
The n"Legendre polynomial y(x) = Nl satisfies the second order linear homogeneous differential equation (x>-1)y" + 2xy'-

2" n! dx"
n(n+1)y =0.

Why bother with what follows below? If you do any applied maths, especially differential equations, you will come across Legendre,
Laguerre, Hermite, Jacobi and Chebyshev polynomials in the context of several famous applications. The ability the manipulate the often
quite complicated series that arise is a very useful skill. The same goes for Fourier Theory. Inductive arguments are often implicitly used
in the simplification process.

1 d(x®-1)

2" n! dx"

Pox)=1, Py(x) =

n=1,2,..

The authors then state the following:

Py(x) = ;221:0(_])"7]((2 ) @R\ 2k-n

21t 2k -n)!

Coon ek 13 5..Qk=D ap,
= 2= (D bl @kt 27k

They note that "the terms in negative powers are to be omitted; this comes about automatically of we put (-r)! = oo for all positive integers
r". What they are doing here is simply a bit of formalism - you can run the k index from O to n and along the way you will get negative
exponents but if the denominator is co those terms go. It just means that you can play with the summation in that form and not worry
about the details. Of course, you will not get negative exponents from (x> — 1)” when you differentiate - the highest power is 2n and
when you differentiate n times you won't get a negative power. Note that P,(x) is a polynomial of degree n as can be seen from the

2k-n whenk = n.

exponent of x
(i) Prove these results by induction. Hint: You may want to use the result you obtained in Problem 22.

Verify the formula for a few Legendre polynomials, namely:
3 1 5 3
Pi(x) =x, Py()= 3% = 7, P3(x) =5x°- Jx

(ii) Prove that the P,(x) form an orthogonal system. Courant and Hilbert offer the following proof. They denote (x> — 1)" by u,(x) and
they claim that for every non-negative integer m < n:

1

2" n!

j: 11 P,(x)x"dx = f_ 11 uM(x)dx=0 (note that u(x) = D"u,(x) )

They say that this "may be demonstrated if we remove the factor x” by repeated partial integration and note that the derivatives of u,(x)
up to the (n-1)-st vanish at the limits of the integral of integration. It follows that f_ llP,l(x) P,(x)dx =0"

Fill in the details.

(iii) To prove that the P,(x) form an orthogonal system we have to show that they are appropriately normalised. The authors say that "in
. o 1 2 L .
order to obtain the necessary normalization factors we now compute L l(u,,(”) (x) ) d x by repeated partial integration:

1 - n 1 n-— n n n
L@ u, M@ dx = - [, V@, dx = [ 20 1, D) dx = = (<1 [ () 0,0 dx
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=) [ (1 - 0" (1 +x)" dx

! oo (Vg _ el Lo m=Del (o
NOWf_l(l—x)"(1+x)"([x_n+l f-l(l 0"+ X" dx_"'_(n+l)(n+2)---(2n)£l(1 )" dx

S ) LY, PS) I'p2 =2 ; ; ; - / 2ntl "
= (2’1)!(%“)2 "*1 and therefore f_ 1P,, x)dx = T The desired normalized polynomials are therefore ¢,(x) = 5 P,(x)

This means that f_ |1 On(X) pp(x)dx =1
Now fill in the details for each of the steps given above.

(iii) By starting with the differential equation (x>-1)y" + 2xy'- n(n+1) y = 0 use integration by parts to show that L llP,,(x) P,(x)dx =0.
This is a non-inductive proof.

Solutions
(i) To get the required expression for P,(x) you start with the binomial expansion for (x> — 1)" which is ZZ:O( Z )xzk (=1)"7* which
you get by taking a = x*> and b = - 1 in the binomial expansion of (a + b)". The n™ derivative of (x> — 1)" is D”[Zz‘=0( Z )x“ (-1

—\n _1\n—k n 2k : : . . . — i
=3, (=1) ( X )D [x“*] using the linearity of the derivative operator D = o

Problem 22(i) enables us to work out D" [ x*f] = (2k)(2k-1)...(2k - n + 1) x2k ="
Thus we have P,(x) = 2'— (1K ( E )(2k)(2k-1)....(2k Sn+ 1) x2ken

We now just need to do a bit of simplification.

_ 1 n—k Q2k)Qk=1)...Qk—n+1) x>k
Pu(x) = 5 2D ! =k k!

1k @5 Qk-1)Q2k=2)... 2k —n+1)x2k=n

= n -
Zk:O ( (n—k)! k!

:Zﬂ (—l)n‘k Q2k)Qk=1)2k=2)...Rk—n+1)Q2k—n)! x2*-"
=0 2" (n=k)! k! 2 k = n)!

_ nk QK1 x2h=n
2o (=D 2" (n—k)1 k! 2 k- )

1)(Q2k=3)..53 .1 x>~
2" (n—k)! 2 k - n)!

= 5m (—ynk 22k using Problem 22(ii)

_ ek 13 5.QkD opy,
DD ! @k 2 E

13 5.k 3_13 5 13 53 3
L3 3Gk 2k-3 2 x - x!'=2x% - =x (note how the
G-k 2k=3)12 or 3! TRETEE) 27 T2

As a demonstration of the formula: P3(x) =55_, (-1)3°%

negative powers of x are ignored)

(i) We have to L 11 Pyx)x"dx= —— f ") dx=0 (Note that u”(x) = D"u,(x) ) and that P,,(x)is a polynomial of degree m so that

2" n!

if we can show that [ P,(x) ¥" dx= —— [" u™(x)dx =0 for all m < n we have established that [ P,(x) P(x) dx = 0 by the linearit
-1 Ml J-1"1 -1 y y

of integration over the summands of P,,(x) ie flP,,(x) [a; + ax + ... .. + a, x")dx=0.

To establish this do an integration by parts as follows: L 11 P,(x)x"dx= L 11 D' u,(x)x"dx = L 11 di D"V uy(x)) X" dx= X"

X
D™y, (x) |1_1 - fI m D"V u,(x) X" d x
Now this : x" D* ! u, (x) |1_1 is zero for derivatives up to the (n — 1)®. This can be seen either by noting that when (x> — 1)" is

differentiated you get a common factor of (x? - 1) throughout ( just try it) and when x = 1 or -1 this is zero. It is critical that only
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derivatives of order up to n-1 are taken - if you go to order n you will get a constant and x™ D*! u, (x) |1_1 will not generally be zero.
-1
Leibniz's rule also helps to see this when written in the form D"~ '(u, _; u1) = D" {2 - 1" (2 - )} = i ( " L ) D' Ry,

DFu;. Note that D®u; = uyandu; = Oatx = land — 1. Ttisclearthat D¥u; = D¥(x*> — 1) =0fork 3 so one only needs to focus on

D"~ '=%y,_, in the product for k = 1 and 2 evaluated at x =1 and -1. In each such term there is a factor (x> — 1) which is zero at x =1 and
-1.

Thus after one integration by parts we have : f_ llP,l(x) X"dx= - f_ 11 m D"V u,(x) X" ' dx. This is a classic inductive style of approach
because we do the same again to get:

- L 11 m D"V u,(x) X 'dx = m (m-1) f . D" 2y, (x) ¥"~2 d x. After m iterations the integral will reduce to something of the form

(=1)2"™m! f_ll D' u,(x)dx=m! f_ll D'(x*-1)"dx=m! [ (x* - 1)"]'; =0 (you don't need to get precious about the multiplicative
factor which is just window dressing - the real focus is the final form of the integrand)

(iii) Starting with f_ 1u,ﬁ’”(}c) u,"(x)dx we integrate by parts remembering that the derivatives up to order n -1 evaluated at 1 and -1 are
Zero:

L@ u,P@ dx = [ Du," D) u, @ dx =[ua ™D (%) un® ) (x) ] 17 - L@ w0 dx=
1 (n-1) (n+1)
[ D) ") dx

Thus after one integration by parts we get a factor of -1 out front and the derivative order of one factor drops by one while the other
increases by one. If we do n integrations by parts we will get:

(=1 fl U, ") u, () dx = (-1)" fl U, (X) u,?M(x) dx since up (x)=u,?(x) ie no derivative is taken. Note that each time

the integration by parts is done the term [u, ® 1) (x) u,® ) (%) } |=1 and its "descendants" vanishes because of the property
established in (ii).

Now (=1 [{u,(0) u,®"dx = (17" [ (2 = 1" u,® @) dx = (=17 [ (=1 = )" u,C ) dox= (=D [ (1= 22", (x) dx
= [0 =2 u,C) dx = [ (1= (1 + 20" w000 dx

But u,(x) = (x> — 1)" is a polynomial whose highest power is x> and we know from Problem 22(i) that D?"x?>" = (2n)! which is what
we want. All the other terms are zero when differentiated 2n times.

So [Lu®()u,® () dx= (1 =2 (1 + 2" 1,2 @) dx = @)L [ (1 = x)" (1 +x)" dx as claimed by the authors.

. . 1 Y n _n 1 -l n+l g _ _ n(n-1)...1
The next thing to show is that f_l(l X)"(1+x)"dx= - f_l(l )T+ x)"dx=...= Thoam

f_ll(l —x)*"dx

Xn+l xn+1
Once again integration by parts is needed. f_l](l -x)"(1+x)"dx= f_l](l -x)"D % dx=[(1- x)”& 1L+

n+l
n_ 1 _ -1 ntl g, — (1 _ -l n+l g
[0 =0 A0 dx = == (-0 (10 dx
Thus the leading term in the integration by parts is zero at each iteration and the exponent of the (1 + x)" factor increases by one each
iteration while that of the (1 — x)" decreases by one and there is a -1 each time due to the differentiation of that term. The decreasing
factors in the numerator are associated with the (1 — x)" factor while increasing factors in the denominator are associated with the

n(n=1)....1 Lll(l 4 x)zn dx

. o . 1o Ny B
(1 + x)" factor. Thus after n partial integrations you get L l(1 )" (1+x)"dx= Do

=11 [ (1+x)2m+1 ]1
-1

(n+1) (n+2)...(2 n) 2n+1

n(n—1)....1 22n+1
(n+1) (n+2)...2n) 2n+l

n!n! 22m+l

n! (n+1) (n+2)...(2n) 2n+l

(n!)z 22n+]

@n)! 2n+1

n! 2 92n+l ! 2
Recall that P,(x) is defined as ZHITM,,(")(X) so from f_ll 1, (x) u, M (x) dx = (2n)!f_11(1 - )" (1 +x)"dx = @mtd” 227 ) 5ty

@2n)!  2n+1 2n+l1
have that:
1
[P’y dx =
1

2" n!

1 >2 @) (n1)? 22741
2% n! 2n)! 2n+1

() [ @ a0 dx = @) (5=) [0 -0 +xrdx = |

2" n!
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() 1 2 .
= 2ntl= —— a5 claimed.
(n!)=2°" 2 n+1 2n+l

2n+1
2

Hence the normalized polynomials are ¢,(x) = P,(x) since f_ |1 t,pn()c)2 dx= 2';—“ f_ 11 Plrx)dx=1.

Note that this whole result can be generalised as follows: L A P,(x) Ppy(x)dx=0ifm n and zﬁn__jl if m=n.
(iii) Integration by parts is the big hint here. The differential equation (x2-1)y" + 2xy'- n(n+1) y = 0 can be written as:

j;x {(x2-1) y‘} —n(n + 1)y = 0. Now lety = P,(x) and then multiply by P,,(x) and integrate between x =-1 and x =1 to get:
L] 502 = D P Pa@) = nn + 1) Py Pa)| dx=0

ie [} {63 = DP0) Py (0 dx = [ n(n + 1) Py(x) Py(x)dx

X -DP,(x)PLx) |, - fill(x2 ~ 1) Py(x) P (x)dx = fln(n + 1) Pp(x) Pp(x)dx

Finally —f_ll @ -1)P,(x)P,(x)dx= f_lln(n + 1) P,(x) Pu(x)dx

Now let y = P,,(x) in the differential equation and multiply by P,(x) . This gives rise to a symmetrical result namely:
—f_ll(x2 - DP,x)P,(x)dx= f_llm(m + 1) Py(x) Pu(x)d x

Thus ['\m(m + 1) Py(0) Pu(x)dx = ["n(n + 1) P,(x) Pu(x) dx which means that [ P,(x) P,(x)dx=0ifm n

24. The Cauchy-Schwarz formula

Without any doubt the Cauchy-Schwarz formula is one of the most important mathematical relationships that you can know. It arises in
every area of mathematics and has a vast number of applications.

What is the Cauchy-Schwarz formula?

Forreal ¢; and b; : 3, a; b; < 4/ Z,’-;la,-z v Z,’-‘=1b,-2

Prove the Cauchy-Schwarz formula for integral n =1.

Solution

When n=1 the formula is trivially true and does not give any insight into the more general proof. So try n=2. Then Monsieur Cauchy
asserts that:

(2, aib)* = (a1 by + ay by)? < (a1 + a2?) (b1% + by?)

iff a12b12 + 2a1byay by + a22 b22 =< a12 b12 +a12b22 + 022 b12 + a22 b22

iff 0 < (aq b2)2 -2a b] ay b2 + (@ b1)2 = (a1 b2 - a b])z

This chain of equivalences shows that

(a1 b1 + a2 b2)? < (a2 + a2?) (b2 + by?) is indeed true and hence the formula is true for n = 2

Induction step :

+1 — 2 2
Zioraby = XLiaiby + anabyy <y 2L a7 2L b7+ ansr by

Nowleta = v YL,a? and B=+/ Y0, b?
Then : +/ leaiz \ Z{‘:lbiz + ane1 by = @B + ap by

and we have already proved the proposition for n = 2 so we can apply itto a8 + a,.+1 b,,; — this is the critical insight that allows the
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problem to be solved.

1 1
Soaf + au1 by = ((12 + an+12)2 (,32 + bn+12)2

1 1
Hencey| Yy a? v Yib? + anet bt < (U102 + apn®) (U1 b? + buid)? = § Xa? y X b2

So the formula is true for n + 1 and hence is proved by induction

25. A French interlude

De Moivre’s Theorem: (cosx + isinx)” =cos (nx) +1isin (nx) where x is real.

Prove this theorem for n € Z ie n integral (positive, negative and zero).

Solution

The formula is obviously true for n=1. To solve this problem you have to recall that cos (x + y) =cos x cos y - sinx siny and sin (x +
y) =sin X cos y + cos X sin'y

Assume the formula is true for any positive integer n. Then
(cosx + isinx)"' = [cos (nX) +1isin (nx)] (cos X + i sin X)

= cos(nx) cos X + i cos(nx) sin X + i sin (nx) cos x - sin (nx) sin x
= cos(nx) cos X - sin (nx) sin X + i [cos(nx) sin X + sin (nx) cos x]
= cos [(n+1)x] + i sin [(n+1)x]

So the formula is true for n+1 and hence for alln 1

Now consider negative n

Whenn=-1, (cosx + isiny)”! = ——
COS X +1SInXx

1 cos x —isinx

cos X +isinx cosx — isinx

Cos X —isinx

PR
COS”“ x +sIn” x
= cosx — isinx

= cos(—x) + isin(—x) (cosisaneven function while sin is an odd function)

So the formula is true for n=- 1

Assume the formula is true for any integer n = -k where k is a positive integer.

Then (cosx + isinx) “®*D=[cosx + isinx]™* (cosx + isinx) ™!

= [ cos (-kx) + 1 sin (-kx) ] [ cos (-x) + i sin (-x) ] (using the induction hypothesis and the fact that we proved the formula for n = -1)
= cos (-kx) cos (-X) - sin (-kx) sin(-x) + i [ sin(-kx) cos(-x) + cos(-kx) sin(-x)]

= cos[-(k+1)x] +1i sin [-(k+1)x]

The formula is also true for n=0 since (cosx + isinx)® = 1 =cos 0 +1sin 0.

So the formula is true for n = -(k+1) and since it is true for n=-k and n=-1 it is true for all negative integers.

26. Another binomial example

1+2 +4 +..... + 2n-l=on

Prove this formula for integral n = 1
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Solution
When n=1, LHS =271 = 20 = |
RHS=2! -1 =1

So the formula is true for n =1

Assume the formula is true for any n. Then:

+2 +4 +.... + 2"142" = 2" — 1+ 2" using the induction hypothesis
=2n+l -1

Thus the formula is true for n+1 and hence is true foralln = 1.
27. Factors
(i) Prove that 5" + 2 (1 I ) is a multiple of 3 for all positive integers n

Solution

When n =1 the formula yields 5+ 2 .11 =27 which is divisible by 3. Assume the formula is true for any nie 5" + 2(11")=3 q where q
is a positive integer. Then:

54 211 =557 4211 11t

5.5"+5.211"-52.11"+2.11.11"

50" +211") - 10.11" + 22.11"
= 15q + 12 .11"

=3(5q+4.11"

=3q’ whereq’ = 5q + 4.11"

Hence 5"*! + 2.11"*! is divisible by 3 and the proposition is proved by induction.

(ii) Prove that 17 divides 7* - 1 for integral n 1 two ways - first by induction and then by using the binomial theorem.

Solution

The formula clearly holds for n =1 since 6 | 7 -1. Assume that the formula holds for any n. Then:
=7 =7 T+ T-1=7(T" - 1)+6
Using the induction hypothesis 6| 7" — 1 so 7" — 1 =6r

Thus 7°*! - 1 ="7. 6r + 6 and this is clearly divisible by 6 so the formula is true for n+1 and hence true for all n by induction.

The binomial theorem tells us that (1 + 6)" = &:0( E )6“’1( = 1+3, ( E )6“"‘

Thus 7" — 1=33_, ( E )6“’1‘ which is clearly divisible by 6

(iii) Prove by induction that 17 |3.52"*! + 23"*! forintegraln n 1
Solution
The formula is true for n = 1 since 3.5° + 2* =391=17.23

Assume as the induction hypothesis that 17 | 3.520+1 4 23n+1 je 3.52n+1 4 23n+1 — 7y
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Now for n+1 we have: 3.527+3 4 23n+4= 95 352n+l 4 go3n+l
:25(3.52n+] + 23n+1)_17.23n+1
=25.17r- 17.23"*+! using the induction hypothesis

Hence 17 | 3.52"+3 + 23n+4 and the truth of the formula is established by induction.

28. “Where’s Wally?” or spot the error

The relationship between the arithmetic mean (AM) and geometric mean (GM) is as follows:
For every sequence of non-negative real numbers a;, ay, , , ,a, we have :

1
- aytax+....+a,
(aray ... .. a,)n < %

Here is a “proof” of the theorem. Explain where and why the proof fails (each line is numbered for this purpose). It is like that children’s
book called “Where’s Wally?” which invites children to concentrate on spotting little Wally among a lot of visual clutter.

"Proof:
The formula is true for n=1. D

Assume the formula is true for any n. (2)

1 1 1
Now (a;ay ... .. a, a,.1) =(ayay ... .. ap)m ageprrt (3)

1 1 1 1
(aray ... .. a) ! eyt (ayap ... .. Ap)n Apyp et 4)

1 1 1

) @,y using the induction hypothesis  (5)

1 1
But a,.; = (ape; -1 ... .. Dot (a1 ... .. 1)« (there are (n-1) “l's” in the brackets)  (6)

1
. . . . . L o+ -1
Using the induction hypothesis again: (@, .1 ... .. 1)~ % )
1
— by (Apyg+n=1
Hence we have that (a; a; ... .. a, Ayy) ! (a1+az: Ty @ 1:" ) 8)
aj+ax+....+a, \ (ayy1+n—1) ay+ar+....+a, \ (Na.+n)
e e e G R )
(a1+az+ ..... +a,,) (na,+ n) (a1+a2+..4..+a,,) (an+1 + 1) (10)

n n n+1

(a|+az+“.“+a” ) aj+ay+....+a,.

(an+l + 1)

n+1 n+l (11)

1
. . o —_— aytax+..... +a,
The chain of inequalities shows that (a1 a; ... .. Ay Qpyp) et el

induction is true for alln.  (12) QED!"

= hence the formula is true for n+1 and by the principle of

Solution

"Proof:
The formula is true for n=1. (1) This is correct

Assume the formula is true for any n. (2) This is correct

1 1 1
Now (a;ay ... .. ap Ape1)t = (ay ay ... .. a,)m dpep+ (3) This is correct since (ab)® =a*b*

1 1 1 1
(aay ... .. a)mt eyt (ayap ... .. ap)n Apyp et (4) This is correct. If 0 < x <y then a* < a” where a>0 . Note that n < n+1 =
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1 1 1
(aray ... .. a)n apept ( ) any1+1 using the induction hypothesis ~ (5) This is correct.

1 1
But a,, 1 = (aper .1 ... .. Dot (@ 1 ... .. 1)» (there are (n-1) “1's” in the brackets)  (6)

1 1

There are 2 steps in this line. It is true that @, = (@pe1 .1 ... .. 1)=1 since the padding with ones changes nothing, and since
1 1
ﬁ < i it follows that (@41 .1 ... .. Dt (e o1 .. 1)» . So this line is correct (the equality would hold when a,,,; = 1 or 0)
(@1 +n-1)

1
Using the induction hypothesis again: (@, .1 ... .. 1)« " (7) This is correct since there are n terms in the bracketed
N

term on the LHS the induction hypothesis guarantees the RHS (there are (n-1) 1’s as noted above and n terms in all)

1
Hence we have that (a; a; ... .. Ay Apa) !

- (8) This is correct since the above chain of implications holds.

ajt+ax+....+a (aps1+n-1) ay+ax+....+q, (na,4 +n) .. . ..
(—= L) (—= ny (9) This is correct since the numerator is increased - remember that a,,; = 0
n n n
artax+..... +a, na, +n ar+ax+....+aq, . . aytaz+....+a na, +n ar+ax+....+a
(Aot tny Mt Et) (g + 1) (10) Alas this is not correct. (42 ny @b bty 4 )
n n n n n

1 1
but - ¥ —.
n n+l

The “proof” is flawed and there is no need to go any further.

29. Now for the real proof of the AM-GM theorem
For every sequence of non-negative real numbers a;, ay, , , ,a, wehave :

< ajt+az+t....+a,

n
Prove this by backward induction.
Hint : you may find the following inequality useful (after you' ve proved it of course)

A Xy = % + % for all non — negative x # y
Solution

The hint gives us the formula when n=2 and is an example where starting at something other than the trivially true is more evocative of

the solution. To prove 4/ Xy =< % + )5 start with this embarrassingly trivial statement: (x —y)? 0 (where x and y are non-negative and

unequal).

This leads inexorably to: x> — 2xy + y*> = 0 ie 2xy x* + y?

Letx=vu andy =V v (we can do this because x and y are assumed non-negative ie they are the root of some non-negative number)

Then2Vuv =u+v

ie Yuv = ;—’ + é which is what we wanted to show
l a)+a
At this stage know that (a; a,)2 'T°

o=

1 1 1
Let’s see what happens if we go to : (a; a az ag)* = ( (a; ay) (a3 a4)5) (make sure you understand why this is right - it is because
(e y?) = y%)

(a1 @)? " (@3a2)?  ar+artastay
2 2

|-

a+ay

1 1 1
This looks like it might work: ( (a; a2)? (a3 a4)5) using the fact that (a; a;)2
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e

a)+ay+ az+as+as+ ag+ag+ag
8

1 1 1
When we do this again we get: (a; a, azasasagarag)s = ( (a1 ay a3 as)+ (a5 ag ay a8)4) using the same

logic as above.

This suggests that (a; a; ... .. ay)* = ———— fork 1 (This is our claim - call it P(k))

Now prove the claim by induction. We know that P(1) is true. Assume it is true for an arbitrary positive integer k.

1 1 1
Then Pk+1)=(aja; ... .. aye1 )2 =(aray ... .. Aok iy ] Aokyy e oo Ak ) 2 =((ay ay ... .. Aok Qpeyq ) (Agkyr oo oo ay+1)) 2 - if you
don’t understand this step just look at how we split up the case where n =23 = 8

L ! !
But ((a; a3 ... .. Aok Aok y ) (Aokyy oo o Qoppe1) ) 2 = ((m a ... Aok Aoy )2 (Aghyy oo o Q1) 2)

2 -

(@14 @yt g+ Ay + iy o )

proy using the same trick established right at the outset and the induction hypothesis.

Thus P(k+1) is true and we have shown by induction that the relationship holds for integers of the form n = 2X. We need to extend the
proof to cover integers other than those of the form n = 2€. The basic idea is to choose n <2¢ and somehow extend the sequence of

numbers so that you can use the result proved above for integers of the form n = 2%, In essence we are using backwards inductionwhich
involves assuming that if the formula hold for n it holds for n-1 and that it holds for an infinity of positive integers n, then it is true for
any n (see the main work for the detailed logic).

We want a sequence that looks like this: a;, ay, ... .. R , ayc because we can then work with that. You may recall that in the
dodgy proof (Problem 28) of the AM-GM theorem our intrepid scholar used a trick of padding out a sequence with 1's. Here is the

(@n1+n=1)

relevant line: (a,4; .1 ... .. 1) (there being (n-1) 1s)

Perhaps if we try a similar approach we can get somewhere. Let’s define §; = @; for 1 < i < n wheren < 2~

ay +ay+.....+ay,

Forn<i 2% definef=p; =
original sequence with copies of the average of the a;.

. In other words the ; are simply the average of the @;. So all we have done is extend the

At this stage we have a sequence that looks like this: a;, az, ... .. , A, By B, ... , B. How many f8’s are there? Simply 2¥ — n. So we

1
have this to play with: (al a ...a sz’")z_* and using the result already proved above we can say with confidence that

1
(_oN—  artart.ta+ (2-n) B np+28g-ng
(al a ...a, ﬁz n)zk 2; = P =p

This is looking pretty good. Let’s remove the 5’s from both sides and see what we end up with:

1 1 2k_n
L L
(a1ar..a, ") = (@ay..a)* B> < p

)

1 n
So(ajay...a)* < BB * = BB* B' = B> (becareful with the indices)

n

. . 2 o .
Now raise both sides to the power — so that we get a statement about the power n ( which is less than 2F you will recall)
n

When we do this we get :

1

" + @t t
(ajap ...ap)n = B = aitat....ta,

. which is what we wanted to prove.

What we did was first prove the AM-GM by induction for any positive integer of the form 2. We then backward “extended” the proof

to numbers not of that form which were less than 2¢ but using a padded sequence of numbers 2¥in length so that our inductive proof is
still valid based on the concept of backward induction.

30. Arithmetic-Geometric mean in disguise

A 4 Unit HSC problem in 1985 posed the following questions:

(a) Show that fork 0, 2k+3>2V (k+ 1) (k+2)
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1 1 1
b) Hi that f 1, 14— + —+..+ >2(Vn+1 -1
(b) Hence prove that for n = - - ( n )

. o 1 .
¢) Is it true that for all positive integers n, >}, — < 10'° ? Give reasons for your answer.
k

Solution
(@ Qk+3)2% —4k+1)(k+2) =4k + 12k +9 — 4k* — 12k -8=1>0
Sok+3)?% > 4k+ D)k +2)

Now since k 0, all components of the above inequality are > 0 so we can take positive square roots to get: 2k+3 > 2V (k + 1) (k + 2)

(b) For n=1 we have that:
LHS=1,RHS=2(\/2 - 1): 2x(14142 —1) < 084 <1

ie LHS > RHS and hence the formula is true for n=1

. 1 1 1 1 1 . . .
Assume the formula is true for any n. Then, 1 +— + —+...+ + >2(Vn+1 — 1)+ using the induction
Y vz Tt e ( )v—m( ¢
hypothesis)
2(n+l —Vn+l )+1
- n+1
_ 2n+3 -2V n+l

n+l

From (a), 2043 > 2V (n + 1) (n + 2) so —s2=2¥ml o ZVD(td) 2Vl 2(\/n+2 —1)

n+l n+1

. 1 1 1 1
l+— + —+.... 2|V 2 -1
1 l+ > + 3 +...+ - + — > ( n+ )

So the formula is true for n+1 and hence true for all n.

(c) We know that 3}, %> 2(\/ n+l - 1)
k

If there is an N such that 10'° = 2 (\/ N+1 - 1) then itis false that 3} _, 1F< 10'0 for all n. By our assumption:
k

(“;l+l)2:N+l

. 10 2 . . 10 s . . . 1 10 10
ieN = (T + 1) — 1. Since 2 clearly divides 10°° N is indeed an integer and when it has this value 33_, F >2 (T + 1) > 10",
k

hence falsifying the claimed relationship.

So why have I claimed that this is the arithmetic-geometric mean theorem in disguise? Consider the non-negative numbers n+1 and n+2
wheren 1.

We know that the arithmetic mean (AM) = % = % The AM- GM theorem tells us that GM AMieV(n+1)(n+2) <

2n+3
2

ie2n+3 =22Vm+1)(n+2) Whooshka!!

Look familiar? I rest my case. Indeed, teachers who know more than you know can easily crank out a limitless set of problems based on
the Cauchy-Schwarz formula and the AM-GM theorem. Now you know the secret. All you have to do is notice the structure. Maths
magazines are full of inequality problems based on the AM-GM theorem.

31. A Tripos trilogy to send you troppo - three examples from the Cambridge Mathematics
Tripos examination

Cambridge has traditionally run a demanding set of exams called the Tripos. In the 19th century the Tripos was notorious for its
difficulty and the people who obtained 1st class honours were called Wranglers, some of whom held de facto academic positions. The
exams emphasised technique and speed of solution. Some famous people who changed the world were not Wranglers - James Clerk
Maxwell (of Maxwell's equations fame) being a prime example. The following three problems come from the Tripos and are in G H
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Hardy’s book “A Course of Pure Mathematics” 10th edition, Cambridge University Press, 2006 page 34. If you have understood
the arithmetic-geometric mean theorem you should be able to work the first two of them out. The proofs are mine. There are other ways
of proving the results but I suspect the proofs I give for the first two are the ones that someone steeped in technique would have used,
given that I was “in the AM -GM zone” when I chose them. The third problem can be proved in various ways - I have chosen a
combinatorial style of proof which, though more involved than other approaches, provides other insights. Hardy in his book
“Inequalities” by G H Hardy, J E Littlewood and G Polya, 2nd edition, Cambridge Mathematical Library, 1952 gives a hint for the
proof of the third inequality which involves Burnside's Theorem but that requires too much overhead- see problem 151 page 107).

There is a third approach which is explained in the solution.

(a) Tripos 1926: If a and b are positive with a+ b =1, then (a + i)z + (b +

(b) Tripos 1932: If a, b, c are positive witha + b +c =1, then (;— - 1)(;7— - 1)(];

(c) Tripos 1909: If a; > Oforalliands, = aj+ ax+ .....

Solutions

(a) Tripos 1926: If a and b are positive with a+ b =1, then (a + i)z + (b +

Starting with the rather innocuous proposition that (x — y)> 0 for all x and y, it follows that:

2 2

X2+ X+
Y >( y
2

b

1 1\2
(@ + i)z + (b + l)2 > Z(LEZMEJ !

Nowab = a(l —a) = a — d? and this has @ maximum on (0, 1) whena =

This follows from basic quadratic theory or calculus

=%(1+a_+b

1
>

>

2 n
Sn Sn

(1+ay) 1+2+2 4 4+

2! n!

. )2. If you doubt this just expand and rearrange. Letx = a + i andy = b + %then you have :

2
L (1 + L) where a + b = 1 has been used twice.
2 ab

(and if you' ve got this far you won 't have any trouble with that). The maximum is i. Thusab < l— foralla, b > 0.

So+ >4 foralla,b>0
ab

1\2 172 1 25
Hence (a+;) +(b+;) L vap=2

(b) Tripos 1932: If a, b, ¢ are positive with a +b+c=1,then(i— 1)(% - 1)(5 -1 8

_(U-a9(-b(-¢ _ (I-b-a+ab)(I-¢c) _ 1-b—a+ ab—c +cb+ac—abc

(-G - DE -1

abc abc

ab+bc+ac—abc .
= sincea+b+c=1
abc

1 1
+ —+- -1
b ¢

Now if i + % + l 9 the result will follow.

1 1 1 . . .
Letx=-, y = 5 and z = - then by the arithmetic-geometric mean theorem you have:
a c

xX+y+z

1
= (xyz)3

1
ie -+ -+ Clz 3(;3);

Q|-
Nl

Now I claim that ﬁ = 27 foralla, b, c > 0 satisfyinga + b + ¢ =1

a+b+c

Using the AM — GM theorem again we have : 3

> (abc);_

abc
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L3 1
Buta + b + ¢ = 1 sowehave ~ > (abc)s 1e(—) = — > abc
3 3 27

! 1
+ - 1=3(—)-1 3@D-1=9-1

+

Q|-
S

So i > 27 asclaimed. Putting it all together we get that (i - 1)(% - 1)(% - 1=
=8

As you can see, the AM-GM is really very powerful. It takes university level multivariate calculus to prove that abc % For

instance you use Lagrange multipliers based on the following function: f(x,y,z) = xyz and constraint g(x,y,z) = x+y +z-1. You then
need to solve the following simultaneously:

Vf=2AVg where Vf=|  |.  When you do this you establish that the maximum occurs at x =y =z = % and is indeed %

Su

(c) Tripos 1909: If a; > Oforalliand s, = aj+ ax+ ...+ a, then(1 +a;) (1 +ap)...(l +a,) < 1 + =+ ﬁ+ ....... +£ forn>1

nooo n!
2
First some observations. Because 1 + x < ¢* for all x >0 it follows that (1 + @) (1 + @2)....( 1 +a,) <e® @ * -+ =S =1+ i—”‘+ ;L‘+
n n+l
....... + SL'+ (S"H)' + ........(from the definition of e* which involves an infinite series). The problem seeks a sharper upper bound, namely, 1
nt n !
Sn Suz s
+ Tt +=.
TR n!

There is a closely related problem in “Inequalities” by G H Hardy, J E Littlewood and G Polya, 2nd edition, Cambridge Mathematical
Library, 1952 at page 107 where the authors use the fact that 1 + a;< e“* where the symbol '<' , is used in the context of one series
being majorized by another. Thus if f(x) = 332, a;x' and g(x) = bix' are two series with positive coefficients and a; b; for all i then
we say that f(x) is majorized ( or dominated) by g(x). Hence [ 2, (1 + a; x) < e** The authors say "the result follows by adding up the

coefficients of 1, x, x2,..., x", and observing that there is strict inequality between the coefficients of x2." Thus when the a;are all positive

youget (1 +ay)(1+ap)....(l+a,)< 1+ %+ %‘2+ ....... +S’:—," for n > 1. This is based on the fact that ( 1 + a; x) (1 + ax) =1+ (a; + a»)

(a1+a)?

2
X+arapx <l+sx+ SZZ—'x2 where s, = a; + a, since aj a; < where a; and a; are positive. This is probably the way the

problem would have been solved in the heat of an exam.

A perfectly legitimate approach to this type of problem is to play around with low order cases to get a feel for the structure of what is
going on. This leads to some further insights of a combinatorial nature which can prove useful in other contexts. Let’s do this for n = 3.

]_[,3:](1 +a)=1+a)d+a)(l+a)=1+(aj+a +a3)+ (@qa +aaz +a1a3) + ajayaz [*]

The RHS of [+] can be written using the following notation : 1 + Z?:lai + 213. <, @ G, + Z?]<,~Z<,~3 a;, a;, aj
213. <i, &, @, captures the C; distinct dyadic terms.
The RHS of [ * ] looks sort of hopeful since 1 + (a;+ ay + a3) + (@a1a + ax a3 + aya3) + ayapaz =1+s3 + 2,31<,-2a,~1 a;, +

ajayazy; -, a;, a;, captures the C3 distinct dyadic terms.

2 3
If we could prove that Z?I <ip, i, @iy < 52% and a;ayaz < % we would have our proof. There are several building blocks we need to

develop. Here they are.
(l) l_lzr’lzl 1I+a)=1+ Z:,:lai + Z:l, <i @iy Qi + er'l]<iz<i3 aiy i, Ayt e + zz<iz<i3<...<i“ai1 Ajy iy e di, [**]
We have already shown that this formula holds for n =3 (it is also true for n =1 and 2). Suppose [**] holds for any n.

Then ﬂ;‘;ll(l ta)=[1+ Xha + 20 cpai, ai, + X cieiy @y @iy At .t a1a2...a,] (1 + a,41) using the induction hypothesis

and the fact that 37 _; ;.. ; @i @i, @i;....q;, = A1Gy...ay
TR n n " n "

RHS[**]= 1+ YL a; + Zl<i2ail a, + Zi.<tg<i3af| Qjy Qg+ .. FA1A)...0y + i) + Api) i G +a,,+12il<,vzal-1 aj, +.+

a\ay....a,a,; +1

Since the index of a, | is greater than all those in each of the sigma sums it follows that:
n+1

RHS [*¥]=1 + Y la+ Y0t g ap+ Y @

1 <iy %y aj, A, ...+ a1ap...4,0;, +1
i) <ir<i3

1

So [ **]is true for all n by induction
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Where has this got us? We can now compare each sum in [**] with the corresponding terms in 1 + - “+ —+ ....... . Note that there n

+ 1 terms in the latter sum. How do you prove that [ **] has the same number of terms? The products in the sums glve rise to the
following structure (and will equal this if all the a; = 1) Cj + C} + C5+ C5 + ..+ C};. There are n + 1 such terms - so we identify

m+1

¢ 2
: e O disti ith
o <i, @i, ai, (Which comprises C7 distinct terms) with - and so on.

2
(ii) A fundamental building block involves the following assertion: 37 ., a;, a;, < 52—' forany n> 1.

s2 Qi+ @t ta,)  a’+ @’ + et a2 +2(@ a3+ @303+ ot Ay 1 G,
This doesn’t require anything high powered. % = 4*% B DR s . (2' L. 11 )
.S " a’’+a? + ....+a,’ " . .. . . .
ie >- =37 _,a, a, + ——————=> 3 _, a; a; since the q; are all positive. There is a further inductive step I have glossed over

2! 2
above. It is where I have expanded sp2as a2 + ap
should be proved. See below.

24 +a,2 + 2(aay + azaz + ... .. + a,_1 a,). To be entirely rigorous this

The claim is that 5,>= Y, a; + 237, ;j aia;. This is true for n =2. Assume the assertion is true for any n.
2 _ 2 _ 2_.2 2

Thens,,1” = (a1 + a + ... ... + ay + A1) =Sy + Ape1) =S+ 28, uei+ Ay

=", a’ + 237 j @i aj+2a, 4 DG+ any 12 (using the induction hypothesis)

=yila?+2 30t ]l a;a; so the formula is true by induction

2
Thus we know that 3} _; a; a;, < SZ—' for any n > 1 and this does get us somewhere.

“ee . S, 3 S, 2 s, Ky
(iii) Let’s now consider =~ = 2 => =37 . q;
3! i

3 3 2 <iy iy iy where we have used the fact established above. Now we get into some

1
combinatorial arguments.

Remember the light at the end of the tunnel is that we want to prove that Z a;
i1 <h<iy

, aj, a;; and then we want to do the same for the

remaining terms. If we can show this we might be able to develop an inductive argument for the remaining terms. Now S? iy <iy @iy Qi
= W‘ZZJ;—WZ"[ <i, @i, a;,. Let’s call this “the product".

1
Let’s choose one of the C7 terms in 37 . ; a;, a;,. For this term how many ways can we choose an element of (a; + a; + ... ... +a,) so
that for the resulting triad in the product ie a;, a;, a;, we have i; < i, < i3? Having made the choice for g;, a;, there can only be (n - 2)
choices of the g;so that a;, a;, a;; with iy < i, < i3. Thus there are (n - 2) C3 such triadic terms in the product which are distinct ie

ii < ip < i3. Note that this number of terms is greater than C% since :

(Il 2) Cn C" - n(n—lz)'(n—Z) n(n—l;'(n—2)

the product ? There are n C3 triadic terms some of which will have repeated subscripts. There are C% ways of choosing a;, a;, a;; with

1 2
i < i < i3 and this number is less than n C5 (why? because n C; - C§ = % (n - %)

> 0. So there is a multiplicity of the same terms. How many triadic terms in total are there in

>0 forn = ) So what we have is this
relationship:
n

Total number of (positive) triadic terms in the product =n C5 . These terms cover . q;
i <ih<i3

, @i, a;, + other positive triadic terms but

n
there is multiple counting ie there is a k such that: product=k }, a;, a;, a;, + other positive triadic terms. In essence k reflects the

1

I} <ih<li3
. . (n-2)Ch (n=2)n(n—-1) 3!
multiple counting. In factk = = =3
&4 2 n(n—1) (n-2)
So “th duct" = (aj+ax + ... +a,) < ) ) —l 3 n ) ) ) th iti triadic t _ n ‘ . A
o “the product" = ———==—+ Y <i, iy iy = 3( >, a; a;, a; +other positive triadic terms) = Y, a;, a;, a;, + some
i) <ih<lij i) <i<ij
positive number.
5] s S Sum 2 . z
At last we have it: T 3 32 <l Gy = 2. a; a;, a; +some positive number > 3 a; a;, a;

i} <i<lij i) <i<li
If you doubt this take a concrete example. For instance take n = 4. For convenience write a(i,j k) for a;a;ay .

Sn.
3 1<'2

a;, a, =< (a1 + ay + a3 + ag)[a(1,2) +a2,3)+a3.4)+a(l4) +a24) +a(1,3)]

1
3
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= %[a(l, 1,2) +a(l,2,3) + +a(l,1,4) + a(1,2,4) +a(l,1,3) +
a(1,2,2) + a2,2,3) + a2, 3,4 + a(1,2,4) + a2,2,4) + a(1,2,3) +

a(l,2,3) + a2,3,3) + a3, 3,4) + +a2,3,4) + al,3,3) +
a(l,2,4) + a2,3,4) +aB3,4,4) + a(1,4,4) + a2,4,4) + 1
: 4 4
= §[3, Z G, ai, aj, + the remaining positive terms] > Z 4, a;, a;,
i1 <ih<i3 i1 <ih<li3

There are 4 = C% distinct triadic terms a(i,j,k) but these have multiplicity 3 in the product.
(iii) Now let’s generalise.

k
Sn

We want to show that o 24 <iy< ..<i @i @i, --..a;, . Given the previous steps the approach is clearly inductive. Our induction
hypothesis is this:

k
S L n Cas .
oo ko (k=1 > Zi|<i2<4.,.<ikat| iy woees iy

k+1 5,

S —Lsn Ca a :
Then kD! T K+l K k+1 L iy iy Gy iy e

All we have to do is generalise the earlier reasoning. For each of the C} choicesin 37 _;, . .; @i, @i, ....a; there are (n - k) choices in

k

. . . . ; o . -RC .
s, such that the (k + 1) — adic terms have i} < i, < ....< i} < i;,;. The general multiplicity factor is %: k+1 (check it)
k+1

Sn 1 .. .
Hence we have that EZZ <iy< iy Gy iy ool > m[ k+1) 2% <iy<..<ip, @iy Giy -Gy, + Other positive (k+1)-adic terms] >

V3 . .
Z,-l i< iy Gy Qiyeene i, which is what we wanted to prove.

. k
(iv) Putting it all together we have shown that each term in [**] is dominated by it corresponding term Ak—' fork 2 and the result

follows. Clearly one can compress this proof quite a bit but I have set out all the steps in for those who want the complete story. Teachers
could work backwards and establish the building blocks with questions such as:

(a) Prove that 37 _; a;, a;, < Sz—' for n > 1 where the g; are all positive and s, = a; + a + ....... +a,
3
8
(b) Use (a) to prove that > 2 <iy< iy @i Qi
S”k

(c) Prove that o> 2 <iy<..<iy @iy @iy ooaj for2<k n

o n
Sn

(d) Using (c) prove that (1 + a;) (1 + ay)..... (1+an)<1+j—"'+"2"—,'+ ,,,,,,, +2- forn > 1

32. Good old Gamma

he Gamma function is defined by an integral: I'(x) = ﬁm e " dt where x >0

(i) Show that I'(1) = 1 with a rigorous limit argument. I know this is insulting but do it anyway. It is character building.

(ii) Show that lim ’— =0
[—00
(iii) Show that I' (x + 1) =x I' (x) for all x > 0

(iv) Show that '(n+1) =n!=n(n-1)(n-2)...2.1 by induction for n integral = 1

n!n*

(v) I'(x) can be defined this way: ['(x) =lim, 5 for x > 0. Use a limiting argument to show that I'(x+1) = x I'(x)

x(x+1) (x+2)... (x+n)
Solution

G: )= K 1 letdt = K e~"dt Now we all know that the answer is 1, But prove it rigorously.

ie EQ e'dt = - e”|§° = 1. This means limﬂ e 'dt =1.Getting into the analysis zone we take € >0 and demonstrate an N such

n—co

that foralln >N, |[" e dt-1]<e
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. - 1 1
Now | [ edt-1|=]-e"+e = 1] = |l - & —1|=~
e e
Now we want — < € and it is obvious we can choose n large enough to achieve this but in the interests accuracy this is how you prove it.
e

We want l—< ¢". Taking logs to the base e:
log, (l—) < nlog,e = n So choose N> log, (l—) .

Testing this try € = 107%. Thus we need n> log, (10%) =log, 10° = 13.82

So choose n=14 and then |£l4 etdt -l|=le ™ +1-1= ;Tz 120;604 =8.3210"7<10%=¢

(ii) Show that lim r—, = 0 wheret>0and x>0 is fixed

100

In essence this is saying that e’ grows much faster than /*. This is a fundamental result and can be proved several ways. The classic
approach is to use calculus and a domination argument. You can actually learn quite a bit by playing with this ratio. For instance, we can

xInt

LF
rewrite = as — = "=, where In = log,
e e
~Int came from here is the quick proof. Let v=7° thenInv =x Intand so going around the circle

Now if you don't know where the e
we get:
v = exlnt or £ = exlnt

e)(h\/

¥Int=7_, 0 as t — oo because x is fixed and In t <<t when t is large (think of the graphs

From = e*"~1 it should be apparent that e
of y=Intand y =t). The following graph shows the rate of divergence between t and In t and even when In t is scaled by a fixed x, t will
ultimately dominate. That is the important thing: ultimately t will dominate x In t for fixed x - see below where x = 20:

Plot[{t, 20Log[t]}, {t, 1, 200}, PlotStyle -> { {} , AbsoluteDashing[{1.5}]}, PlotLegend -> {t, 20 Log[t]},
LegendPosition -» {1.1, 0}]
200

i

150

20ogin

100

50

50 100 150 200

The standard proof of lim r—j = 0 runs this way.
too0 €
Part 1.

Int
lim 7:0 for all x>0. Weassume 0 <s<x and u 1.

t—>00

t t

Int= [% < futdu= (“?)tl =§ - 1; ’T Note that since u 1 ands>0, «* = 1and hence l— < w! = -~ Incidentally,
1 1

can you prove rigorously that u® 1ifu 1and 0 <s <1 in particular? If you did a binomial expansion of (1 + €)° where € > 0 (ignore

the case where € = 0) you would get some negative binomial coefficients. How could you be sure that the overall result is not less than 1?

On the other hand, if you wrote u® = ¢*'"V = ¢ where @ =Inu 0 you would be pretty confident in asserting that u® 1

It £ _ [ . e
So we have o T = T osincex-s> 0 (we can divide by #* since it is > 0)
s § s h
1 . Inz
Butas t -» oo, = 0 (remember x - s > 0) so we have proved lim - = 0 for allx>0
see 1—00
Part 2:

X
Let t=Inusothatas + - co,u - oo. Take x >0 then e’ =(1"—7l) =[ln—|"]

But from Part 1 we know that m_lu_) 0 since we proved the proposition for any x >0 (and 1/x is >0 ). Clearly

(l“—]”] — 0 and the limit
U ux
is established. Note that we have implicitly used the result that if lim,_, f(x) = Athenlim,,,f"(x) = A" forintegraln = 1.Can we

prove the limit without recourse to calculus? The answer is "yes". We are concerned with r—, when t is large so let it be of the form
e

2M where M is large. Then we have something that looks like this:
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LA (Z_)M L (2_)"” oM L oMx-M MM _ pMx-24
e e e ™M 2 2-M 22 -m

Now 2Mx=2" _, 0 since M x << 2M. This is essentially the same observation as was made above inrelationtox Int — t when tis large.

Here is a graph which shows the relationship between 20 M and 22

Plot[{20 M, 2" (2M)}, (M, O, 5}, PlotStyle =-> { {}, AbsoluteDashing[{1.5}]}, PlotLegend -> {20 M, 2" (2M)},
LegendPosition -> {1.1, 0}]
200 20 M

150
22 M

100

S

1 2 3 4 5

(iii) Show that I' (x + 1) =x I (x) for all x >0

Now that we have the building blocks we can do the required integration by parts:

Tx+1) = [t e'dt = [Fd(-e) =-e'PlP+ [xrTe?'dt = 0+ x[r'e'dt = xT(x)using the limit result from (i)
0 0 0 0

(iv) Show that I'(n + 1) = n! = n(n-1)(n-2)....2.1 by induction for integral n = 1
From (iii) we know that ['(x + 1) = xI'(x) for any x > 0.

So, in particular, I'(n + 1) = nI'(n) which we assume to be true for any integraln = 1. We also know from (i) that (1) =1 so the base
case is true. Hence I'(n+2) = (n+1)I'(n+1) = (n+1)n! = (n+1)! using the induction hypothesis so the proposition is proved true by the
principle of induction.

n! nt! — lim nxn!n® nx x
(kD) (x42)... (x4 1 +1) N2 y(x+1) (x+2)... (x+n ) (x+1+n)

i = I'x) lim, o (i+'—+1) =xI'(x)

non

) Tx+1) =1lim,, o =T'(x) lim, 5o

n!n*

(we have implicitly assumed that I'(x) = lim,, 5,00 exists.)

x(x+1) (x+2)... (x+n)

If you want to read more about gamma, see Julian Havil, "Gamma: Exploring Euler's constant", Princeton University Press, 2003.
33. A step in a larger proof
22 33

In 1697 Johann Bernoulli devised a proof for the following equality: f xl dx= i— =+ l—, + ...
0

1
Part of the proof involved the following assertion: f XIn"xdx = (-1)
0

r!
1y

for rintegral = 0

(i) Provelim, o+ x”Inx = Oforallp > 0

r!
(1!

1
(ii) Prove by induction f X'In"xdx = (-1)
0

forr=z0

Solution

(i) Prove lim x’Inx = Oforallp > 0
x-0"
Int Inx

Recall that in Problem 33 we proved that lim = 0 for all x > 0. To keep the notation the same we can rewrite this as  lim

00 xooo X

=0
forallp>0
Let x=§s0thatasx—>0+ , ¥y > o0

1 . .. ..
Then x Inx = L/ In (L) = - % and from our earlier result we know the limit of this is 0.
y y y
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1
(ii) Prove by induction fx’ In"xdx = (-1)" # forr=0
0

This integral cries out to be integrated by parts:

1 1 1 1

1 1 T X+ _ r _
fx’ln'xdx:fln‘x d(—x”'): [—x*'In"x }-— [ = I 'xdx = - — [ x"In"'x dx
0 0 r+1 r+1 r+1 b X r+1

The first part on the right hand side is zero since by using our result from (i) we know that lim x” Inx = 0 so

x-0"
lim x*'In"x = lim ( xInx)" x).
x-0* x-0"
This is of the form lim f(x) g(x) where both lim f(x ) and lim g(x) exist and are finite. Thus we can say that lim ( (xInx)" x)=
x—-0* x-0* x-0* x-0*

,
Iim (xInx)” lim x = (lim (xlnx)) limx =0.0=0.

x-0" x-0% x-0% x-0%

. . . . . 1 .
You might have glossed over all of that but those steps technically underpin the disappearance of this term [m X! In* x ]} and its
cousins in the calculation below. By repeating the integration by parts a second time we get:

1 1

. T —
fxrln'xdx = ——f X" In"'x dx
o r+10

r — 1
- _ In” lx d(_xr+l)
r+1 r+1

1

T 1 _ r r—1) x'*! _

:——[—xr+]ln'1x](])+—f LD X 2% dx
r+1 “r+l r+1 (r+1)  x

1
_ =D r

=) X In"2x dx
I
.1
= (—1)’( :1) f x"dx Atleast this is the guess because after each iteration the index of In” x drops by 1 and so after r iterations it will be
I
0
zero.
1
N ; - ion e [V dx= L
= (-1) T after doing the last integration (ie fx dx= r+1)

0

To see this in a more detailed (laborious?) fashion let J(n,m) = Ex" In" xd x

Then J(n, m) = ﬁ In" xd ( ::11 )
! 1 xm!

, B .
=—In"x|j- [fmIn" " x ——dx
n+l x n+l

_-m 1T nq.m—1
nHLx In x dx
= m](n, m-1)

Let's do it again so that J(n, m-1) = le" In" ' x dx

= ﬂln””1 X d(w‘)

n+l

n+1

—(m=1) (1
= % 1; *—1In" 2 x dx where we repeatedly use the fact that x**'In"~'x - 0 as x - 0*
n X

= —7('”71)1;1)«7”ln’"’2 x dx
n+l

—(m-1)

T on+l

J(n, m-2)
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m

- 1= 2 =D B,
SoJ(n,m)—n+l J(n,m-1) = T J(n,m - 2)

12 m(m-—1) _
= (-1? "2, m - 2)

This structure suggests that after the kth iteration we would have:

—1)...(m—k+1)

Jn,m) = (=D #E= 0 gn,m - k)

If we let k = m we get J(n, m) = (—1)" J(n, 0)

(n+1 )'"

— (_1\" n
=(-1) (n+1)'”f x" In®x dx
1
_1\n n gy
( ) (n+1)’”(~)r xtdx
1
- n —
=(=D (n+1)"’ n+1
—(_1yn__"M___
=D (n+1)"”rl
This is an example where induction gives us some confidence our guess is correct. There is no necessary connection between n and m.
Let us fix n as an arbitrary integer 0 and perform an induction on m. We are trying to show that J(n, m) = lJ(n m-1)=
(- l)’” 1)"'“ holds for all m 1 assuming n is fixed but arbitrary. Now the base case is where m =0 ie J(n,0) = £ xX'dx= i—
n
S U
(Sl ey (n+1)°+1
As the induction hypothesis assume that J(n, m) is true for all m (assuming a fixed but arbitrary n) ie J(n,m) = (— 1)’"$. In effect
n

this is saying "J(1, m) is true for all m , J(2, m) is true for all m etc". Then J(n,m + 1) = fx” In"*! xdx. In this integral let du = x" dx so
0

n+1
that u = % and v =In"*!x sothatdv=(m+1) In"x & Thus:
n X

J(n,m+1)=—((mn:ll)fxn In™x dx

— (m+l) _1yn
T ) ( )(+1)m+‘

using the induction hypothesis

= (- ])m+] (m+1)!

TS which establishes that the formula is true for m+1 and hence for all m.

Thus we know that we can choose an arbitrary integer n 0 and for any such n, J(n, m) = (- l)”’ will hold forallm 0 .Soletn

l)m+l
r!
(1!

=m=randso J(r,1) = (=1)

r+1 lnr+1

1
If you start with J(r + 1, r+1) and try to use an induction hypothesis of the form J(r, r) you will find that you get f X xdx=

0
- (:+I )J (r+ 1, r) but the index for x is 1 too high and we know from what has been done above that it won’t go down. So the induction
hypothesis doesn't actually get used. However, by fixing n independently of m the result follows.

34. Bernoulli’s inequality

Suppose x is areal number -1,then(l +x)" 1+nx VneN

Solution

The statement is trivially true for n = 0 and only slightly more interestingly true for n =1. The more interesting base case is where n =2.
In that case the LHS = 1+ 2x + x> > 1 + 2x since x> > Ofor x = —1

Assume the formula is true for any n, then:
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A+ =0+ +x" =
(1 + x) (1 + nx) using the induction hypothesis and the factthat 1 + x = 0 (if that were not the case what would happen ?)

=1+ nx + x + nx?
=1+ n+Dx+ nx?

> 1+@m+1x sincenx?2 =0 Yx=-1

Accordingly the formula is true for all n.

35. A generalisation of Bernoulli’s inequality

Ifa,B, 7, ...A are greater than -1, and are all positive or all negative, then (1+a)(1+8)(1+y)...(1+A)) > 1 + e+ B+ y +..+ A
Clearly if @« =8 =7y =..= A then you have Bernoulli’s inequality.

Prove the inequality (this problem comes from G Hardy, J E Littlewood and G Polya, “Inequalities” by Hardy, Littlewood,
Cambridge University Press, 2001 , page 60)

Solution

The first point to note that the problem necessarily involves at least 2 terms since it is false that 1 + @ > 1 + «. For convenience let’s
work with x1, x5, ... , Xp.

The formula is true for n = 2 as the base case since (1 + x;) (1 + xp) =1 + x1+ x+ x; X2 > 1 + x|+ x, where we have used the fact that
1+ x; > 0and 1 + x>0 and the fact that both are either positive or negative to ensure that the product x; x, is positive. Now
consider the product of n+1 terms:

(T+x)(I+x)(1+x,) (1 + x01) >0 +
X+ X2 + o + X)L + X01) = 1+ X1 + X0 + b Xy + Xl + X1 X1 + X2 X4l + oo + X Xpg1

>1+ x; + x, + ..+ x, + X,y using the same reasoning as given in the base case,

Accordingly the formula is true for all n.

36. Subsets

Let S(n) be the number of subsets of an n - set {1,2,3, ....,n}. Consider S(n+1) which we calculate by noting that taking all the subsets of
{1,2,3, .....n} and extending each by either doing nothing or adding the element n+1. Hence S(n+1) = 2 S(n) since for each of the
elements of {1,2,3, .....,n} there are 2 ways of performing the extension.

Using the recurrence relation S(n+1) = 2 S(n) make an inspired guess at the size of the power set of {1,2,3, ....,n, n+1 } (ie the set of all of
its subsets) and prove your guess by induction

Which is greater: the number of permutations of a set of n elements or the number of subsets? Prove your conjecture by induction.

Solution

Sm+1)=2SMm)=2>Sn-1)=2S(n-2) = ...... = 2"S(1) = 2"2 = 2" since there are 2 subsets of {1}, namely itself and the empty
set. This suggests our guess for S(n) should be 2"

Clearly S(1) = 2 as already noted. Suppose S(n) =2" foranyn 1

Then S(n+1) =2 S(n) =2"*! using the induction hypothesis and the result follows.

The second part of the problem asks whether n! > 2". First try some low numbers and you will see that for n = 1, 2 and 3 the number of
permutations is less than the number of subsets but n! >2" forn=4,5,.... Thus the conjecture is thatn! > 2" forn 4 (our induction

hypothesis).

Our base case is thus n = 4. Now (n+1)! = (n+1) n! > (n+1) 2" > 2™*! using the induction hypothesis and the fact that n+1 > 2. Thus the
conjecture is true for n+1.

Hence the conjecture is established as true for alln 4.

37.Recurrence relations and probability theory

In probability theory it is very common to solve problems using hopefully linear recurrence relations with associated boundary
conditions in the probabilities. Students who do actuarial studies and finance theory will be regularly exposed to such techniques. A

typical sort of problem which involves setting up a recurrence relation usually runs along the following lines. Such problems have
figured in the top HSC maths exams and are usually poorly done judging by the examiners’ comments.
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(1) A fair coin is to be tossed repeatedly. For integers r and s, not both zero, let P(r, s) be the probability that a total of r heads are tossed
before a total of s tails are tossed so that P(0, 1) = 1 and P(1,0) = 0. You are asked to explain why forr,s 1 the following relation
holds:

P(rs) = %P (r-1,8) + %P(r, s—1)

(i) Find P(2,3)

(iii) Prove using induction on n=r + s -1 that:

P(rs)= 3 { Cht Clt o +C"_ ) fors 1

Solution

It is important to get the boundary probabilities right. Why? Because you will eventually reduce something relatively complicated to
something simpler involving a boundary probability (roughly speaking). In effect you “descend” from the top to the boundary probability.

Now (and this is important for this problem) can you assert that P(r,0) = 0 and P(0,s) =1? In general P(r,n) =0 if r <n and P(n,s) = 1if s
<n. If you read the historical material below concerning the Problem of Points, Fermat and Pascal approached this problem by
considering an extended game in which A needed r points to win and B needed s points to win so that to get a winner they will have to
continue to play for r + s -1 = n games. Thus if r < n, P(r,n) must be zero and if s <n P(n,s) must be 1.

These types of problems involve a standard type of solution which, if followed, can be replicated in more complicated examples than the
simple situation referred to above.

In essence you break down the problem into mutually exclusive options or “pathways" . The is the big idea because it allows
you to sum probabilities so you get a recurrence equation relationship which can be solved by various techniques.

Thus you ask yourself in what situations will r heads appear before s tails.
If your first toss is a head (with probability %) you will need (r - 1) heads before s tails appear with probability P (r-1,s). Note that this

means that if you have already tossed a head, P(1,0) must be O since you would need 0 heads before 0 tails appear and the probability of
that is zero. Independence is assumed so this particular pathway has probability % P(r-1,s). Alternatively, if your first toss is a tail

with probability %, you will need r heads and (s -1) tails with probability P (r, s -1). The compound probability is thus %P (r,s-1).
Now these two pathways exhaust the universe of options and are mutually exclusive so the required probability is:
P(rs) = %P(r—l,s)+ %P(r, s—1)

(i1) What is P(2,3) for instance? Just keep applying the recurrence relation until you get to sub-elements that you know. This is tedious
and error prone so it is best to do it in chunks:

P23)=(P(1,3) + P(2,2))
1 1 1
IP(13) = 1 P0,3) + 1P(12)

1 1 1
= 4—.1 + EP(O,2)+ gP(l, 1)

=1

1 1
= 1+ PO, D) + —-P(10)

16

| —

>~

1 1 1
SP2,2) = SP(1,2) + 7 P2, 1)

é + 11—6+ éP(l 1)+ éP(Z,O) using the result for 41P(1,2) already derived above

3 1 1 1
= E+ EP(O’ 1) + EP(I’O) + 8—.0

3,1 1
=—+—.1+—0
16 16 16
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-4
T 16

SoP(23) = %

(iii) The next step in such a problem is to invite you to prove using induction on n=r + s -1 that:

P(r,s)=2|7{ e Ol +C"_)) fors 1
First you have to establish the basis step which, for the sake of argument, we will take to be when n=r (which forces s =1). Our fancy
new formula tells us that the probability P(r,s) = 2L Cy= 2L which is true since the probability of getting a sequence of n straight heads

o1
before 1 tail is YR

Now let’s assume the new formula is for any n=r. We have to get the right structure for P(r+1, s). We know from our basic relationship
that:

P(r+1,5) = %P(r,s)+ %P(r +1,5-1)

1

We know that %P (r,s) = {Co+ Cl+ ... + C7_} using the induction hypothesis.

This is where Pascal’s Identity comes in: it says, for instance, that C?*' = C" + C7'_|

2n+|

Let’s expand %P (r,s) + ;— P(r +1, s—1)and see what emerges:

P+ P(r 41, s— )= i (Ch Ol Ch o Chyt C 5+ Gl )+ 5 (Gt Ol G+ €Y C' L+ C L)

It is important to note that having chosen n =r + 1, s must be at least 2 hence the final term in the second curly brackets must be C} _, (it
was at least 1 when n =r). Now pair up the terms in the first curly brackets with those in the second as follows using Pascal’s Identity:

+1
G+ G, =GP
- +1
G+ Gy =G5
cn + — Cn+l
s=3 s—4 — Y53
etc
1+ 0y =y
— +1
G+ G =0y
Ct+ C = Cn+|
1 0 - 1
c =Gt (=1

So we have that:

P(r+1,5) = 2n1+1 {(C3L+ O+ OB 2 4 +C'*} + C"*'} and this has the appropriate structure so the formula is indeed
true by induction.
Note that P(2,3) = 2'—4 (C¢+Cl+CRy = % = %as before. You could symmetrically do the induction on s.

38. Some combinatorial manipulations

Following on from Problem 37 one can go a bit further in the spirit of combinatorial manipulation and assert the following:

11 o1 _
DIAN Py o= 7 {C+ G + .+ C{_} wheren =7 + s —lands=1

Prove this without induction.

Solution

The interesting thing is that this problem is essentially the so-called Problem of Points that was discussed in correspondence between

Pierre de Fermat and Blaise Pascal in the 17" century. There is a discussion of this issue in an extremely good probability textbook that
is available for free on the internet. It is produced by Charles Grinstead and J Laurie Snell and represents what I think is a good approach
to the teaching of probability theory. The authors have put a huge amount of effort into developing an interesting and rigorous approach
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to the subject. Here is the link to their book: Charles M Grinstead and J Laurie Snell, “Introduction to Probability”
http : // www.dartmouth.edu/ ~ chance/teaching_aids /books_articles / probability_book /pdf.html

Pascal proved the following formula essentially by backwards induction:

v+s5—1 1 r+s—-1 _ L n n n _
D pyrve CL = {Ch +Ct + ...+Cj_;) wheren =r + s —lands=1

Letn=r+s-1

v+s5—1 1 r+s—-1 _ yn L n
Then Zk:r Ck _Zk=r on Ck

21‘+.\'7I

U | 1
We want to show that o Ci= Zi:é o Ct
k=r

The first point to note that both sums have n-r+ 1 =s terms. By appropriate pairing of terms the result falls out. For instance, C}_, =
C}! since:
n n!

1
"= = —>— usingthefactthatn = r + s — 1
b (n=s+ D! (-1 rl(n—r)!

More generally, C = (Y, for 0 = j < s — 1andthis exhausts the pairs. The equality is seen as follows :

n
s=1-j

n _ n!
STl T os Ll s —1—))!

n!

T+ ) m—r—)

=Cr . forall0 <j=<s-1

T+

Thus the sums are indeed identical. We got P(2,3) = % before using = 21%:0 2% Ci . Using the new formula we get:

1 6+4+1_ 11
P23)= X, > Ci = %z 7 as before.

The problem arose in this context. Two players R and S are playing a sequence of games and the first player to win n games wins the
match. What is the probability that R wins the match at a time when R has won r games and S has won s games. Pascal and Fermat
considered the problem of determining the fair division of stakes if the game is called off when the first player has won r games and the
second player has won s games with r <n and s < n. In this extended game where R needs r games to win and S needs s games to win,
the payers must play r+s -1 games to establish a winner and the winner of this extended game would be the winner of the original
game. The formula they got was P(r;s)=pP(r+ 1)+ qP(r,s+1) wherep+q=1 and P(r,n)=0if r<nand P(n,s)=1ifs<n.

Can you see why 1+ s -1 games are needed? If R wins r games then S has won at most s -1 games and cannot reach is target of s games.
However if S wins s games this leaves r-1 games for R and he can't meet his target.

Once you pose the problem in the form of the extended game it is clear that each of the relevant paths has probability zwlﬁand there are

C},’f“"l ways choosing the k games from r + s -1 = n so that the required probability is as claimed.

An important generalisation of the approach used in Problem 37

The step in the proof whereby we get the probabilities of the separate pathways actually reflects an important combinatorial technique
which was obscured by the fact that we were dealing with probabilities. In what we did above the favourable cases are normalised by the
total number of pathways in order to get a probability. Let’s take a situation where we need to work out the number of ways of getting
from A to B on a grid. The problem is posed this way. Imagine a grid of u +1 parallel lines running north-south and v + 1 parallel lines
running east-west. If you start at the southwest corner, how many ways are there of reaching the northwest corner by foot or car
assuming you can only travel north or east?
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(a,b)

(0,0) x -1 X

If N(x,y) is the number of ways of getting to (x,y) then:

N(x,y) = N(x -1, y) + N(x, y -1) where N(0,1) = N(1,0) =1

N(2,0) =1, N(0,2) =1 and N(1,1) =2
Take an arbitrary intermediate point (x,y). There are only 2 ways of getting to (x.y) given the constraints of the problems (ie northerly
and easterly movement):
(a) from (x -1,y) ; or
(b) from (x,y -1)

Thus if N(x,y) is the number of ways of getting to (x,y) we should have: N(x,y) = N(x -1,y) + N(x,y -1) which has the same structure
as the recurrence relation arrived at above. The boundary conditions are: N(0,1)=N(1,0) = 1, N(0,2) =N(2,0)=1 and N(1,1) =2.

x+!

I now make the bold claim that N(x.y) = R

Prove this two ways: by induction and by combinatorial reasoning.

Solution

Let’s prove this two ways. First by induction and then another way which is the basis of a powerful combinatorial technique. First the
inductive proof.

O+1)
orx1 N, 0)

The claim is true for x +y =1 since N(0,1)=1=

x+y!

x!y!

Now suppose the claim is true for any positive integral k = x +y ie N(x,y) =

Now when x +y =k +1 we will have:

N(x,y) =N(x,y -1) + N(x -1, y)

N(x,k -x) + N(x -1,y) (using the relationshipk + 1 =x+y)

k! kY . . . .
Tt P (using the induction hypothesis)
k! kY
+
x! (k—=x)! x=D!'(k +1-x

. (using the fact thatx + y=k + 1)

k! x
= s (14 i)
x! (k—=x)! k+1-x)

k! (k+1)
xlk=x)!(k+1-x)
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G
Tk +1=x)!

So the formula is true for k+1 and hence is true for all k by the principle of induction.
Now for the second proof which illustrates an important technique. Suppose we start at (0,0) and want to get to (x,y). It will take
exactly x +y moves to do so. Of that total number of moves x have to be in an easterly direction and y have to be in a northerly

direction.

What is going on here is that we are asserting a bijection between the set of paths and the set of distinct arrangements of x “norths” and y
“easts”. eg NNEENENNE. Hence it must be the case that N(x,y) = = C;er.

A bijective function places two sets into a one to one correspondence.If f: A —» B is such that f(A) = B then f is surjective or onto (ie
every element of B gets “hit"). If for every two distinct elements a;and a, of A their images are distinct (ie a; ax= f(a;) f(ay) we say
that f is injective or one - to -one. A bijective function is surjective and injective. If there is a bijection between two finite sets they must
have the same number of elements.

39. Proving by induction that no-one ever escapes from the gulag of chartered accounting

This is a problem which involves using induction to prove that no-one ever escapes from a certain chartered accounting firm that has a
certain set of rules. Here is the problem.

Each new aspiring chartered accountant (CA) is given a bowl of 15 red beans and 12 green beans (to count of course). The head audit
partner (nicknamed “Gulag” by his employees) demands at regular intervals that each CA produce a time sheet of chargeable units (a
chargeable unit is 6 minutes - this has nothing to do with the problem - it is just letting you know what you’re in for if you become a CA).
Gulag bellows out “Time sheets” and the cowering CAs dutifully produce them. Like the crazed captain of a ship cast adrift on the
endless seas of chartered accountancy, Gulag offers the young CAs hope of escaping from the mind numbing tedium of tax schemes, sets
of accounts and journal entries. He has two rules one of which must be done when he bellows “Timesheets":

Rule 1: If a CA holds at least 3 red beans, the CA may remove 3 red beans and add 2 green beans.

Rule 2: The CA may replace each green bean with a red bean and replace each red bean with a green bean. That is, if the CA starts with i
red beans and j green beans, then after Rule 2 is performed the CA will have j red beans and i green beans.

The head of audit offers the CAs this deal: they can leave the firm only when they have exactly 5 red beans and 5 green beans.

One of the CAs has a friend who has studied mathematics and he asks the friend whether these two rules will enable anyone to escape
from chartered accounting. The maths friend thought about the problem for a while and came up with this:

Theorem: Given the head of auditor's rules, no-one ever leaves chartered accountancy
Prove this theorem using induction.

HINT: You need to search for some quantity that arises from the various pathways that is invariant under each operation of the rules.
You then have to show that this invariant condition is violated by the head of audit’s condition for escape.

* GULAG was the Russian agency that operated the forced labour camps under Stalin. They were not enjoyable places - neither are
chartered accounting firms.

Solution
There is a starting point with 15 red beans and 12 green beans which I will write as this ordered pair (15,12). In general a subsequent

position will be (r,g). The hint involves having a look at how the pathways develop based on which of rules 1 or 2 are invoked each time
Gulag bellows “Timesheets”. Here are some of the pathways:
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5 =AM

= vl‘-r} /" ;2)

A=-% /:7
2.—.2,f 63_1-
D({\Oﬁ) Z=2%
= =3
Ac\. /(" NJ 47_935'
2:-.2.5 .-).b C\')—. |‘+) A - -2

() s~ 569,

(_1-;“1) ]?_) / z=:~r

zum \ \1 1s) / o \)Oq’; 4) E 2

. Z=20
-3 &=~

=33 \ (20) 4
Q'{.\L)/ Z=a2b

n=3

Z=2% \

D= 9 H--n
z

(> 15)
A=-2
Z=23

There are really only two possible candidates for some invariant function of the pathways and they are A =r- gand X=r+ g. Now
when you look at how X varies with each step in the pathways it does not give rise to the sort of invariance we want. What we want to be
able to do is to say that after the head of audit bellows “Timesheets” n times the invariant quantity has a specific form which must hold at
the start. If we focus on the top pathway after five iterations you will have the sequence (15,12) » (12,14) - (9,16) - (6,18) etc. The
corresponding X sequence is 27 — 26 - 25 — 24 and in principle we want to be able to say that the function on that pathway will give
us the correct form at every iteration. X can’t do this because it has to be even at times and odd right at the beginning (as well as at other
times). So let’s run with A =r - g. When one looks at the values of A it is clear that they are of two forms: 5k + 2 or 5k +3 for some
integer k (which could be negative). So let’s run withA=r- g.

Our inductive proposition P(n) is that after n bellows by the head of audit A is either of the form 5k + 2 or 5k + 3 for some k €Z.
Our base case P(0) is true since r-g=15-12=5x0+3
The inductive step runs this way. We assume that P(n) holds after n stentorian bellows by the head of audit wheren 0. As above we

assume that A is of the form 5k +2 or 5k + 3 for some integer k. After n + 1 bellows by the head of audit a CA has two options based on
the two rules:

1.ifr 3 there may have been a removal of 3 red beans and the addition of 2 green beans so A’ =(r-3)-(g+2)=(r-g) -

But by assumption A=r-g=5k+2o0or5k+3s0A’=5k+2 -5 =5(k-1)+2 ORA’"=5k+3-5=5(k-1)+3. So in either case the
difference is of the required form. Hence P(n + 1) is true.

2. If the CA does the switch of red and green beans the number of red beans less green beans is A’= g - r. Hence if A=r-g =5k +2 then :
AN =-5k-2=5(-k-1)+3 andifA=r—-g=5k+3thenA = --5k-3=5(-k-1) + 2.

Thus in either case P(n + 1) is true since the differences have the correct form.

Accordingly, P(n) is true for alln 0. What this shows is that the number of red beans minus green beans is always of the form 5k +2 or
5k +3 but to get out of chartered accounting you need to get 5 red beans and 5 green beans (difference 0) but neither 5k +2 nor 5k + 3

will give this result since k is an integer.

This proves that a CA can’t escape from chartered accounting under the head of audit’s rules.

40. Integral equations and inductive proof

As noted in the discussion about Feynman’s path integral approach in the main work, integral equations play an important role in
mathematical physics. The area of functional analysis deals systematically with the properties of integral equations. Here is an
abbreviated background to the basic theory which focuses on the concept of a contraction mapping since that is the "entry point" level for
the theoretical development A good book on the subject that is both rigorous, well written and with lots of examples is Graeme Cohen,
“A Course in Modern Analysis and its Applications” , Cambridge University Press, 2003.

Let f be a function from [a, b] to a subset of [a, b]. Suppose that there is a constant 0 < k < 1 such that for any two points x;, x; in [a, b]
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the following holds:
[f(x) = fO) | < klxi— x|

The function f is then said to satisfy a Lipschitz condition. The Fixed Point Theorem guarantees that the equation f(x) = x has a unique
solution for x in [a, b]. The Fixed Point Theorem states that every contraction mapping on a complete metric space has a unique fixed
point. The k being less than 1 gives rise to the contraction concept because when you iterate the process n times you get a factor k"
which is small - hence the contraction. The example below shows this iterative process in action.

This is not the place to develop the theory of complete metric spaces (in fact this is the incomplete treatment of complete metric spaces !)
, suffice it to say that the concept of a metric involves the idea of a distance in its most general context. Thus if one is interested in
studying differentiable functions a measure of "distance" of interest may be

d(f, g) =max, -, | f(©) — g(t)| where f and g are differentiable functions on [a, b]. In the case of real numbers it could just simply be
d@xr, x) = |[x1—- x

The concept of a complete metric space involves the idea that every Cauchy sequence in that space converges. A sequence is a Cauchy
sequence if for every € > 0 there exists a positive integer N such that d(x,, x,;) < € whenever m,n> N. Here d (x,, Xp) is some way of
describing a consistent distance measure (metric) on the space. Note that the space can be inhabited by functions, sequences etc rather
than just plain old numbers.

The contraction mapping principle has many applications. For instance it underpins the proof of the existence of solutions to the first

. . . dy e .
order differential equation d—) =f(x, y) with initial conditions y = yp and x = xo.
X

Fixed point theorems are interesting in themselves. John Nash of “Beautiful Mind” fame used a fixed point theorem to establish the
existence of a social equilibrium, that is , a situation in which no household can individually improve its well-being by altering the
amount it consumes of various items. Nash shared the Nobel Prize for Economics in 1994 for his mathematical work in this area.

We know from the Intermediate Value Theorem that if a function g is continuous on [0,1] such that g(0) 0 and g(1) O then there
must be some x in [0,1] such that g(x) = 0. Now suppose that f : [0 ,1] - [0, 1] is continuous. Let g(x) = f(x) — x so that g(0) 0 and g(1)

0. Since g is also continuous there must be some x such that g(x) = 0 ie f(x) = x. This x is a fixed point of f. Note that continuity was
essential in establishing the existence of the fixed point. This principle is generalized to more abstract environments, For instance
Brouwer’s Fixed Point Theorem ("Brouwer" is usually pronounced "Brow-ver") states that if f: B” - B" (where B"is the unit ball in
R") is continuous it must have a fixed point. This theorem underpins the following observation. If a circular disk made of rubber were
placed on a table and then you took the sheet and deformed it by folding and stretching and put it back within the circle where it started,
there is always a point that is fixed ie it ends up in the same place. The trouble is that while you may know that such a point exists you
may not be able to specifically identify it.

steehch

S Jold

o (d o
bﬁfd‘d,

In soch dwar S(x):x whew § 15 the [oau))oSub«Jv'\

’ anof
OJL continuovs  proasses soch as s?‘r-(’z‘chuj

0[()/&{“40)

Problem

It can be shown for instance that an equation of the form x(s) = %Lls tx()dt+ % has a unique solution for s € [0, 1]. Take this on faith

and assume that the starting point for the iterative process is the function xp(s) = 1for 0 s 1. Define x,(s) = % Lls tx,_1(Odt+ 5?5
I'll get you going with x;(s).

x1(s) = %ﬂstd/z‘+ ===

(1) Now find x,(s) and x3(s) and then guess a form for x,(s) and then prove your guess by induction.
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(ii) Deduce that the x,(s) convergeto s on [0, 1] ie x(s) =s.

(iii) Suppose f:R— R has the property that there is a positive constant k such that | f(u) — f(v)| < k(u - v)2. Prove that f is a constant
function. Note that this looks like a contraction function but it is a stronger condition. You will need to use the fact that | f(u) — f(v)|=
[f(u) —z+ z— f(v)| |f(w) — z|+ |z-f(v)]|and implicitly apply an inductive argument (you don't even have to bother being
explicit) to get an expression for | f(u) — f(v)| based on refining the range into n small segments.

Solution

: _ Ll Bt S Bsploog S5 135 S5s 4385 T
(l)xz(s)—2£stlzdt+6—24£tdt+ =t T,

.. 1l 731 5s 1
(ii) xg(s)—2£st - dt + o = a3

To get the general formula for x,(s) note that 12 =2.6 and 13 = 2.6 +1 while 72 = 2.36 = 2. 6?and 73 = 2. 6> +1 . Thus the guess is

2% 6"+ 1 . ..
X,(8) = ﬁ sforn 1andse[0,1]. The formula is true for n =1 and we assume that it is true for all n.

Now x,1(s) = 5 st (%) tdt+ %5 (using the definition and the inductive hypothesis)

N
2x6"x2x3 6

(2. X 6"+ 1 5)
+ =s
2% 6! 6
2% 6"+ 6+ 5%2.6"!
2% 6”*2

_( 2x6"+1 5)

(2><6"*'(1+5)+6)
— - s
2><6VX+_

_ (2x6"7+6
2 % 62 §

o (2x6™ 41
- 2 % 61+l s

This establishes that the formula is true for n +1 and hence true for all n by induction.

2x6"+1 - . . 1
e S it is clear that lim,, ., o, x,(s) = lim,,, , (1 + e

Since we now know that x,(s) = )s=s

The diagram below demonstrates the convergence to x(s) =s.

267 + 1

x[n , 8] = e

Plot [Evaluate [Table[x[n, s8], {n, 1, 5}]], (&, O, 1},
PlotLabel -> Evaluate [Table[x[n, 8], {n, 1, 51111

{13: 735 4335 25935 15553:1
127z a3z 2592 ' 15552

1ok -
..r/-’/
nsf o
.-'/.’-
i"-’
Oul[15]= 0.6 | i
.//"
ﬂ’/
s
04t -
02t
A T C S P I S S S S T T TR I T
02 04 0.6 08 0

vV—u

(iii) Suppose v >u and define xp = u and x; =u +1i€ where e= — where n is a positive integer and i=1,2,...,n. The critical first
n

step is to note that:
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[fw) = fW) = Tx)— T(x1) + f(x1) - T(x2) + T(x)+ oo+ T(Xy—1) - T(x0) |
[ fxo)— fx)| + [ T(x) - Tx2) | + oo+ [T Xn-p) - T(Xn) |

=2 | f(x) = f(xiz1)l (note that there is an implicit appeal to induction in this step)
Z;’:]k(v;—z")z since | £(x;) - £(xi-1)} k(x;— x;_1)* forall ie{l,2,.,n}

-k v—uy

_ N2
Soasn—- o k %—) 0 and hence | f(u) — f (v)| =0 ie f is a constant.

41. Slipping some induction into a sequence problem

A sequence u,is determined by the relations:
u = a + ,3

U, =a+ f - op
U,

forn > 1 wherea > g > 0.

n—1

@ gl

Show that u,= W

and determine the limit of u, as n »co

Discuss the case « =8> 0

[This problem is from G. H. Hardy, "A Course of Pure Mathematics", Cambridge University Press, Tenth Printing, 2006, page

167. It is cited as a problem from Cambridge’s Mathematical Tripos in 1933]
Solution

2 2

The formula is true for n = 1 since u;= eoh_wrheh
a-b a-f

oB

U,

aB

an+l_pgn+l

Up,1 = a+ f -

= o+ f3-

using the induction hypothesis

an - p°

(@+B) (" =B 1)—ap @ - BY)

@t gt

@ — ot 4 Bt~ 2t By ot

@t — it

a +2 _ ﬁn +2

- Q! _ﬁn+l
So the formula is true for n+1 and hence true for alln 1 by induction.

Qe

o — Bt

_an+1 1—(§)wrl
BERNEC

= + . Assume the formula is true for any positive integer n. Then:
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Byrt1
:anmw(l L) ]
@

l*(é)nﬂ

=)

For the last bit we assume that@ =8 =0.Then u; = 2.

. B
=qa since — < 1and so —1 asn— oo
(02

o
w

u =2a — r = 70[ (using the definition of uy)

&
R

]
o

IS

]

u3:20— = —

ol
W

Iclaim thatu, = (&) a forn = 1. The claim is true for n = 1 since the formula gives 2 @. Assume the formula is true for any positive
n
integer n.
o? o?

(M) (using the definition u, =2a - .
— | n-1

Then u,y1 =2a —

)

_ 2a%(n+1)—na?

n+Da
n+2
=(n+1 )a

Hence the claim is true by induction for everyn 1.

Therefore lim,, _, , u, = lim,,_, o (%)a = a lim,, o (1 + —)=a

42. Working out the area of a triangle using lattice points

An n x n integer lattice has a point at each integer valued ordered pair (i,j) wherei,j are integers 0. Adjacent points are one unit apart.
A 4 x 4 lattice looks like this:

* * * *
* * * *
* * * *

* * * *

If we form a right angled triangle with the diagonal forming the hypotenuse, what is the area of the triangle as a function of the number of
boundary and interior points of the triangle so formed? The following diagram illuminates the difference between boundary and interior
points:

B * x «x
B B x «*
B I B x
B B B B

B is a boundary point and I is an interior point.

For the triangle formed within an n x n lattice it is claimed that the area is: A, = I+ % -1 where :

A, = area of the triangle formed within the n x n lattice
B,, = the number of boundary points in the triangle
1, = the number of interior points in the triangle.

2
For instance for the 4 x 4 lattice the area of the triangle is ;—x 3x3= %. Alternatively the area is half that of the square ie @ 21) . The

formula gives 1 + 3— 1= %.

The aim is to prove the area formula by induction.
Find general expressions (ie based in the triangle formed in an n x n lattice) for:

(1) The number of boundary points in the triangle
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(2) The number of interior points in the triangle

Use the formulas from (1) and (2) to prove the formula for A, by induction.

Solution

(1) There are n points on the diagonal, n - 1 points on one base and n - 2 points on the other base. This totals 3n-3,s0 B, =3(n-1)

(2) To work out the number of interior points I offer two approaches, one purely algebraic and the other more visual. The i
the triangle (see diagram below) gives rise to n - i - 1 interior points for 2 i

column in
n-1. The total number of interior points is thus: I, =
n(n 1)

Sl —i—1) = -1 Y5 -5 = (- 1-2+ D(n-1) - { -1}
_2m-2)(n-D-nn-1)+2
- 2
_ (=)@n—4-m+2
- 2
_ (i=D(n-49+2
- 2
_ nt-5n+6
- 2
_ (n=2)(n-3)
- 2
ki
“ cStumanm,
\ v
™ 4
NG
{ e
( N
T TR,
P YN -] ey mornk s
i » B i
j— — =% — .\
=i
Yetod 4 wNef o4 Fgmjg = ZCV\-{ -1) :6\—2){&—3)
AN =2 .

A more visual approach is as
follows:

Tle

(4 e e L

\ /
P ,;/
n-3 X-*“: 1 B,
e 1

i

” (2

|

1]

v

l (‘flt h’"‘"
1
i

¢ v ’
L~ \
= " ,_\,‘ WY g
; £
i \\
Tl — g —¢— V¢

. i
Sreangly
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I

- vy _UV\{ A 1A
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Ay * (o Do wh ) NP b{.a;
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(r-2)(»3)
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. . . . . . . . . . —1)?
The formula for the area is a linear function of boundary points and interior points. The area of the triangle in the general case is % SO

the formula must ultimately involve quadratic terms in n (and we'll come to that later), but since the area comprises little squares of area 1
. . 1. .
and little triangles of area Elt does make sense to assert that A,=f (B, I,) =uB,+ v [,+ w for some constants u, v w. Using our

formulas for I, and B,,, A, = u3(n-1) +V% +w

The smallest value for n is 3 and the area of the triangle formed in that lattice is ;—x 2 x 2 =2. Similarly for n =4 and 5 the areas are
respectively ;—x 3x3= %and % x 4 x 4 = 8. The formulas for A; etc are as follows:
A; =6u+0v+w=2

Ay =9u+ V+W=§
As =12u+3v+w=38

6 0 1\ u 2
In matrix from this is [ 9 11 ][ v ]: %
12 3 1 \w 8
2 4 = u 2 = 2 1
. L. 3 3 3 3 9 2
The inverse of the matrixis| | _o and hence [ v ] =1 2 | 1=l 1
5 -6 2 w 5 -6 2 8 -1

If you have shamefully forgotten how to invert a 3 x 3 matrix, here is the process. First, to work out the determinant of the matrix we can
6 01
expand by the minors along the first row because one of the row elements is zero. This saves work. Thus det [ 9 11 ] =6.
12 31
11 9 1 9 1
det(3 1 )—O,det( 21 )+1.det( 12 3 )= 6-2+1.15=3
Next we need to find the adjoint of the matrix. The adjoint of an n x n matrix A whose (i,j) entry (adj); is (=1)"*J det Aji = @j; , where

b d -b
Ajj is the matrix formed by crossing out the ith row and the jth column. Thus (adj A) = (a/ij)t. In the 2 x 2 case adj( i ) = ( )

d —-c a
6 01 -2 3 15\ (-2 3 -1
In our case adj[ 9 11 ]:[ 3 -6 -18 ] 3 -6 3 ]

12 3 1 -1 3 6 15 -18 6

-2 3 -1 T

Hence the inverse we want is %[ 3 -6 3 ]: 1 -2 1
15 -18 6 5 _6 2

1 .. . . . .
Hence we get A,=1,, + EB" -1 as asserted. Butis it correct? Our base case is n = 3 and the formula is true for this value since A3 =0 +

3x 3-1)?

2 . . . . . .
== — 1=2 and the area of the 3-lattice triangle is = 2. Let's assume A, is true for any n 3. Now consider an (n +1) lattice

and the triangle generated by it. The total area of the new triangle is A, + the extra trapezium (see diagram).
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2n—1

ie An+1 =An + 2

B, 2n-1 . . . .
=1+ 7—1 + "T using the induction hypothesis

— (n-2) (n-3) + 3(n-1) + 2n-3
2 2 2

n*-5n+6+3n-3+2n-3
2

which is the area of the required triangle.

1 —1) (n-2 3
Note that Aysy = lyi+ 3Bur - 1= % + 21
_ n”?-3n+2+3n-2
- 2
_7
)
(n-1)2

Thus the formula is true forn + 1. Remember A,=

This approach can be generalised as is done by Richard E Crandall, "Projects in Scientific Computation", Springer-Telos, 1996,
page 55. The problem he poses is to develop software to find polygonal areas using the lattice area formula where all of the polygon's

. . . . . B . Lo . .
vertices lie on integer coordinates. The formulais A=1+ ;—1 "where I is the number of strictly interior points, B is the number of

boundary points (vertices and any other lattice points precisely skewered by the sides of the polygon). Prove the formula by induction (it
helps to consider simple general assemblies of squares or triangles to get the drift of the theory)". The following diagram gives the gist of

what Crandall was getting at:

L—-—\.\p f & i 'I..-——’

P a——
.
-
FS

Given the requirement that every vertex lies on a lattice point it is possible to represent the total area as the sum of squares and right
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angled triangles for which the formula derived above works.

43. Volume of a unit ball in n dimensions

In Problem 32 we encountered the Gamma function. In this problem we will see how it features in the generalisation of volumes in n
dimensions and how induction is useful in proving the general formula. We will work with unit balls in R” since it is a basic, indeed
crucial, concept of measure theory (and hence integration theory) that the measure or volume of a set is invariant under translations.
Translation invariance means that if we have a cube of side length r centred at (0,0,0) and we centre it at (x,y,z), the volume does not
change. You would have implicitly assumed this in any event. There is a form of relative dilation invariance as follows. If we take the
volume of a unit cube (which can be centred anywhere since volume is translation invariant) and scale up the sides by r, the volume
scales by 3 ie pspatialdimension _ we would end up with a cube of volume r*. Note that if you have a square, say, and you double each side
the area increases by a factor of 4. Volume being the area times a length would then be 8 times the original length cubed. Thus when we
go to n dimensional space the concept is that the volume of an n dimensional "ball" would be v, #* where r is the "radius" of the ball and
v, is the volume of the unitballin R” ie { x € R": Ix] < 1}. In effect the volume of the unit ball is scaled by . This concept is important
in what follows. Note that when we talk about volumes generally lengths and areas count as (degenerate) "volumes" for the sake of
consistency.

There is a relationship between volume of an n-dimensional unit ball and an n-dimensional unit sphere (note that the unit ball is the set of
all points enclosed by the unit sphere which in turn is the set of points at distance 1 from a fixed point). Start with the unit ball (of
volume v,) and then enlarge it a bit by € > 0. The enlarged ball has volume v;.e = (1 + €)"v, because the volume scales by (1 + €)". The
volume between the large ball and the small one is vi -v,= {(1 + €)"—1}v,. Ifs, is the surface area of the unit ball then this volume
is approximately that are times the thickness e ie €s, {(1 + €)"—1}v,

atn-1) 5

(1+e" -1 . 1+ne+ o
Y W= limg, o . Vv, =nv,

This suggests that in the limit s, =lim¢ ¢

To work out the volume of an n dimensional unit ball we can't actually visualise (at least I can't !) the physical construction. What one
has to do is generalise the concepts of lower order dimensions which we can visualise and then rely upon the dilation principle discussed
above to extend the process. There are various ways of arriving at the required volume and they are usually taught in multivariate

calculus courses. One common approach is to concoct an n dimensional integral which involves e and it looks like this:
1= |,e" *d x1dx; ...dx, (the integral is over all of R”) . Because it can be shown that f; e dx= vV (incidentally do you know

n

how to do this?), this integral has the form m>.

One then does an integral by breaking R” into "spherical" shells and when this is done the gamma function emerges, essentially because
a change of variable is used to get rid of the —? in the exponential in favour of -t. You end up with an expression that looks like this:

1= % Volume (n — 1 dimensional ball) x ﬁme" £ e

Thus the gamma function emerges. This approach can be found in Barton Zwiebach, "A First Course in String Theory", Cambridge
University Press, 2004 , pages 46-49 and many other places. A short proof which follows a similar type of approach can be found here:
http : // www.math.uu.se/ ~ svante / papers /sjL2.ps

The problem with the above type of proof is the introduction of the exponential factor which has no analog in the lower dimensional
cases. Thus when you work out the volume of a sphere using basic calculus techniques you don't get an e factor. You simply work

out of the volume of an elementary disk and then sum appropriately - no mention of e . This is the approach adopted in Harley
Flanders, "Differential Forms with Applications to the Physical Sciences", Dover Publications, 1989, pages 74 -75. Harley Flanders
is an American mathematician who has written several influential textbooks. If you adopt that approach where does the gamma function
come from? That is what this problem is about.

What Flanders does is this. He asserts that the volume of an n-dimensional unit ball can be found by integrating over slabs via this
recurrence relation:

n-1
Vo= [\ =27 V,odx
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n-1
=V,o1Jy where J,= [ (1 - 37 dux

Now to see why the formula for V,, makes sense consider the case when n = 2. The 2 dimensional "volume" is an area. You would then
have V, = f_ll vi1- x*> Vydx. What is the "volume" of a 1 dimensional unit ball ie V; ? It must be 2 ie the length from -1 to 1. Thus

V, = Zf] \/ 1 — x% dx. Does this makes sense? It does, for consider the diagram below:

)‘{ﬁj‘: ],
W
/ o 9=d "
"_—\_( o e,

. .. 1 . .
The volume (ie area) V,is indeed 2 L N1 - x2 dx =n. See, noe™" factor up my sleeve!. Now to generalise this process we take an

n—1
(n-1) dimensional slab which has volume V,,_; multiply by the slab width dx and finally multiply by the "height" (\/ 1 - x? ) . The
height is the usual radial height of y 1 — x* raised to the dimension of the space in which the sphere is "immersed" lowered by 1. In the

2-1
simple example above the circle is "immersed" in R? so the height is (\/ 1 - % ) =4/ 1 — x* . Thus when we do V3 we get :

371

3-1
Vi = f_ll(l - )72 Vhdx=nm f_ll(l - xX)dx=m[x- %]_I = 4?”. Note that this is equivalent in traditional calculus methods to getting

the volume of an elementary disk being 7 y*dx where 1 = x? + y? and then integrating from x = -1 to x =1.

n-1
So the formula V, = f 1(1 — x%)72 V,_; dx does make sense.
Flanders then derives the following recurrence relation by doing integration by parts once:

n—1

J, = TJ"‘z‘ He then says "these recurrence formulae lead to the standard result : V,, = r(f—zl)"’ So the gamma function finally raises
—+
2
its ugly head! He leaves out the details and this problem is about filling them in.
What you have to establish is that J, = %J,,_z and then that V,, = r(t'” s
-+
2
It helps to establish the following propositions as building blocks:
. _ Qk=D@k=3)..3.1 _ _ 2k=D)(2k=3)..3.1 s
1) Jop = i = o nr for positive integers k 1.
.. _Qk-2)@2k—4..2 , _ 2 (k=1)! T
() Sy = eI Ji= CEhei for positive integers k 2.
Solution
n-1
To establish J, = % w_2. Where J, = f_ 11(1 — x?)2 dx just do one integration by parts as follows:

n-1
Letu=(1 — x)2 anddv=dxsov=x

Jn=ﬁlludv =uV]'_1 - flvdu = —f]x %(1 - xz)’%(—Zx)cﬁx
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[x2(-na - xz)"%dx

[L=Da =T (2 -1+ 1)dx

n=3

L= -7 {2 = dx+ [[(n=-D - xz)"%dx

n-1

=-@-1 [[(1 -7 dx +(n-1)J,2
=-n-D)J,+(n-1)J,»
Therefore J, + (n-1) J, =(n-1)J,_, andso J, = %J,,_z

We know that V,, = V,,_; J,, so we proceed iteratively as follows:
Vi1 =Vyody—y soV, =V, oJ, J,—1 and hence V,, = J,, J,_;.....JoJ;. This can be established inductively. First, the base case of n =2 is
true since V, = V| J, and V=2 (as we established earlier). As usual we assume the formula is true for any n. Now J, = f_l] Vvi1- X dx=

;1 . If this integral doesn't trip easily from the tongue simply let X = cos u so dx = -sin u du. The integral becomes :
—ﬁ)\/ 1 — cos?u sinudu= Ksinzudu= %K(l — cos2u)du

=iu- Lsin2ur

=-lu— Jsin2u g

T

2

Thus V, =2 x g = which we also established above by traditional methods. Now V.1 = V,Ju1 = St Sy Ju—1.....J2J 1 using the
induction hypothesis. So the formula is true for n+1 and hence true for all n.

. _ Qk=D@Ek=3)..3.0 _  Q2k=-D(2k=3)..3. e
(i) Prove that J,; = ehek-D.42 " = Yoy nt for positive integers k 1.
. 2k 2k (Qk-3) __ @k=DEk-3..3,  Qk=1)(Qk=3)..3.1
From the recurrence relation J,;, = Y Jokn = 2Rk Jojog=...= COCk-2.4 2= ebCk-D.42
. . 5 53 53 .1 . .
Now note that in the numerator and denominator there are k terms eg Jg = EJ“: aJZ =T there being k =3 terms. This

observation enables us to factor out 2 in the denominator.

. 2k=1) (2k=3)...3.1 2k=1) (2k=3)...3.1 2k-1) 2k=3)...3.1
We can therefore write J,; = ¢ J@E3) n=" : Y25 = L)
2k (Q2k=2)...42 2% k(k=1) (k=2)...1 2K k!
- . . . . . 2.1-1
We can do a quick inductive proof to convince ourselves that our formula is correct. It is true for k =1 since J, = g = (21 m '

. . 2kl QKD QRk-D(2k=3)..3.0 @kt (k=1 (2k=3)..31 .
Assuming the formula is true for any k we have that J,;,, = T = Y = = using the
induction hypothesis. This establishes that formula is true for k +1 and hence true generally by induction.

.. 2k-2)(2k-4)..2 2k (k=1)! PR
(ii) Prove that J,, _; = ¢ ) ) J1= ®D for positive integers k = 2.
2k=1)(2k=3)...3 (2k=1)(2k=3)...3
The proof of this follows the same approach as in (i) above.
2k-2 2k-2) (2k=4)..2 . . 6 6.4 64 2
D=7 s= #h. Now there are k-1 terms in the numerator and denominators egJ; = - Js= —Jz3=-—=/J;
2k-1 2k=1)(2k=3)...3 7 75 75 3

Here k =4 and there are 4-1=3 factors.

261 (k1)1 _ 2k (k—1)!
Qk-1)Q2k-3)..3"1 T Qk-1)2k-3)..3

n-1
Hence J,;_= since J;= 2. Note that Jn=fl(1 - x3)72 dx thereforeJ; = fldx =2

Again, we can do a quick inductive proof to convince ourselves that this is correct. The formula is true for the base case k =2 since J3=
221!
3.

4 2 2
=3 and we know that J3= §J1= §><2
Qo2 e=D! 28+
k41 2K T Qe Qk=1)3 T Qk+1)2k=1)... 3
all k by induction.

Consider J, ., = which is the right structure. Hence the formula is establishes as correct for

Getting the expression for the volume....

Let's start with even dimensions.
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k
Now if you play around with the product V,, = J,, J,,—.....J>J; you will notice that when n = 2k the product is ﬂ—. Again, this involves

. . 3
an inductive style of argument. Let's do a few cases to see the pattern. Note that J,=2,J, = g J3= —J] - and Js4= —Jz = ?}T etc

n

n
Jil=2x3 =1

2 3 .
J1oJzJy=m x gjl X 4—J2 using the recurrence formula for J,

Ty Dodsdadsls = Sox —J2 x 214

2!
2 4 4 5 3m
= — X - X X=X—
2! 5 3.6 8
=
T 6

2k
ﬂ'k m?2

e

Now this is true for k = Isince V,= m (already established above) and RHS =

Our assertion is that V,; = o r(ﬁﬂ) T+ Q)

See Problem 32 for the properties of the gamma function.
Sonow consider Vs .0 = Jrpio Joiat Jageee-J2di

2kl
2k+2° 2K 2kt

n* . . . .
J2k 1 g using the induction hypothesis

2k+1 2k-1)(2k-3)...3.1 2k 2K (k—1)! n*
= 2 )(k SRR @D = using (i) and (ii) above.
2k+2 2k k1 2k+1 (2k=1)(2k=3)..3 k!
2k+2
k! 2 . 2 k42
= =1 smceF( x

(D! T p(2E2 )

So the formula is true for k+1 and hence true for all k 1

2641 1

T 2R Ging (if) with 2k+1 instead of 2k-1
k! Qk+1)(2k-1)(2k-3)...3

Now consider odd cases of nien =2k +1. So Vo, (=J; ... .. i1 =

2/<+1 ﬂk
Qk+1) (2k=1) (2k=3)...3

2k+1

24 2t 2 . 1 k41 o [ 2k+] 2kt1 [ 2k-1 2k+1) (2k-1
We want to show that s =— . Expanding r( k+ +1) k+ F( ket ) _ 2%+ F( k=1 1)=( k+l) (2k-1)
@k+1) 2k-1)2k=3)...3 r(gﬂ) 2 2 2 2 2 2
2
- - 3
P(Et)a. = Qb @iy ipy
2 2 2 2 \2
_ Qk+D) (Zk LD B
2
_ QkD@kD. 31

2k+l

Qk+1) (2k=1)...3.1
2k+|
3.3 1 1

the base case of k =1 since I'(3/2 + 1) = ST(3)=3T(; +1)=3 3 T(3)

2k+1 .. . . Lo
Thus the assertion is that I’ ( ; + 1) = V @ and this is amenable to an inductive style of proof. The assertion is true for

3.1 . . L
\/ m and so the base case is true. Now consider the situation for k+1:

=—\/_ T

r(221<23 + 1) _ 2k2+3r(2k2+3)=2k2+3 F(Zk;l + 1)

(2k+3) Q2k+1)(2k-1)...3.1
2 2l<+]

V mr using the induction hypothesis.
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2k+3) @k+1) 2k=1)...3.1 Lo . .
= M\/ m  so the assertion is true for k+1 and hence true for all k 1 by induction.

k+2
2k+1
" 2k gk N w2 . . . . . .
Thus, finally V, .= = =TS o which establishes that the volume formula is valid for odd dimensions
@k @k=D k=313 T ()T ()
2 2
too.
V, = ﬁ for all positive integraln 2> 1
T (-+1
2

This formula for the volume of an n-dimensional ball has many applications in pure and applied theory. Note that it has been proved
with nothing more than basic integration theory and some systematic inductive arguments. This formula is fundamental to more
advanced integration and operator theory. If you want to average an integral you will effectively need to work out the "volume" of some
region in n-dimensions and this is where the above result is useful. For instance, in mathematical physics the Poisson "kernel" is
encountered in solutions to the so-called Dirichlet problem. It is also encountered directly in Fourier theory in this theorem:

2n|yle ,-2mit _ @ _
For all @ >0, Lne e dy= ¢, (a2+|t|2)("+1)/2

n+l
() 1
w7 v,
w2
(see Elias M Stein and Guido Weiss, "Introduction to Fourier Analysis on Euclidean Spaces", Princeton University Press, 1971,

pages 6-7)

where ¢, =

I(3)

272

The electric field at distance r for a point charge q in a world with n spatial dimensions is E(r) = ’% (see Barton Zwiebach, "A

First Course in String Theory", Cambridge University Press, 2004, page 51)

44. Difference and translation operators

In actuarial theory, students have traditionally studied difference and translation operators in the context of the theory of finite
differences and difference equations. This problem deals with some basic theory of operators and how you can use induction to prove
some properties. We can think of squaring, taking the derivative or performing an integral as operators ie they act upon some object (the
operand). Generally what is of interest is operators on some class of functions eg continuous functions on some set. You'd expect
operators to have all the "nice" properties such as follows (where A and B are two operators and f is some function):

1. A=Biff Af=Bf

2. There is an identity operator I such that If = f. In what follows I will use"1" to denote the identity operator and the context will ensure
that there is no confusion.

3. There is a null operator O such that Of = f for every f. I will use "0" to represent this operator and, again, the context will ensure there
is no confusion.

4. (A+B)f=Af+Bfand (A - B)f = Af - Bf

5. (AB)f =A(Bf)

6. A(f+g)= Af + Ag and A(Bf) = SAf where S is a constant. Thus A is a linear operator if this condition is satisfied.

7. If A(Bf) =f for any f then we have that AB = 1 and B is called the inverse of A. Thus B= Al= i

The usual algebraic properties are also relevant to operators, namely:

8. Commutativity for sums: A+ B=B + A

9. Associativity for sums: A+ (B+C)=(A+B)+C
10. Commutativity for products: AB = BA

11. Associativity for products: A(BC) = (AB)C

12. Distributive law: A(B+C) = AB + BC

You have to check that your operator obeys these rules before you perform various manipulations. If commutativity does not hold this
statement will be false AB - BA =0.

Let's take a classic operator - the difference operator A which is defined as acting on functions f(x) as follows:

Af(x) = f(x+h) - f(x) where h is usually a positive number which is the "difference interval". It is a linear operator. You can take
successive differences as follows:

A% f(x) = A[Af(x)] = A[ f(x + h) - f(x)]
= A f(x + h) - Af(x)

=f(x + 2h) - f(x+h) - [ f(x+h) - f(x)]

= f(x+2h) - 2 f(x+h) + f(x)

The n-th order difference operator is defined inductively as A" f(x) = A[A™! f)]
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In a similar fashion one can define a linear translation operator as follows: Ef(x) = f(x + h). Applying this operator twice you
get: E*f(x) = E[Ef(x)] = Ef(x+h) = f(x + 2h). The n-th order version E" is defined inductively as E" f(x) = f(x + nh).
Problems

Show that:
i) A=E-1

(i) E=1+A

(iii) A= (E — 1)>= E?> — 2E + 1; and more generally

: n_ _ n_ n n n—1 n n-2 1y n _ n!
(v)A"=(E - )'=E"- E" "+ E">-....+ (—1)" where =
1 2 r (n—n'r!

(v) Show that (1 + A)" Ay, = A (1 + A)"uy
(vi) Deriving Newton's difference formula: If r > 1, define (1 + A)'u, inductively as (1 +A) { (1 + A)'u,}.

(i) Show that (1 + A)u, = (1 +( i )A+(; )AZ + .+ A,

n

1)Au1+(121)A2 u; +...+(?)A‘u1+...+A“u1

(ii) Show that uy,;1 = (1 + A)"u; = u, +(
This is Newton's difference formula

(vil) If Aug=uy, - u; show that the u; (for 1 k n) are all equal if and only if Au;= Aup=... =Au,_; =0. In other words the u, are
independent of n.

(viii) Let u;, uy, ...bea given sequence and suppose we construct vy, v, ...suchthatAv,=u, foralln. Thenif S, = >7_, u, show that
Sp={(1+4)"-1}vy

Solutions

(i) Af(x) = f(x + h) - f(x) = Ef(x) - 1f(x) = (E - 1) f(x)

(i) Ef(x) = f(x + h) = f(x + h) - f(x) + f(x)
= Af(x) + 1f(x)
=(1+A)f(x)

(iii) A%f(x) = A(Af(x))
= A[f(x + h) - f(x)]
=f(x + 2h) - f(x + h) - [ f(x + h) - f(x)]
=f(x + 2h) - 2f(x + h) + f(x)

(E? = 2E + 1) f(x) = E2 f(x) = 2 f(x) + 1 f(x)
=f(x + 2h) - 2f(x + h) + f(x)
= Af(x)
(iv) From (i) and (ii) we know that the proposition is true for n =1 and 2. As our induction hypothesis assume that A" =(E — 1)" = E" -

(" )E""+(; )EH- ..... + (=1 where('r’ )— —n

1 T (=i

AMIE(x) = Al E™(x) - ('ll )E”’l f(x)+(g )E”’zf(x)- ot (=10 ]

= A [ f(x +nh) - ('1’ )f(x + (- 1)h)+(; )f(x+(n 2)h) - ot (=1 ]

= f(x + (n+1) h) - f(x + nh) - (7)[f(x+nh)—f(x+(n—1)h)]+ (;)[f(x+(n—1)h)— fx+(n-2)h) ]+ (=D"[fx +h) - f(x) ]

using the nice linear properties of A

n+1)

Now Pascal's Identity can be used to good effect here since ( ’rl ) + ( " ) = ( il

r+1

So A" f(x) = f(x + (n+1) h) - {(g ) + ( 'll )} f(x + nh) + {('11 ) + ( Z )}f(x +(m-h) - o+ (=1 F(2)
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= f(x + (n+1) h) - ( " Jlr ! ) f(x + nh) + ( " er ! ) f(x + (-Dh) -t (=17 f(x)
This establishes that the formula is true for n+1 and hence true for alln 1

(v) Show that (1 + A)" Ay, = A (1 + A)"uy

Perform an induction on n. When n =1 we have that (1 + A) Ay, = Au,+ A%y,

Also A (1 + A)u = (A + ANy, == Ay + A%y,

As the induction hypothesis suppose the formula holds for any n. Then:

(1 +A)™ Au = (1 +A){(1 +A)"Ay}

=(1+A)A(1+ A)"uy using the induction hypothesis

= A(1+A)(1+A)"u, using the fact that the formula is true forn=11ie (1 +A)A= A (1 +A)

A (1 + A"y, thus establishing that the formula is true for n+1 and hence true generally by induction

(vi) (i) Show that (1 + A)u, = (1 +( ; )A+(; )A2 + o+ AU,

When r=2we have (1 + A)?u,= (1+A) {(1 + Au,}

(1+A)(un+un+l'un)

(1+8)un
= l'ln+1+Aun+l
= Ups1 T Ups2- Unyd

= Up+2

(1 +(f )A+(§ )Az)un =u, +2Au, + A2y,

Uy T2 (U1 - ) + A (Un - up)

= 2Ups1- Un+ Uns2 - Unst - (Unsi-Un)

=Un+2

Hence formula is true for the base case r = 2.

Assume as the induction hypothesis that it is true for any r. Then:

A+ A+, = (1+A) {1 + A)u,}

—(1+A){ (1+ ( i )A + ( ; )A2 + ..+ AY)u,} using the induction hypothesis

- (1+(; )A+(; )A2+..(£)Ak+...+Ar)un+A{ a +(i )A+(; )A2+...(£)Ak+...+A')un}}

:(1+(; )A+(;)A2+...+(lr()Ak+w+A') u, + (A + (; )A2+ (;)M +...+(

=1+ { (i)+(g)}A +{(;)+(I )}A2 +.. {(lr()+ (kfl)}AM....mr”}un

+ 1 + 1 + 1
={l+ (r 1 )A +(r ) )A2+...+(r i )Ak+...+A‘+1}un using Pascal's Identity.

" i | )Ak+...+ AT D,

Thus the formula is true for r + 1 and is true for all r > 1 by induction.
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(vi) (i) Show that un.; = (1 + Ay, = u, +('11 )Au1 +(121 )A2 u +...+(1r1 )A' u + .+ Ay

This is Newton's difference formula.

The starting point is this:
Une 1= Unt (Unst-Un)=Up FAU =(1+4)uy
We can proceed inductively from this starting point as follows:
U1 =(1+A)u =0 + A%uy_=...=(1 + A"y
Note that the sum of the indices is always n +1 (ie n+1 =2 +n-1 etc)
The formula is true forn=1sinceu, =u; + (uz-u;) = (1 +A)y
Assume as our induction hypothesis that the formula is true for any nie u, y = (1 + A)"u; Then:
Up42 TUns1 T (Uns2-U1) = Ungpg FA U = (1 +A) Upy g
=(1+A) (1 + A)"u; using the induction hypothesis
= (1 + Aty

This establishes that the formula is true for n+1 and hence true for all n by induction.

The binomial expansion of (1 + A)"u; finishes off the proofie uyy; = (1 + A)"uy = uy + (rll )A up + (121 )A2 u +..t (Irl )A' up +
.t A“u1
(vii) First suppose that Au;= Aup=... = Au,_1 =0. Then the following string of equalities hold:

p-u=0=u=uy
us — ll2=0 =>Uu3= U = U

U4—U3=0:>U4: Uz = U = U

Uy — U1 =0 20, =U,1=...=U3= U = U
Thus all the uy are equal.

Now the reverse implication is where all the uy are equal in which case it is clear that Au;= Au,=... = Au,_; = 0. Thus the uy are
independent of n.

(viii)

ASy=Spe1 = Sp = Une
=(1+A)y

= (1 + A" Av,

=A(1+ A)" v, using the properties of A in (v) above

The critical step here is to note that u,,; = (1 + A)" u; . This follows from Newton's difference formula proved above

From the above AS,, - A(1+A)"v; =0.

This is of the form A(w, — z) = Ax, =0 and (v) above indicates that differences are independent of n. In other words S,, - (1 + A)" v,
is independent of n. In particular we can say that S, - (1 + A)"v; =8, - (1 +A)v; =u;-v; -u; =-v; (noting that it was assumed that
Av,= u, forallnso Av,;= u;)

Thus S, - (1 +A)" vy =-v4

Hence S,=(1+A)"v;-v; ={(1+A)"-1}v;
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45. An application of Fermat numbers

A Fermat number is defined forn=0, 1,2, ....as F,=2%" + 1. The first few Fermat numbers are as follows:

F0=3
Fi=5
Fy=17
Fy =257
F4 =65537

F5=641.6700417
(i) Show using mathematical induction that ]’]}:;(') F,=F,-2 forn 1.

(i1) Having done (i) show that any two Fermat numbers must be relatively prime (ie their greatest common divisor (gcd) must be 1). Can
you see how this fact might be used to prove there is an infinity of primes?

Solutions

(i) The formula is true for n = 1 since Fy =3 and F- 2 =5 -2 = 3. Suppose that the formula is true for any n  ie HZ;& F,=Fy,-2

We see that ﬁ Fi= (f]};é Fy) F,=(F, — 2)F, using the induction hypothesis

=%- 1) ZZf_i 1)

=2" .1

= F,;1 - 2 and so the proposition is true for n+1 and hence is established by induction.

(i) Suppose m is a divisor of F}, and F,,, say, where k < n, then m must divide 2 since F,,= Fy F|...Fy ... ... F,_1+ 2. This means that m =
1 or 2 but m =2 is impossible since all Fermat numbers are obviously odd. Since there is an infinity of Fermat numbers (because there is

an infinity of integers 1 !) and any two Fermat numbers are relatively prime there must be an infinity of primes.

46. A quick and useful result for polynomials

Consider p,(x) = X" + a,_1 ¥"' + @, X2 + ...+ ay. If the roots (perhaps complex) are ; 1 i n then p,(x) can be written as the
following product of factors:

pa() = TTL(x = A)

Problem

Show that p,(x) = [T% (x — A)=x"- 3L, 4 '+ i jhid; X172 2 e hidjAy X34 L+ (DA A, A,
In the theory of symmetric functions the coefficients of x are usually denoted by:

o = A+ A+ 4 A,

Oy =21 A+ A A3+ ..+ 4,1 A,

o,y = ll /\2 A,,
Solution

The proof is an inductive one. The proposition is uninformatively true for n =1 so it is better to look at n = 2 as that gives a greater
insight into how the proof unfolds.

p2x) = ]_[,il =2)=x2-QA1+ 1) x + A A =x2- Z;z:l A x + (=122, sothe proposition is true for n = 2. Note that from

2 2
combinatorial considerations there are ( | ) =2 ways of choosing one A at a time and ( ) ) =1 way of choosing two A's at a time.

n
Now suppose that the proposition holds for any n and consider p,.1(x) = [ T = ) ={ [Tx = )} X-2As1)
i=1

=(X"- 2L A Xy i _]-/\i A Xz A AjAy X4 (DA Q) (X - As) using the induction hypothesis

i< j<k

=X A A+ il /\_,-x"_l - Z;'I<_/<k‘1f LA X724+ (1" A A0 o X - Ay X D Ay X - i< i hi Ay X2+
Z’l<j<kli A_i/\k An+1)cn_3 +...+ (_1)n+l A A A0
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= oy T+ ’.’<*} LAt - Z}’zl/./\,\, LA X724 (S A A L X+ (DA A A
If you have trouble seeing whyZI n+ 1 A )t X! Z"<J)t A x4 DI P P X1
for instance, just do alow order case (n = 3 say) and convince yourself that it works.

Hence the proposition is true for n + 1.

Note that the formula is completely analogous to the one proved in the context of probability theory :
PEUEU..UE) =
Yii P(E) — Y'jP (EiEj) + Y i x P(EiEjEx) +eve+ (-1)"1P(E1 By v Ep)

47. An application of the Cauchy-Schwarz inequality to intervals for real roots of polynomials

Recall that the Cauchy-Schwarz inequality is stated as follows: for real @; and b; : Y%, a;b; =+ Y, a? \ Yb, b?

Suppose all roots of the polynomial X" + a,_; x"™! + a,_» X" + .... + ay are real. Show thatthe roots are contained in the interval with
the endpoints

Hint: let one of the roots be A ( A = A, say) and express the polynomial in the form (x - 1)( x - A1)...( X - 4,-1). Then compare coefficients
of a,_1and a,_;. Once you've done that think about how the Cauchy-Schwarz inequality might be used (see Problem 24).

Solution
We know from problem 46 that the coefficient of X"~ !is —oy =- (A + X/5'4) ie @,y = - (A+ X251 4).
The coefficient of X" 2 isa,_», = 0= A (Z-";ll )+ 272 } A; A; (where it is to be noted that i starts at 1)
From these two pieces of information we have that:
ner? -2 g - 2= (—(A+ ) -2 CA S ) + T2 a) - A2
= 4 205 R A+ (T A 2A A - 23 A - A2
(Zn ) ) vl A
= Z,»’;’ll A2+ 22,’-’;]1« Aidj- 22,’-1;]1- A;A; [ Have a look at the solution to Problem 31(c) if you don't follow this step - there is a proof of
the equality of (Z,’;‘ll )Ll-)z and ’El:l A2+ 22’.‘;} Aidj]
i
=312
This is where we can use the Cauchy-Schwarz inequality. Consider the following:
(a1 + V2 = (250
(n-1) Z,-’:ll A2 [Because you can apply Cauchy-Schwarz to A, ...., A,—; and 1, ..., 1 (there being (n - 1) 1's here) to get (Z-’:ll 1./\i)2
TS = - 3 AR ]
= (-1) (a1 2a,2-2%)

ie an_]2+2)la,,_|+ 22 (n- 1)((1,,_12-261,,_2-/\2)

A%+ 2Xa,_; - (0-2)a,_1? +2(n-Da,_, 0

2 2 2(n-1
Therefore, A2+ ==L - U] a1’ + - )a,, > 0 and thus A (and hence all the A;because there was nothing special about our choice
n
for ) lie between the two roots of this quadratic function. So the roots of that function are the relevant bounds. The roots of that

24,1 \2 ) 21y 4a,. 1-2) 8(n-1)
\/(—l)*“{ a2+ tlufz} \/7'” +4—a,, - an2
et n n n Gt ) n

n

+ = -—=
2 n 2

. a,
function are -
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4a, % (n-2) 5 8nn=1)

\/—7 +4n —a,-1°- 2
An-1 n> n? "

— _ Il

n 2

Gy, 2 Va +ne=2a, P~ 2n0-Da,

n 2n

any . \/(n2—2n+ l)a,,,|2—2n(n—1)a,,,z

n n

2n(n-1%a,_,
2 2 -2
\/(/1— 1 ay-1°—
ay-1 n-1

Ap-1 n—1 2 2n ay,

— as claimed
n n n—1

48. Using induction to solve functional equations

Cauchy did fundamental analytical work on functional equations hence there is a basic theorem named after him. Here itis. Letf: R —
R be a continuous function satisfying:

f(x +y) =f(x) + f(y) forall real x and y.
From this meagre information one can show that there exists a real number a such that f(x) = ax for all x e R
Welcome to the theory of functional equations!

One can use induction to show that f (3L, x;) =27, f(x;) for all x; eR. For n =2 the formula is true since it is just a restatement of the

definition. Assume the formula is true for any n and consider f (2}’:",' x)=f QL xi + X1 ) =235 f(x;) + f(x,41) using the induction
induction hypothesis and the definition of f(x + y)

= X5 )
Hence the formula is established for n+1. When the x; = x for all i we have that f(nx)= n f(x) for all positive integers and all real x. This
may seem a pretty trivial result but the plan here is to use this to establish that the functional equation holds for rational scaling and then

make the leap to scaling by a real number. It is very common to use induction to establish some basic structure of the functional
equation that can be manipulated to get to where you want . Here we want to establish that f(x) = ax for some real a.

We can make the leap to rational scaling by letting x = % t where m and n are positive integers. Because nx = mt we have that f(nx) =
f(mt) and using the result we just established by induction we see that:

n f(x) = m f(t)
nf(f 1) =m f(t)

So we have that f (f t) = f f(t) forallt e R. In other words since % = q is rational we have established that f(qt) = q f(t) for all t e R

and positive rational q. We now need to pick upq 0. This isn't too hard because f(x + 0) = f(x) + f(0) ie f(x) = f(x) + f(0) so f(0) =0.
This means that f(Ot)= 0f(t). Thus q =0 is picked up. To pick up q < 0 we start with:

0 =1(0)
=f(q+(q))
=1(q) + f(-q)

Hence f(-q) =-1(q). If q <0 then f (- (-qt) ) =- f( (-q) t) = -(-q)f(t) = q f(t). So we have shown that f (qt) = q f(t) for all rational q and
real t.

If we let t =1 we get f(q.1) = q f(1) ie f(q) = q f(1). Let f(1) = a (a real number) we have that f(q) = a q for all rational q.

The end game is to establish that we can say that f(x) = ax for x real by leaping from the rationals to reals. This is where continuity
comes in. I won't provide the full proof but the gist is that the rationals can approximate a real to an arbitrary degree of accuracy.

Problem
With this theoretical background let's do a "meaty" problem which involves both induction and the ideas discussed above.

Suppose you are told there is some function f(x) which is strictly positive with the following properties for all real x:
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(a) f2x) = [f(0P

(b) f(-x) = [f(0)] ™!
©fx) 1+x

(1) Make an inspired guess what a candidate for this function would be. It has figured more than once in this problem set !

(2) Prove by induction that f(x) = [ f( )]2 for integersn 1

X
on

(3) Use (2) to show that ( 1+ 21) o f(x) forintegersn 1 .Have a close look at ( 1+ zi) o does it remind you of anything?

(4) Use similar reasoning to show that f(-x) ( 1 - zi) ¥ for integersn 1

(5) "Sandwich" f(x) between ( 1+ zi) ¥ and an upper bound. To get this upper bound show that f(x) = [f(—x)]~' and derive an upper

bound of the form ( 1+ ZL) ¥ g(x,n). You should aim for this: ( 1+ ZL) ¥ f(x) < ( 1+ ZL) Y g(x,n) where g(x,n) is some expression

involving a and n . Now if you guessed the form of f(x) correctly (and the 3 conditions make it pretty clear what is should be) use a
simple limit argument to conclude that your guess is the unique solution to this functional equation problem.

Solution
(1) Your guess should be f(x) = e*. Checking it:
(@) f2x) = (e*)? = &>~

®) f(x)=e= :T = (e)c)—l

©fx)=e* =1+x+ ;—2‘ + ;—3‘ +..n. 1 +x (we are told f(x) is strictly positive and we know that ¢* > 0 for all x)

2) fx)= [ f(zi)]2 is true for n = 1 for the following reason:

fx)=f(2 )21) = [f(;i)]z using property (a). Now suppose that f(x) = [f(zi)]2 is true foranyn 1. Then:

n+1

f(x) = [f(zi)]2 = [f(2 2”XH )]2 = {[f( znxﬂ )]2}2” = [f( z,il )] using property (a) and the induction hypothesis. Hence the formula is true

for n+1.

3) f(i) 1+ ;{—[ by property (c) of the definition of f(x). Then using (2), f(x) = [f(zi")]z/x ( 1+ 2’%)2" .

Note that if 1 +;—( > (then any powerof itis > 0. If 1 +% <0,

then any even power of it willbe > 0. Either way the direction of the inequality is as shown.

) f(’k_") I- ;-‘ by property (c) of the definition of f(x) and noting that the property holds for all real x. Then by the same reasoning in
—x\12" x\2"
@ =[] (1-3)

o

(5) This is where the real action begins. We have that ( 1+ zl) ¥ f(x) and f(-x) ( 1 - zi) ¥ and we want to "sandwich" f(x) between
the same number so that we can assert that f(x) is unique. This technique is frequently used in analysis when studying convergence of

sequences and series. First note that f(-x) = - ( 1 1) . so that f(x) ( 1 - i) 7(2").

£ T 2
Note again that the direction of the inequality is correct because we are dealing with even powers of ( 1 - 21) So we have ( 1+ zi)

X2 1 1

-(2"
Now (1 - —) = = — Note that 4" = (22)'= 22"

A R TR TR

4

-7

fo (1-3)

So (1-2)™=(1-1) s )7

o ) o
i) . Now when we fix x and letn - oo , (l + 21”) - e and

on

Thus we have our sandwich: ( 1 + 21)2 f(x) ( 1 - :;) _(2”)(1 +

N
(1 - %) — 1 Here is a visual demonstration:
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Insa= x = 5§;

ListPlot [Evalu ate [Tahle [H [

2y -[27)
- 2] ) e a0]])

oulsal= 2[

tan
=
=t
I‘S

Remember that if a, —» a and b, - b then a,b, - ab so since — 1 as n - oo that principle applied 2" times gives the result.

2

l _’r_
b
So what we have is this : ¢* f(x) e*. This means our guessed function is the unique solution.
49. Filling in the gaps for Newton
The proof of the binomial theorem in its most general form is actually reasonably intricate and it is little wonder that Newton' s proof falls

short of today' s standards of analytical rigour. You can read for yourself how Newton guessed the result by going to this
link: http : // www.macalester.edu /aratra/edition2 / chapter2 /chapt2d.pdf .

This is not a problem about induction, rather it is a detailed piece of analysis that undeprins the confidence you can have in using the
binomial theorem. There is a lot of basic "entry level" analysis in this series of problems.

What I have done below is break the proof down into a series of steps which build on one another. Some analysis is required but I have
kept the knowledge to a minimum. Those who know more can see how one might compress one or two of the steps but for the most
part you have to show by standard analytical techniques that a remainder approaches zero as n - oco. Some of the sub-steps could be
treated as self-contained problems simply because they involve quite fundamental limiting arguments.

Cauchy showed that (1 + x)* does converge to a finite real number for all real z if [x| < 1.

He then defined a functionf (z) =

z z
1+ zx + ( ) ) +x% + ( 3 )x3 + ... and showed by combinatorial arguments and rules for multiplying two such infinite sums that

f(z + w) = f(z) f (w)forall real zand w. Cauchy then wanted to show that by
taking logarithms he could get something like g (z + w) = g(z) + g(w)whereg = logf.

In order to show that g (z) = az for some a Cauchy had to establish that both f and log f were continuous. Having done all of that he
deduced that f (z) = b” for some b. The final step was to note thatb =

1 1
1 + x which follows by notingthatf (1) = 1 + x + (2 )x2+w =1+ xsince(j ): Oforj > 1.

One can use Taylor's Theorem to show that
m

fx) =01 +x™=1+ mx + (I;)x2+(3 )x3+....

does converge for any m rational and |[x| < 1. This problem sets out a series of steps to establish this.
There is a lot in this problem but I have kept the analytical parts as basic as possible. I have stated the bits of analysis that you need to
make the relevant deductions.You do need to know that differentiability implies continuity and I assume you have probably proved this.
I also assume you have used the Fundamental Theorem of Calculus.
Problem

(1) Suppose f (x) has continuous derivatives up to order n and let :

F,(x) = f(b) = f(x) = b=x)f (X) = .. - %f(“’”(x)
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(b X"

Show thatF, (x) = o

f(ﬂ) (x)

(2) Henceshowthat F,(a) = F, (b) - j:) F, x)dx =

o RO =X (x) dx

(3) By letting b = a + h and an appropriate substitution in the integral in (2) show that :

f(a+h) =f@) + hf (a) + ...

" _ fo-1) (@ + R, whereR, = —£(1 " ™ (a + th)dt

@) Iff(x) 0 for x €[a, b], then show thatif M f(x) N for x €[a, b] implies that M (b - a) j;f(x) dx N (b-a) (Youcan
assume this but you should be able to see why it is true - draw a diagram and it hits you in the face). Using these building blocks (and

noting that f is continuous since it is differentiable) show that 3 £ € (a, b) such that fa b f(x)dx=(b-a)f(¢)

G)IfM f(x) Nforxe[a,b]andi(x) O then show that Mfabt//(x) dx _f:f(x) Y(x)dx N jjw(x) dx. Using similar reasoning to
(4), show that 3 £ € (a, b) such that fahf(x) Y(x)dx =1(€) j:lp(x) dx

_ A0y O s

(6) Using (5) show that when0<f<1 and 1 p n, R, Py

As a first step justify this : [ (1 — "' ™ (a + th) dt = (1 — 6" P£™ (a + 6h) ['(1 - P~ dt

Note that from (3) R,=

= [ =0m £ @+ thy dt.

You can assume that a function g(x) which is continuous on a closed, bounded interval such as [a, b] is bounded (and in fact attains its
maximum on the interval). In other words 3 K > 0, such that |g(x)| K for all x € [a,b]

If p = ntheremainder R, is called Lagrange's form while if p = 1 itis called Cauchy's form, namely :

(1-6)"! f™ (a + 6h) h

R, = (n—1)!

(7) Now consider f(x) = (1 + x)" where m is not a positive integer but is some rational number. Show that the Cauchy form of the
m(m=1)...(m-n+1) (1-6)""" x"
(n=1)! (1+6x)"™

remainder in the Taylor series expansion is R, = Note here that for rational m, m (m -1)...(m+n-1) still makes

sense.

(8) Show that 10 1as longas-1<x<1
1+6x

(9) Show that (1 +8x)"' < (1 + |x)™ " ifm > 1 and (1 +6x)" ' <(1 — |y ! ifm<1

(10) Show that |R,| <|m| (1 + |x])™! |( )l [x|" We want to show that this approaches 0 as n — oo and the next steps are directed

at establishing that. In other words we have to show that R,— 0.

(11) Show that and if ¢(n) >0 for all n and if | Y(n+1) | <K |¥(n) | whenn N and0 <K <1, thenlim ¢(n) =0

n—oo

W(n+1)
Y(n)

(12) By using (11), show that if lim,, , o, =A where -1 <A< 1,then lim ¥(n)=0

n—-oo

(13) Use (12) to show that R,— 0. Having done all of that you will have proved that the binomial expansion holds for any rational m and
-1 <x < 1. Think how irrational values of m might be approached.

Solutions

3 (b=x)""!

R 0 (0 = (0) - T3 S 900

(1) SinceF,(x) = f(b) - f(x) - b-x)f (x) —

ne 1 —k(b !c)

b
F,(x)=- f(k)( ) -2 L)) k) f(" *D(x) (just the derivative of a product with some sigma notation wrapped around it -

note that f(b) is 51mply a constant)
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= ¥ (}(} X]))' X - ¥, (1: X?)' fP(x) [Note that whn k = 0 the first term in the first sum is zero.. Now in this second summation
- j-

let j = k+1 and change the bound index in the first summation to j - this is purely cosmetic but ensures that both summations have the
same index]

i

e e (x)

You could write out the derivative in a long hand fashion which would suggest how the terms cancel for all but the last, but what I have
done above shows precisely why they cancel - no guessing.
(2) By the Fundamental Theorem of Calculus [*F, (x)dx = Fy(b) — Fy(a) 5o Fu(a)= Fu®)- [°F, (x)dx =

O 4w - (bx) @
-j: (-1 0 () dx = A -0 (x) dx since Fy(b) = 0

(3) Lettingb=a+h and x = a in the expression for F, (x) we get:

Fi(@) =f@+h)-f@-h f@) - %@ - Eoob )

: O=0"" ) 4y gx = : 2 2@ (n-1)
But using (2) we get f pr— fY(x)dx= f(a+h)-f(a)-h f(a) — - fY- — f (a)

-1

So fla+h)= f(a) +h f(a) + ’;—ff”<a>+ —t f<n D (a) + R, where R,= [ &2 L) (x) d x

(n (n—1)!

_n-1
Now let x =a+th in R,. Then when x =a, t=0and when x =a +h,t=1. Alsodx =hdt. Hence [’ %f@ (x)dx=

1 s @rh—a= " b0 (5 4 thyhdt = TS0 () (a4 th) dt as claimed.
(n—1)! (n—1)! 1)‘ (n-D)!

(4) That M (b - a) fab f(x)dx N (b-a) holds can be seen geometrically as follows ( I invited you to assume that it was true in any
event):
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Prea 3 \dsge recta walbe 5 N (b-4)
Prea % Smalk rechangle & M (b-ﬁ)
Prea ondst  tle curwe (b{(/é\) A .

b
C(beay € Sk g N(b-a)

Another way of obtaining the result is to note that since j:’ (f(x) = M)dx 0and jj (N - f(x))dx O (becauseM f(x) N forx
da.b)) ., [(fWdx M['dx=M(b-a) and ["f(x)dx N['dx=N(b-a)

You have to show that 3 £ € (a, b) such that fab f(x)dx=(b-a)f(¢). SinceM f(x) N for x € [a,b] the integral is equal to n(b-a) where

M 75 N.This is a pretty subtle but important observation. All it is saying is that the area is a length (b-a) times some other real number
n (alength). This must be true. However f is continuous on [a,b] so there must be an & between a and b such that f(€) = 5 ( a version of

the Intermediate Value Property). Hence fa b f(x)dx = (b -a) f(¢) for this £&. In Analysis courses you would prove that if f is integrable in

the Riemann sense, jj f(x) dx is continuous and you can deduce the result using the continuity of the integral rather than just the
function itself. You can see now why the point is a subtle one but it avoids the overhead of establishing things that require much more

knowledge.
(5) You need the reasoning of (4) to prove (5). Since ¥(x) 0 and given the assumption that M f(x) N for x €[a, b] it follows that
j: {f(x) - M}y(x)dx O and j: {N — f(x)}y(x)dx 0. Now the value of the integral j:’ f(x)Y(x) dx is simply some number

A times fab Y(x) dx (the latter integral gives rise to anumber 0). ButM A NandsinceM f(x) N forxe[a,b]andfis
continuous, there is an £ in (a,b) such that A = f(£). Hence, for this &, j:f(x) Y(x)dx =1(¢) jjw(x) dx

(6) If we let p be aninteger 1 p  n then we can write R, in the following way: R,= (nli—l)' £1(1 — " f® (a + th) dt =

ﬁ Ll(l — )" P (1 — t)~1 f™ (a + th) dt. There is nothing dodgy about this because 1 p n so you don't get a negative exponent

—y-p £ n
which might cause problems with the function "blowing up" on [0,1]. The claim is that R, = % rather than being less

than or equal to something. This suggests we might be able to use (5) to some advantage. Basically we have an integral of this form:
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LA =0mP (1 - 0P £ @+ th) dt.

Looking at ﬁ(l — )" P (1 — )P~ £ (a + th) d't the idea is to get something that satisfies the hypotheses of (5). Thus we need S  g(x)
T and ¢(x) O for x € [a, b] then we will have S j: d(x)dx j: gx)p(x)dx T j: ¢(x) dx and finally that 3¢ between a and b such
that ["g(0) ¢ dx = g [/9(x)dx.

If we take g(t) = f™ (a + th) (I — )" P and ¢(t) = (1 — t)P~! we can assert that g is bounded on [0,1] and that ¢(t) O on [0, 1]. The
reason g is bounded on [0,1] is that (1 — t)"7P is clearly bounded (it doesn't "blow up" because n - p  0) and we assumed that f has
continuous derivatives up to order n. This means that £ (a + th) is continuous on [0,1] and hence must be bounded there. Hence 3K >
0 such that | f™ (a+th) | K forall t € [0, 1]. The product of two bounded functions is itself bounded.

With this identification of g(t) and ¢(t) we have that 36 e (0, 1) such that ﬂ (I=t)"P 1 -t~ f™ (a + th) dt= (1 — " P{™ (a+ 6h)
1
Ja—-ortdt

Using the substitution u =1 - tin 1;1(1 — t)P~! dt the integral becomes —jloup’l du = 1;1 uP~ldu = [l)

. . 1-6)"P £ (a+6h) h" .
Putting this all together we get R, = % as claimed
p(n-1)!

(n-1)!

(1 +x)y™ ntimes: f™(x) =m (m-1)...(m-n+1) (1 + x)"~" . If you have got this far it is too insulting to ask you to do an inductive
proof of this!

(7) As indicated above the Cauchy form (note that p = 1 for the Cauchy form) of R, is . It is easy to differentiate f(x) =

~1... _ 1 ]791171 1+0x)n" x ~1... _ 1 ]701171 n
Thus R, = mim 1. (m-n + D)0 (460775 _ mem D) fmont >(7 A (here x takes the placeof handa=1)
(n-1)! (n=1)! (1+6x)= ™

(8)If- 1 < x < 1 then because 0 <0< 1, -9 <@x < and hence 0 < 1-6< 1 +6x. Thus %<1

(9 If-1<x<1thenbecause 0 <8< 1, 6x |6x|<|x|. Soform>1,(1+ 6x)""'<(1 + [xfym=1.

Now 6x > - |x| is clearly true for x > 0. When x < 0, one has -6 |x| > -|x| which is also true since 0 <6 < 1. Thus 1 + 6x > 1 - |x| and so
when the exponent is negative ie m < 1, it follows that (1 + 6x Y=l (1 — |yt

Thus (1 + 6x)"~' < (1 £ |x)y".

| m(m=1)...(m—n+1)(1- 6" x"

(10) From (7), (8) & (9) we have that |R,| = DI 60"

m (1= gy! x
(m—n)! (n=D) (1+0x)" ' (1+ 6x)1= ™

_ lml‘(m - 11 )| ’( 1-6 )n—l‘ 11+ 6™ x|

n — 1+6x

A

m— 1 . 1-0
m-—1 n -7
|m|‘( 01 )| (1 + 6x) | x|" since l+9}(<1

A

(7 s e wsing &)

= 0, So if we can show that o, > 0 as n - oo, it will follow that R,— 0.

(11) We have to show that if ¢/(n) > 0 for all n and if | (n+1) | <K |¥(n) | whenn N and0 <K <1, thenlim ¢¥(n) =0. Itisa
n—oo
straightforward inductive gambit to show that | ¢(n+1) | <K | ¥(n) | < Kzlzp(n -] <..< K"y(1)]. To say that lim y(n) =0 is to say that
n—oo
we can find a positive € no matter how small such that | /(n) | < € for all sufficiently large n. This is exactly what we have established
since if we choose € we require K"|(1)| < € and we can certainly make n sufficiently large to achieve this (note here that 0 < K <1 and
[¥(1)] is just some positive number).

(12) By using (11), we have to show that if lim, ., %/~ =\ where -1 <A <1, then lim (n) =0.
e
) D) _ |y
i+ Dl =T )] = | 5| ) = | = ] )]
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Y(n+1)

-2 ‘ +A n
(|5 A )
¥(n+l) . . . Y(n+l)
Now we can make ‘ v A ‘ as small as we like since lim,, _, o v = A . Recall that means that for any € >0 (matter how
small) there is an N € Z* such that \ % - x| <eforalln N. Thus:
W(n+1)

[f(n+ 1)  { ‘ v A ‘ +Al} W) < (et |A]) |¢(n)| =K |¥(n)] where K = e+ |A]. Now because |A| < 1 we can choose € so

small so that e+ [A| < 1 ie 0 < K < 1. Thus the solution to (11) allows to conclude that lim (n) = 0.
n—-oo
m(m —1)...(m—n+1) (1- 0" x"
(=D (1+6x)" ™

m—1 . . :
| < |m]| I( ) )l (1 £ xy" " |x" = o, . Now consider lim,, , o, 22 =
n—

T

(13) Recall from (10) that |R,| = |

= |u| |x|] = |x] < 1since -1 < x < 1 (note that m is fixed number)

m=1\ T o,

(s
This demonstrates that the remainder converges to zero and hence the binomial series converges for all rational m when -1 < x < 1. When
m is irrational we need to work with a different formulation, namely, (1 + x)" = &"!"!+9  The same reasoning used above can be

replicated once it is noted that L1 4 xyn = Lm0 = (] 4yt
dx 1+x

50. The Poisson process

The Poisson process is a continuous time analogue of the discrete Bernoulli process. The Bernoulli process is usually characterised in
terms of independent coin tosses where the probability of a head is fixed number p such that 0 < p < 1. Each trial produces a success (
head) with probability p and a failure (tail) with probability 1 — p independently of what happens with the other trials. The independence
assumption leads to a memorylessness or “fresh start” property. Thus for any given time t, the sequence of random variables X; (ie the
future process) is also a Bernoulli process which is independent of the past process. To recapitulate some basic background, the
Bernoulli process is binomial with parameters p and n. Thus its probability “mass” function of k successes in n independent trials is
given by:

Ps (k,n):(z )pk(l — " * for k=0,12,...n

For the record the mean numbers of successes is E[S] = np while the variance is var[S] = np(1-p)

If one were to model something like traffic accidents in a city, we could make our observations in the fixed time interval of one minute,
say, and we might treat a “success” as the observation of at least one accident in the period. The Bernoulli process does not keep track of
the number of accidents in the period since the universe of outcomes is either a “success” (at least one accident) or a “failure “ (no
accidents). Because the Bernoulli process does not contemplate a natural way of dividing time into discrete bits there is a loss of
information eg there were 20 accidents between 10.00 am and 10.01 am but only 1 between 10.02 am and 10.03 am, but both periods
reflect a “success”.

The Poisson process reflects a continuous time approach to such problems. There are several ways of approaching the Poisson
distribution. For instance it can be derived by limiting arguments based on occupancy problems . Thus Feller derives the probability

P (1) of finding exactly m cells empty when a random distribution of r balls is made into n cells. This probability is :

pm<r,n)=(:l )Z;?;a"(—l)f'( o )(1 -5

n

-A

It can then be shown that p ,(r,n) - e :‘7 — 0 (where m is fixed and r and n tend to infinity)

See William Feller, " An Introduction to Probability Theory and Its Applications," Third Edition, Volume 1, John Wiley & Sons,
1970, pages 101-106.

There are other ways of approaching the development of the distribution and in this problem we look at two different approaches, one is a
limiting approach which involves a basic inductive argument, while the other approach is based on developing an appropriate differential
equation, the solution to which involves some inductive reasoning. The second approach opens up an important technique that is
fundamental for any advanced study of probability theory.

(1) Deriving the Poisson process by using the binomial distribution and some inductive arguments
The starting point for this derivation is a Bernoulli process where n is large and p is small but A = np is of moderate size. This is how
Poisson derived the distribution that is named after him. We start at the bottom and work our way up. Thus if there are k = 0 successes

the probability is b(O,n,p) =(1 — p)' = (1 - %)n Written this way this should look eerily familiar since lim,, , o (l + i)n =e"* so for

large n one would assert that b(O,n,p) e~*. What this means is that we are looking at equality up to terms of order i You can perhaps

appreciate this better if you take logs of b(0,n,p) = (1 - f—:)n which gives log b(0,n,p) =n log (1 - )—L) and using Taylor's Theorem one

n

then gets:
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2
log b(0,n,p) =nlog (1 - %) =-A- ;—n - .... Hence for large n, b(0,n,p) e~ since the terms of order i and beyond are ignored in the
approximation.
Problem 1

b(kn, " .. . :
By analysing the ratio ¢ 1;;) for any fixed k and sufficiently large n show that b(1,n,p) A e and then show generally by induction

b(k-1

that b(k,n,p) z—f et

Solution

The starting point is the definition b(k, n, p) = ( E )pk qk

n k n-k
blonp) _ (k)p 4

b(k-1,n,p) n e
p (k—l)pk L gnke

__ k=D!(-k+D! P
(n—k)! k! n! q
_ (=k+Dp
kq
_ mw-(-Dp
kq
= 28D Gincenp=2
kq since np
A-(k=Dp . |
=——— sinceq=1-
k(1-p) d p
1
o (=g
k(l-p) (1-p)

A . 1
L sincepis assumed small so that P 1 and IL 0
-p -p

Having established this we build up an inductive argument as follows:

bk n,p) A

Because
b(k-1,n,p) k

it follows that b(1, n, p) %b(O, n,p) Ae (seeabove preamble to the problem)

and b(2, n, p) %b(l, n,p) %e”‘ . Thus a reasonable guess would be that b (k, n, p) %e’l.

To prove this by induction we note that we have established the base case of k = 1 above. Assume that our guess is true for any integral
k>1.

A /\k /\k+l

Thenb(k + 1, n, p) ~ ﬁb(k, n,p)= —Ltet=

kel kT (kD)
Problem 2

-

e~ and so the guess is established by induction.

First, some background.

The theory of Poisson processes is usually taught by reference to some generic properties which can be set out as follows. The
probability that there are exactly k arrivals during an interval (usually time) of length 7 is P(k, r). It is assumed that this probability is the
same for all intervals of length 7. It is also assumed there is a positive parameter A which is the arrival rate or intensity of the process.

More formally the process can be defined as follows:

(1) The probability P(k, r) of k arrivals is the same for all intervals of the same length 7. In essence this means that arrivals are "equally
likely" at all times. In the Bernoulli context the analogue is that the probability of success is the same for all trials.

(2) The number of arrivals during a particular interval is independent of the history of arrivals outside that period. The probability of k

arrivals during an interval of T - t is P(k, T -t) and even if we have some information about arrivals outside [t, T] the conditional
probability of k arrivals during [ t, T] is the same as the unconditional probability P(k, T - t).
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(3) The probabilities P(k, 1) satisfy:
PO, 7)=1-At+ o (1)
P(1,7)=A7 + 01(7)

Pk, 7)=ox(r) fork=2,3,...

In this context o(7) and ox(7) are functions which have the properties that

o (t)

lim,. =0 and lim.,, °kt<” =0

The third set of properties is really the crux of the process in the sense that they allow you to make some meaningful estimates. The
"remainder" terms o (7) and ox(7) are assumed to be negligible in comparison to 7 when 7 is very small. If one invests the process with
sufficient differentiability, these terms can be thought of as O(t?2) terms in a Taylor series expansion of P(k, 7). Thus for small 7 the
probability of a single arrival is approximated by At + a small term and, similarly, for small 7, the probability of zero arrivals is about 1 -
At. The probability of two or more arrivals in a small interval is taken to be negligible in comparison to P(1, 1) as 7 gets smaller.

()"
n!

et forintegraln 1

Based on these assumptions we want to prove that P (n, t) =

Consider P(n, t + h) which is the probability of n arrivals in the interval of length t + h.
(i) Show that P(n, t + h) =P(n,t) (1 - Ah) + P (n-1,t) Ah + o(h)
(i) Using (i) obtain a differential equation involving P(n, t). Does your equation hold for n = 0 and if not, why not?

(iii) Find the solution to the general differential equation Z—Z-% p(x) y =0. Apply what you have derived to show that P(0, t) = ™

(iv) Now consider the differential equation j—i-% p(x) y =q(x) and show that if q(x) is a solution of j—i+ p(x)y=0theny(x)=xq(x)is a

solution of j—ZJr p(x) y = q(x). Once again apply what you have derived to the Poisson problem for n =1.

(v) After having done steps (i) -(iv) you should now know P(0, t) and P(1, t). Your next mission is to develop an inductive argument for

P(n,t). Your goal is to show that P(n, t) = (}\n—t')n et forintegraln 1

Solution

(1) There are three mutually exclusive ways the relevant event can occur and this is the "engine" for problems such as this. First, the
process could have recorded n arrivals up to time t and then none in the interval (t, t+h]. The probability of this is P(n, t) P(0, h) = P(n, t)[
1-Ah+o(h)]=Pn,t)[ 1-Ah] +o(h)

There are two sub-steps here. Independence (property (2) above) has been used to assert that the required probability is P(n, t) P(0, h).
The second step is to use property (3(a)) and note that P(n, t) o(h) is approximated by o(h). If the function o(h) were h2then as h - 0,

P(n, t) :—2 — 0. Thus P(n, t) o(h) can be approximated by o(h)

The second possibility is that n-1 arrivals have occurred up to time t and exactly one arrival occurs in (t, t + h]. This probability is P(n
-1,t) [ Ah + 01(7) ] =P(n-1,t) . Ah + 01(7) using property 3(b) and the same argument above in relation to P(n -1,t) . 01(7) ).

The third possibility is that there are n-2, n- 3 etc arrivals up to time t and the corresponding arrivals in (t, t + h] are 2, 3 etc. The
probability of such events is P(n - k, t) P(k, h) fork =2,3 ,.. But P(k, h) = ox(7) from property 3(c) and using the same reasoning above
we see that the required probability for this event is oy (7).

Putting all three components together we get:

P(n,t+h)=P(n,t) (1-2Ah)+P(n-1,t) Ah +o(h) (note here that the o(h) terms have been aggregated but they are still o(h) )

(i1) Note here that when n = 0 the second and third possibilities in the development do not apply and we would get:

P(0, t+h)=P(0,t) [ 1 - Ah ]+ o(h) = P(0,t) - Ah P(0, t) + o(h)

Therefore M =-AP(0,t)+ ":lﬁ andash —» 0 we have P' (0, t) = -2 P(0, t)

For n> 0 we proceed as follows:
P(n, t+h)=P(n, t) (1 -2Ah)+P(n-1,t)Ah +o(h)
P(n, t+h)- P(n,t) =-Ah P(n,t) +P(n-1,t) Ah + o(h)

P(n,t+h)-P (n.t) _ o (h)
h

Hence —AP(n, t)+P(n—1,t)/\+T

Nowas h—- 0, %h) - 0 and the limit of the LHS exists and is P' (n, t). Although the development assumed h was positive that is not
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necessary and o(h) does not depend on t and we could equally have used t - h in the development. This suggests that the last equation
implies continuity. The other point is that the development might suggest a one-sided derivative (ie from the left) but one can prove, if
pushed, that the derivative is a two sided one in the normal sense.

Squibbing the details we simply assert that P'(n, t) = —AP(n, t) + AP(n—1, 1)

(iii) The differential equation is one of the simplest to solve and if you already know how to do it you can skip over what follows. If not,

here is the basic theory. To solve j—i+ p(x) y = q(x) there are three basic steps.

(a) Find the general solution of the associated homogeneous equation which is j—i+ px)y=0

(b) Find , either by inspired guessing or some systematic method, any solution of j—i+ pXx)y =q(x).
(c) Add the two results.

Let's do the first step. Clearly y(x) =0 is a solution to j—i+ p(x) y =0 so suppose y(x) 0 so we can separate variables as follows:

dy
Y d
S =-p(x) dx
Integrating we have f‘—fyy = f -p(x)dx+ C, where C is a constant

Therefore In|y|= -R(x) +C  where R(x)= [p (x)dx

So the solution is y = Ke R® ify 0
= KeR®W ify<0 (K=e%)

Our differential equation for n = 0 is solved as follows:

POy _
P (0,)

POY
Therefore f 00 dt f Adt

ie In P (0, t) = -At + C (note that probabilities are always non-negative !)
P (0’ t) = o~ MHC = KMt
ButP(0,0)=1s0 1=Ke = 1

Thus our basic building block for what follows is P (0, t) = e

(iv) If q(x) is a solution of j—i+ p(x) y =0 then y(x) = x q(x) is a solution of j—i+ p(x) y = q(x).
The proof is nothing more than a calculation as follows:

T 4 px) x )

dy d(xq(
o PPy = =

d
=x 2 +q00 + x p(x) g(X)
d
=x[ 52 +p(x)g() 1+qx)
. dg
= q(x) since =t p(x)q(x) =0
The form of our Poisson equation is : P'(n, t)=-AP (n,t)+ AP (n- 1, t) and when n= 1 we have:

D AP, )= e

At

One might try something like P(1,t) = Ae ™" as a start so let's see where it gets us.
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d (Ae)
at
is P(1,t) = Ate™*. Trying this we get:

+ Adlde=-21%2e 4+ A% e =0. Not very far since we want the LHS to equal Ae **. The most obvious next choice

d (Ate™t)
dt

+ L Ate M =2t -de Mt + de M+ A%te M = de Mt

Hence P(1,t) = Ate ** works as would P(1,t) = Ate "t + C where C is a constant. Note here that P(1,0) =0 (the probability of exactly
one arrival at time zero is zero) so 0 =0 + C. Thus our solution is P(1,t) = Ate ™t

(v) We know that P(0,t) = e™** and P(1,t) = Ate "*. The differential equation tells us that:
P'(n, ) = -AP(m, ) + AP(n—1, 1)

ieP'(n, t) + AP, t) = AP(n—-1,1

ThusP'(2, t) + AP(2,t) = AP(1, t) =% te 't

d| e
di

If we guessed (At)>e~ as a solution we'd be nearly there since +AAD2e M = A A e M+ e A2 2t + A (At)2e ™M

—At

2
= ¢7MA2 2t. This suggests that we should try %@ and differentiation confirms the point:

aw?
e M2 A2 _ M2 _
O e ) 0 e g O

A" _at
n! €

Thus our inductive hypothesis is that P(n, t) =

NowP(n+ 1,8+ AP+ 1,t) = AP(n, t) =A “ﬂ%’"wt using the induction hypothesis.

oy

Pn+1,t)= e e M is a solution of the differential equation since:
n 1
[(M"H e “l +1 +1 +1
(n+1)! + QO™ Aty Q0" e M+ (n+1) AQ@AYT At + @™ At
dt m+1)! (m+1)! (m+1)! (m+1)!
2@
— A
n!
This establishes that P(n, t) = (0% o=t i5 the solution for all integraln 0.

n!

51. Proving the Cauchy-Schwarz inequality and much, much more using the properties of concave functions

Recall that the Cauchy-Schwarz inequality is as follows:

Suppose a;and b;are positive real numbers for all i then Y ajb; /X a X, b2

Now Cauchy proved this by writing 37, ab; /X, a? 4/ P b;? in this equivalent form:

0 Zi§<jsn (ai bj - ajbi)2~

There is, however, a much more powerful way of proving the Cauchy-Schwarz inequality and several other ones. The "engine" which
enables this powerful generalisation relies upon the concept of strictly concave functions. A function g: R, — R is concave if it satisfies
the following inequality:

g+ (1-D)g@y)  glx+(1-Dy)
for all X, y € R and for all real A such that 0 <A < 1. Geometrically this means that the line segment joining the points (x, g(x)) and

(y,(y)) lies below the graph of g. Strict concavity occurs if equality in the above inequality is equivalent to x =y. The following graph
demonstrates the relationship between the curve and the associated line segment
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Ln
(=]
Lh

20
Problem

As a first step let's prove that g(x) =/ x is strictly concave for x > 0. Thus we have to show that A/ x + (1- )/ y

A/AX + (1 - ) y where o< A< 1. After that is done we move onto a powerful generalisation which involves an inductive style of
proof.

X+y

(i) First, show that for all x andy >0,/ xy P

(ii) Using (i) show that A/ x +(1-A)\y /Ax + (1 - A) y whereo<A<1

(iii) Let g:R,— R be a strictly concave function and let f: R,2 - R be the following function: f(x,y)=y.g (3)
Then it follows that for all positive reals x;, ..., X, and yy, ..., ¥, satisfy this inequality:
2 f e, y) = £(2L, x5, XL, y;) and equality holds if and only if the x;and y; are proportional.

Show this by an inductive proof on n.

(iv) With all of this lead up, by selecting a suitable strictly concave function g(x) prove the Cauchy-Schwarz inequality

2hiab A2 a? 4/ >y b;? for positive a; and b;

Solution (i)

The solution is based on the observation that for any u,v: (u - v)2 0

Expanding this we have that u? + v2  2uv.

Now let u? = x and v2 =y where x and y are positive (ignoring the trivial case where they are zero) and we then have :
u=+/x andv=+/y.

X+y .
Hence +/ xy - as claimed

If\/xy = le we must have that u=vie+v x =+/y so that x =y, thereby establishing strict concavity.

Solution (ii)

X+y

Since we have established that / xy let's live dangerously and see if we can make something out of this:

X+y
2

A(1-2) A/ xy  A(1-A) where 0 < A < 1. Note that A(1-1) > 0 so the direction of the inequality does not change.

Now make some inspired additions to both sides to get something that is of this form: (a + b)?2.

X +20(1-0) A/xy + (1-20)2y  2x+A1-DE+y)+ (1 -2)2y
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(/\\/? + (1 -2 W)Z 2%+ (1) [Ax + Ay + (1 -V)y 1= 22x + (1 -DAx +y) = Ax + (1 - Dy

Hence AVx +(1-)\y ~/Ax+ (1-2A)y ontaking square roots of both sides (both of which are positive)

This establishes the result, namely that, / x is concave for x > 0.
Solution (iii)

The case of n = 1 does not illuminate the way to proceed but the formual is clearly, indeed it is an equality and the two sequences of
numbers are obviously proportional.

Y1

For n = 2 we need to use the concavity of g this way. Let A = vieys 5 that 1 - A=

f(x1, y1) + £ (xa, YZ)ZYIg(%) + yzg(%)

Y1 X1 Y2 X2
glo) + gl o))
Yi+¥2 Y1 Yi+ Y2 Y2
X1+ X3 )

Y1+ Y2

=(y1+y2)H{

(y1+y2). g(

=1f(x1 + X2, y1 + Y2) (using the definition of f)

X1+ X3

If 2= % =t th
o en (y: +Ya2) - g(y+y

| =(rai+y2). g(t) =y2e0 + 2 80)

But f(x1, y1) + £ (X2, ¥2)= v1 & ( ;—1) + Y28 ( ;—2) =y18(t) + y2 g(t) so we have equality in the relationship if the sequences

are proportional.

X1+ Xo
Y1 +Y2
that equality in A g(x)+(1-4)g(y) g(Ax+ (1-d)y)is equivalent to x = y) we see that:

Going in the other direction, if y; g(;%) + Y2 g(%) (y1+y2). g(

Y1 X1 Y2 X3 X1+ X3 .. . Y1 . .
= =) =gl —= he LH he f +(1- hA= .
ey, 8 ( " ) Y 8 ( . ) g ( — ) and the LHS is in the form A g(x) + (1 - A1) g (y) with A — Strict concavity
implies that 2= *2 = ¢

Y1 Y2

The induction hypothesis is that % ; £ (xi, yi) = £ (2§ 1Xi, 25.1Yi)

Now consider 24! £ (%3, yi) = D01 f (Xi, ¥i) + £ (Rns1/ Yne1)

IA

£f ()% 1%Xi, )5.1Yi) + £ (Xn+1, ¥Yn.1) using the induction hypothesis

n JRiYi ( TRaXy ) Yni1 ( Xni1 ) } . .

= ; ; " using the definitionof f
(252¥i *+ Ynou1) { OB Yit Yo SPYi SR Vit Va1 9\ g

n+l Ty ( lexi) Yo (x"—l) ) } using the concavity of g and noting that A

= ( i=1 YI> {g ( JRaYi+ Yoo JRaYi - JRaYit+¥na Yn+1 g 4 g g
JiaYi andl - A = Yn+1
Jio1Yi + Yol Jio1Yi + ¥no1
= ( er.“l y) g ( mixl)
sad TR

£ (%1%, JP1yi) using thedefinition of f again.

ie At £ (xi, i) < £(XMIx, Xlvs

This establishes that the proposition is true forn + 1 and hence true for alln.

Note that by the strict concavity of g we have that Zn—l;tl = ;{“—1 =t (this comes from the assumed equality of
i-1Y1i n+1
JiaYi g ( Jioa¥i ) N Yn+1 ( Xn .1 ) and g ( JhaYi ( JhoaXi ) + Yn+1 ( Xn.1 ) )
Jia¥it ¥no1 JiaYi JEaYi+ Yna1 Yn-1 Jia¥it¥ne \ JRaYi Jia¥i+t¥nel \¥na
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) then using the strict concavity of g (which means

then



n+ly
But this will hold for any n ie we would also have that éfx =Xy
i-2Yi Y1
The reason for this is that we know this is that Zi’lxi = %1 —t holds quite generally for any choice of n of the sequence members
i-1Yi Yn+1

forming the sums in the ratio. Just think of the sequence members being re-indexed.

If this does not convince you, then there is a more tedious way of demonstrating the point. Start with > _; x; =t )7 _; y; and note that

nily.
Zi;ixl = X and ultimately want to show that this equals t.

i-2Yi Y1

Sutlx;= 5P % + X, - X;. We assume that

Z

ow YTirx;= z—ll Su:2yi and so substituting for Y773 x; in the above we get:

X1 n+1 — \n
g 2i2Yi =X Xi+Xn X

=t)0 1 Yi+Xni1-X:

X1

n
" 2 ¥i+VYni1- Y1) St)E 1 Vi+Xna-X1

i=1

X1 n X1 —
{YT-t} Jio1Yi o+ YTle -X1 = Xpi1-Xa1

X X
{ *l‘t} Z.I‘llzl Yi = Xns1 - 71Yn+1
Y1 Y1

—_— X1
—tYn+1 - Yn+1
Y1

= (2 )y

Therefore { ;—1 -t} 5821 y; =0 and since all the y are positive we must have that ;—lz t. This can be done for any other combination
1 1

of the sequence members.

Hence the proposition is established for all n as is the claim of proportionality when there is equality of the functions.

Solution (iv)

We know that g(x) =/ x is strictly concave so we see if we can use it in the form f(x,y) =y g ( 2) =y | 3 =VxXi\y

The result proved in (iii) demonstrates that 33 _; V x; / yi JZ’{:l Xi . \/2:1 Vi

By putting x; = a;2 and y; = b;? the Cauchy inequlaity falls out and you get equality iff the sequence members are proportional.

It can be shown that by suitable choice of concave function some very important inequalities can be established in a few lines. For more
discussion see Gerhard J Woeginger, "When Cauchy and Holder met Minkowski: A tour through well-known inequalities",
Mathematics Magazine, Vol 82, No 3, June 2009 pages 202-207

52. Finding the pattern

The following table has a structure. Find it and prove your guess by

induction:
1 = 1
2 + 3 + 4 = 1 + 8
5 + 6 + 7 + 8 + 9 = 8 + 27
10 + 11 + 12 + 13 + 14 + 15 + 16 = 27 + 64
Solution
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The form of the RHS is easy enough to work out. If S, is the nth sum then S,,; =n3+ (n+1)3forn=0,1,23,.... The LHS is just
sums of terms in arithmetic progression but you have to get the starting and end points right. The first term in each row is of the form:

n% +1forn=0,1,23..... So we have our starting point. How many terms are there in each row? There is an odd number of terms and so
we guess 2n+1 terms which also looks right forn =0, 1,2,3,....

lth

Thus for the general n + row our guess would be:

(n?+ D+ (n?+2)0+ (n?+3)+.+#02+2n+1)= (n?+ 1)+ (n?+2)+ (n?+3)+.+ (n+ 1)% Note here that the final term

simply reflects the arithmetical progression in the amounts added to n2.

So what we have to establish by induction is whether:

(n?+ 1D+ (n?+2)0+ (n?+3)+.+ (n+1)2= n’+ (n+1)3

The base case is when n =0 and we have equality of the LHS and RHS.

Assume that our formula is true for any integral n 0 ie our induction hypothesis is that:
(n?+ D+ (n?+2)0+ (n?+3)+.+ (n+1)2= n’+ (n+1)3

Now considerthe n + 1 sumie:

P+ = ( (n+1)2+ D+ ( (n+1)2+2)+ ( (n+1)2+3)+.+ (n+ 2)2

Now three are 2(n+1) +1 = 2n + 3 terms in P(n+1). To use the inductive hypothesis one can write the terms as follows and simply count
off the relevant components:

n> + 2n + 1 +1

n> +2n + 1 +2

n> + 2n + 1+2n
n“ +2n + 1+2n+1

(the sum of the terms above this lineisn® + (n+1)3 + (2n + 1)?2
n? + 2n + 1+2n+2
n? + 2n + 1+2n+3 (the sum of the terms below the line is 2n? + 8n + 7)

ThusPm+1)=n3+ (n+1)3+ + (2n+1)2+2n?+8n+7
=2n° + 3n?+3n+1+ 4n®+4n+1+2n*+8n+7

=2n3 +9n? +15n+49

Now (n+1)3+ (n+2)3=n% +3n2+3n+1+n? +6n%+12n+8
=2n% +9n%2 +15n+49
Hence P(n+1)= (n + 1)3+ (n + 2 )3 and thus our guess is established by induction

51. The Tower of Hanoi

This is an ancient puzzle and consists of n disks of decreasing diameters placed on a pole. There are two other poles. The problem is to
move the entire pile to another pole by moving one disk at a time to any other pole, except that no disk may be placed on top of a smaller
disk. Find a formula for the least number of moves needed to move n disks from one pole to another and prove the formula by induction.
This is a problem from Lindsay N Childs, "A Concrete Introduction to Higher Algebra", Second Edition, Springer, 2000 page 12.

The following diagram shows the set up.
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Solution
An inductive way to proceed is to investigate some low order cases and see whether a suitable structure can be established.
When n = 1 there is one way of moving the one disk to another pole and clearly that is minimal.

When n = 2 there are three ways of performing the task in minimal terms as follows:

septe(y )= (1) (2]
sz )= (1) ()
e ( )= (2) (2)

When n = 3 there are seven ways of performing the tasks in minimal terms as follows:

] m] ]
Stepl:| 2 |— | O m]
3 1 m]
m] o m]
Step2:| o0 [— | O ]
3 1 2
] m] ]
Step3:| o0 |— | O 1
3 O 2
m] o m]
Step4:| O [— | D 1
m) 3 2
| m] |
Step5:| o |— | O ]
1 3 2
o o o
Step6:| 0 |— | 2 m]
1 3 m)
O 1 ]
Step7:| o |— | 2 J [ ]
o 3 o

It is beginning to look like the required formula is 2" — 1 but let's do n = 4 just to see whether out guess still holds good.

We will come back to some structural observations later.
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o mi i
|o mi i

Step 13: I b 3
2 1 4

] m] m]

| o O 2

Step 14: N 3
] 1 4

o O 1

o O 2

Step 15: N End 3
o O 4

So it seems that the formula 2" — 1 holds for n = 4 too since 2% - 1 =15.

In order to develop an inductive proof of our guess we need to consider a recursive expression for S(n) as follows. Consider a tower of
n+1 disks then S(n+1) can be determined by removing the top disk leaving a tower of n disks thus:

O O O O
2 O m] O
O O O

— + ghost column
O O O
n O O O
n+1 1 i O

Assume there is a "ghost" fourth column which is invented to take account of the fact that one disk has already been put in one of the
right hand columns. There are S(n) ways of getting the far left hand column of n disks into the far right hand and ghost columns if we
ignore the middle column (in effect this is our induction hypothesis with n disks). This gives 1 + S(n) moves. But each of the S(n)
moves into the ghost column have to be transacted into one or other of the three real columns, giving rise to another S(n) moves. In effect
this reverses the use of the ghost column. Thus S(n+1) =1 + S(n) + S(n) =1 + 2 S(n).

As a check, S(1)
S(2) =1+2S(1)
SB3)=1+2S(2)
S@)=1+2S(3)

S(0) =1 (there is only one way of moving one disk).
1=3

Following the chain of relationships through we get:
S(n+1) =1 + 2S(n)

=1+2(1+2Sn-1))
=1+2+22S(n-1)
=1+2+22(1+250n-2)
=1+2+22 +23S(n-2)

=142+42% +23 4+ .42"S(1)
=1+42+42% +23+ .+2"1 (since we know that S(1) = 1)
=21 _ | which has the correct form.

Our guess was S(n) =2" -1 so that S(n+1)=1+2S(n)=1+2(2"-1)= 27+1 _ 1 as before. Thus our guess is established by inductive
princples. S(n) = 2" -1 must be the minimal number because from the design of the problem there are only two ways at any point of
making a choice.

There are other ways of looking at this problem. One it to note that at each step there are two ways to place a disk so that for n disks the
number of ways in which a selection can be made is simply 2" but this includes the case of never doing anything at any stage, hence the
required number of ways is 2" - 1.

APPENDIX

Sup and inf
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If S is a non-empty subset of R and if every element of S is less than or equal to b, then b is called an upper bound of S. If S has an
upper bound then we say it is bounded above.

Similarly, if S is a non-empty subset of R and if every element of S is greater than or equal to c, then c is called a lower bound of S. If S
has a lower bound then we say it is bounded below.

Is S is bounded above and below it is called bounded.
The real number b is a supremum or least upper bound of S if:

(a) b is an upper bound of S; and
(b) there is no upper bound of S less than b.

We write b=sup S (orlub S)
Symmetrically, the real number c is an infimum or greatest lower bound of S if:

(a) c is a lower bound of S; and
(b) there is no lower bound of S greater than ¢

We write c =inf S (or glb S)

Basics of partial fractions

This is a quick introduction to partial fractions if you have forgotten the theory. Let a(x) be a polynomial of degree 1 whose
coefficients belong to some field F, say R or C. If a(x) = b)x) c(x) where b(x) and c(x) are polynomials also with coefficients in F and
both have degree 1 we say that a(x) is reducible over F and that b(x) and c(x) are factors or divisors of a(x). However, if the
representation a(x) = b(x) c(x) with coefficients in F is only possible by taking b(x) or c¢(x) to be a constant (ie a polynomial of degree 0
over F), a(x) is said to be prime or irreducible in f[x]. For instance, x% + 1 is irreducible over R but not over C since x% + 1= (x + i) (X -

0.

The basic theory (which I will not prove) is that if a(x) and b(x) are relatively prime polynomials over F and have degrees of m  land n
1 respectively, then every polynomial f(x) over F of degree < m + n has a unique representation:

f(x) = B(x) a(x) + A(x) b(x) where A(x) and B(x) are polynomials over F of degree less than m and n respectively.

This means that we can write SO _Aw | B
a(x)b(x)  a(x) b(x)
. 9 A Bx+C
Example: Find real numbers A, B, C such that X: ==+ §+
x(x —9) x x=9

Multiplying through by x(x* —9) we have that x +9=A(x%2 - 9) + xBx+C) = (A + B)x* +Cx - 9A

x+9 -1 x+1

x(x2 —9) T ox + x*-9

Equating coefficients we have that C =1, A =-1 and B =1 so that
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